Chapter 1

Systems of Linear Equations and Matrices

Section 1.1

Exercise Set 1.1

1. (a), (c), and (f) are linear equations in x;, x,, and x3.
(b) is not linear because of the term x;x3.

(d) is not linear because of the term X2,

(e) is not linear because of the term x13/ 3

3. (a) and (d) are linear systems.
(b) is not a linear system because the first and second equations are not linear.
(c) is not a linear system because the second equation is not linear.

5. By inspection, (a) and (d) are both consistent; x; =3, x, =2, x3 =-2, x4, =1 is a solution of (a) and

x =1, x, =3, x3 =2, x4, =2 is asolution of (d). Note that both systems have infinitely many solutions.

7. (a), (d), and (e) are solutions.
(b) and (c) do not satisfy any of the equations.

9. (@) 7x-5y=3

X==y+—

777
Let y = z. The solution is
x=Zy+=
7 Y 7
y=t

(b) _8X1+ZX2—SX3 +6X4:1
LI A
1 4 2 3 3 4 4 3

Let x, =7, x3 =5, and x4 =t. The solution is

1 5 3 1
N=—r——s+—t——
4 8 4 8
Xy =r
X3=s
Xy =t
2 00
11. (a) |3 -4 0| corresponds to
0 11
2x =0
3x —4x, =0.
Xy =1
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(b)

(0

(d)

13. (a)

(b)

(©)

(d)

3 0 =2 5
7 1 4 =3] corresponds to
0o -2 1 7
3x -2x3 =5
Txp+xy +4x3 =-3.
—2xy+x3 =71

[7 2 1 3 5} corresponds to
1 2 4 01

7x1 +2X2 +X3 _3.)(:4 =5

X1+2X2+4X3 :1 ’
1 000 7
0 100 -2 corresponds to
00 10
0001 4
X = 7
X2 = -2
X3 = 3
X = 4
The augmented matrix for —2x; =6
3x1 = 8
9.X'1 = _3
-2 6
is| 3 8
9 -3

The augmented matrix for
6x—x)+3x3=4is [6 -1 3 4]
5.X'2 - X3 =1 0 5 -1 1
The augmented matrix for
2X2 - 3.76'4 + .XS =0
—3x1 _.XZ +.X3 =-1

6x1 +2.XZ —.X'3 +2X4 _SXS =6

0 2 0 -3 1 O
is|-3 -1 1 0 0 -1}
6 2 -1 2 -3 6

The augmented matrix for x —x5 =7 is
[T 0 0 0 -1 7]

15.

17.

SSM: Elementary Linear Algebra

If (a, b, c) is a solution of the system, then

ax12 +bx;+c=1y, ax% +bxy +c=y,, and

ax32 +bx; + ¢ = y3 which simply means that the
points are on the curve.

The solutions of x; +kx, =c are x; =c—kt,
x, =t where ¢ is any real number. If these
satisfy x; +Ixy =d, thenc—kt+lt=dor

¢ —d = (k-1 tfor all real numbers . In
particular, if # = 0, then ¢ = d, and if # = 1, then
k=1

True/False 1.1

(a)
(b)

(c)

(d)

(e)

()

(®

(h)

True; x; = x5 =---=x, =0 will be a solution.

False; only multiplication by nonzero constants
is acceptable.

True; if k = 6 the system has infinitely many
solutions, while if k # 6, the system has no
solution.

True; the equation can be solved for one variable
in terms of the other(s), yielding parametric
equations that give infinitely many solutions.

False; the system 3x—5y=-7 has the
2x+9y =20
6x—10y=-14
solutionx =1,y =2.

False; multiplying an equation by a nonzero
constant ¢ does not change the solutions of the
system.

True; subtracting one equation from another is
the same as multiplying an equation by —1 and
adding it to another.

False; the second row corresponds to the
equation Ox; +0x, =—1 or 0 = -1 which is false.

Section 1.2

Exercise Set 1.2

1.

(a) The matrix is in both row echelon and
reduced row echelon form.

(b) The matrix is in both row echelon and
reduced row echelon form.
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(V]

(d)

(e)

()

(2
3. (a)

(b)

(©)

The matrix is in both row echelon and
reduced row echelon form.

The matrix is in both row echelon and
reduced row echelon form.

The matrix is in both row echelon and
reduced row echelon form.

The matrix is in both row echelon and
reduced row echelon form.

The matrix is in row echelon form.

The matrix corresponds to the system
X =3x, +4x3 =7 X =T+3xy —4x;
Xp+2x3=2 or xp =2-2x3
x3=5 x3=35
Thus x3 =35, x, =2-2(5)=-8, and
x; =7+3(=8) —4(5) =—37. The solution is
x =37, x, =-8, x3=3.

The matrix corresponds to the system
X +8x3—5x4 =6
Xy +4x3-9x4 =3 or
X3 +xy=2
X =6-8x3+5xy
Xy =3-4x3+9x4 .
X3=2-2xy
Let x4 =¢, then x3 =2-1,
Xy =3-4(2-1)+9t=13t-5, and
x; =6-8(2—1)+5t =13t —10. The solution
is xy =13t-10, x, =13t-5, x3=-t+2,
Xy =t

The matrix corresponds to the system
X +7xy —2x3 —8x5=-3
X3+x4+6x5=5 or
X4 +3x5=9

X ==3-=Txy +2x3+8x5

X3 =5—x4 —6x5

X4 =9-3x5

Let x, =s and x5 =¢, then x4, =973,

X3 =5-(9-31)—6t =-3t—4, and

X =-3-Ts+2(3t-4)+8t =-Ts+2t-11.
The solution is x =-7s+2t—11, x, =,
X3 =-3t—4, x4, =-3t+9, x5=t.

Section 1.2

(d) The last line of the matrix corresponds to the
equation 0x; +0x, +0x3 =1, which is not

satisfied by any values of x;, x,, and x3,
so the system is inconsistent.

1 1 2 8

. The augmented matrixis | -1 -2 3 1].

3 -7 4 10

Add the first row to the second row and add —3
times the first row to the third row.

1 1 2 8
0O -1 5 9
0 -10 2 -14
Multiply the second row by —1.
1 1 2 8
0 1 -5 -9
0 -10 2 -14
Add 10 times the second row to the third row.
1 1 2 8
01 -5 -9
0 0 -52 -104

Multiply the third row by —é.

11 2 8
01 -5 -9

00 1 2

Add 5 times the third row to the second row and
—2 times the third row to the first row.

11 0 4]
010 1
00 12

Add —1 times the second row to the first row.

10 0 3]
010 1
00 12

The solution is x; =3, x, =1, x3 = 2.

. The augmented matrix is

1 -1 2 -1 -1
2 1 2 -2 -2
-1 2 -4 1 1
3 0 0 -3 -3
Add -2 times the first row to the second row, 1

times the first row to the third row, and —3 times
the first row to the fourth row.
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11.

I -1 2 -1 -1
0 3 -6 0 O
0 12 0 O
0 3 -6 0 O

Multiply the second row by % and then add -1

times the new second row to the third row and
add -3 times the new second row to the fourth
row.

1 -1 2 -1 -1
0O 1 -2 0 0
o 0 0 o0 o
o 0 0 0 O

Add the second row to the first row.

1 0 0 -1 -1

01 -2 0 0

00 0 0 O
100 0 0 O
The corresponding system of equations is

X —w=-1 x=w-1

y=2z =0 % y=2;

Letz=sand w=¢. The solutionisx=7—1,
y=28,2=85,W=t¢.

In Exercise 5, the following row echelon matrix
occurred.

1 1 2 8
01 -5 -9
00 1 2

The corresponding system of equations is
X +xy +2x3=8 X ==Xy —2x3+8
Xy =5x3=-9 or x, =5x3-9
x3=2
Since x3 =2, x, =5(2)-9=1, and
x; =—1-2(2)+8 =3. The solution is x; =3,
X =1 x3=2

X3:2

From Exercise 7, one row echelon form of the
1 -1 2 -1 -1
0O 1 -2 0 O
0 0 0 O0f
0O 0 o0 0 O
The corresponding system is
xX—y+2z-w=-1 x=y-2z+w-1
y=2z =0 Ory=2z '
Letz=sand w=1t Then y=2s and
x=2s—2s+t—1=1t—1. The solution is
x=t—-1,y=2s,z=5,w="1.

augmented matrix is

13.

15.

17.

19.

SSM: Elementary Linear Algebra

Since the system has more unknowns (4) than
equations (3), it has nontrivial solutions.

Since the system has more unknowns (3) than
equations (2), it has nontrivial solutions.

2130
The augmented matrixis | 1 2 0 0].
0110

Interchange the first and second rows, then add
—2 times the new first row to the second row.

1 2 00

Multiply the second row by —%, then add —1

times the new second row to the third row.

12 00
01 -10
00 20

Multiply the third row by %, then add the new

third row to the second row.

12 0 0]
0100
0010

Add -2 times the second row to the first row.

10 0 0]
0100
0010

The solution, which can be read from the matrix,
is xy=0,x =0, x3=0.
1 0}_
-1 0

Multiply the first row by %, then add —5 times

311

The augmented matrix is {
-1 1

the new first row to the second row.

1 1

{1 3 3 0]
_ _2 _8

0 3 3 0

Multiply the second row by _%

1
1 3 0
0 10

w|oo W |—

—_ W=
Bl— =
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21.

Add —% times the second row to the first row.

1
[1 0o 1o 0]
1
01 410
This corresponds to the system

1
X1 +Z)C3 =0 X =-

or

A3

X2:— X3_X4

1
4
1 1
.XZ +—X3 +.X4 = O —
4 4

Let x3 =45 and x4 =¢. Then x; =—s and
Xy =—s—t. The solutionis x; = —s, X, =—s—1,

X3 =4s, x4 =1.

02 2 40

. 1 0 -1 30

The augmented matrix is >3 1 1 of

-2 1 3 =20

Interchange the first and second rows.

(10 -1 -3 0
02 2 40
23 1 10
-2 1 3 -2 0

Add -2 times the first row to the third row and 2
times the first row to the fourth row.

10 -1 =30
02 2 40
03 3 70
01 1 -80

Multiply the second row by %, then add -3

times the new second row to the third row and
—1 times the new second row to the fourth row.
1 0 -1 30
01 1 2 0
00 O 1 0
00 0 -10 0

Add 10 times the third row to the fourth row, -2
times the third row to the second row, and 3
times the third row to the first row.

1 0 -1 00O
01 100
00 010
00 O0O0O

The corresponding system is

23.

Section 1.2

w -y =0 w=y
x+y =0or x=-y.
z=0 z2=0
Lety =1t The solutionisw=t,x=—t,y=t,
z=0.

2 -1 34 9
o 0 2 7 11

The augmented matrix is 3.3 15 gl
2 1 4 410

Interchange the first and second rows.
1 0 -2 7 11
2 -1 3 4 9
33 15 8
2 1 4 410

Add -2 times the first row to the second and
fourth rows, and add —3 times the first row to the
third row.

1 0 =2 7 11

0O -1 7 -10 -13

0 -3 7 -16 25

0O 1 8 -10 -12

Multiply the second row by —1, then add 3 times
the new second row to the third row and —1
times the new second row to the fourth row.

1 0 2 7 11
1

0 -7 10 13
0 0 -14 14 14
00 15 =20 -25

Multiply the third row by —i, then add —15

times the new third row to the fourth row.
10 =2 7 11
01 -7 10 13
0 0 1 -1 -1
00 0 -5 -10

Multiply the fourth row by —%, then add the

new fourth row to the third row, add —10 times
the new fourth row to the second row, and add
—7 times the new fourth row to the first row.

10 -2 0 -3

o1 -7 0 -7

00 10 1

00 01 2

Add 7 times the third row to the second row and
2 times the third row to the first row.
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25.

27.

1 000 -1
0100 O
00 10 1
0001 2

The solution, which can be read from the matrix,

The augmented matrix is
1 2 -3 4
3 -1 5 2
4 1 da*-14 a+2

Add -3 times the first row to the second row and
—4 times the first row to the third row.

1 2 -3 4

0 -7 14 -10
10 -7 a*-2 a-14]
Add —1 times the second row to the third row.
12 3 4]
0o -7 14 -10
10 0 a?-16 a-4]
The third row corresponds to the equation
(@®>-16)z=a-4 or (a+4)a-4)z=a—4.
If a = —4, this equation is 0z = —8, which has no
solution.

If a = 4, this equation is 0z = 0, and z is a free
variable. For any other value of a, the solution of

this equation is z = . Thus, if a = 4, the

a+
system has infinitely many solutions; if a = —4,
the system has no solution; if a # 4, the system
has exactly one solution.
2 1
a>-5 a-1|

Add -2 times the first row to the second row.

1 2 1
0 a>-9 a-3

The second row corresponds to the equation
(@*-9)y=a-3 or(a+3)a-3)y=a-3.

If a = -3, this equation is Oy = —6, which has no
solution. If a = 3, this equation is Oy =0, and y is
a free variable. For any other value of a, the

1
The augmented matrix is {

solution of this equation is y =

a+3’

Thus, if a = =3, the system has no solution; if
a =3, the system has infinitely many solutions;
if a # 13, the system has exactly one solution.

29.

31.

33.

SSM: Elementary Linear Algebra

21 a
Th ted matrix i .
e augmented matrix is [3 6 b}

Multiply the first row by %, then add -3 times

the new first row to the second row.

a
1 2
0 —3a4p

2
. 2 1
Multiply the second row by % then add 5

PO M=

times the new second row to the first row.

2a _ b

{1 0 2 9]
_a_ 2b

0 1 39
b a 2b

The solution is x:z—a——, y=——t—.
9 3.9

Add -2 times the first row to the second row.
‘:é ﬂ is in row echelon form. Add —3 times

the second row to the first row.

0
matrix.

[ ! (ﬂ is another row echelon form for the

Let x = sin &, y = cos f3, and z = tan ¥ then the

x+2y+3z=0
system is 2x+5y+3z=0.
—x=5y+5z=0
1 230
The augmented matrixis| 2 5 3 0].
-1 -5 50

Add -2 times the first row to the second row,
and add the first row to the third row.

1 2 30
0o 1 30
10 -3 8 0
Add 3 times the second row to the third row.
12 30
01 -320
10 0 -1 0

Multiply the third row by —1 then add 3 times
the new third row to the second row and —3
times the new third row to the first row.

1 200
0 100
0 010

Add -2 times the second row to the first row.
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3s.

1 0
0 1
00

—_ O O

0
0
0
The system has only the trivial solution, which
corresponds to sinax =0, cos =0, tany=0.
For 0<a<2x, sina=0=a=0, x, 2.
For 0< <27, cosﬂ=0:ﬂ=§,3§.

For 0<y<2z,tany=0=y=0, r, 2x.
Thus, the original system has

3.2 -3 =18 solutions.

Let X =x2, Y= yz, and Z=z2, then the

system is
X+Y+Z=6
X-Y+2Z=2
2X+Y-Z=3
1 1 16
The augmented matrixis | 1 -1 2 2].
2 1 -1 3

Add —1 times the first row to the second row and
—2 times the first row to the third row.

1 1 1 6
0o -2 1 -4
0 -1 -3 -9

Multiply the second row by —%, then add the

new second row to the third row.

11 1 6
1

0 1 > 2
7

00 -3 =7

Multiply the third row by —%, then add %

times the new third row to the second row and

—1 times the new third row to the first row.

(1 1 0 4]
010 3

10 0 1 2]

Add —1 times the second row to the first row.
(1 0 0 1]
0 3.
1 2]

01
00
X

This corresponds to the system Y
z

1
3.
2

37.

Section 1.2

X=1=>x=1%1

Y=3= y=+3

Z=2= z=%\2

The solutions are x = £1, y:ix/g, z:i\/z.

(0,10):d=10
(I, 7:a+b+c+d="7
(3,-11):27a+9b +3c+d=-11
4,-14): 64a + 16b +4c+d=-14
The system is
a +b+c+d=7
27a +9b+3c+d=-11
64a+16b+4c+d =-14
d=10
1 1 11 7
matrix is 279 31 _11.
64 16 4 1 -14

0 001 10

Add —27 times the first row to the second row
and —64 times the first row to the third row.

1 1 1 1 7

0 -18 -24 -26 -200

0 48 -60 -63 —-462

0 0 0 1 10

and the augmented

Multiply the second row by —%, then add 48

times the new second row to the third row.

1 1 1 1 7
4 13 100
01335 5
19 214
004 3 5
00 0 1 10

Multiply the third row by i

117
4 1310
01399
19 107
00 1 110
000 1 10

Add —% times the fourth row to the third row,

3 .
—3 times the fourth row to the second row,

and —1 times the fourth row to the first row.
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39.

41.

1 110 -3
4 _10
01 3 0 3
0010 2
00 0 1 10

Add —% times the third row to the second row

and —1 times the third row to the first row.

(1 1.0 0 5]
010 0 -6
0010 2
100 0 1 10]
Add —1 times the second row to the first row.
10 0 0 1]
010 0 -6
0010 2
100 0 1 10

The coefficientsare a=1,b=-6,c =2,
d=10.

Since the homogeneous system has only the
trivial solution, using the same steps of Gauss-
Jordan elimination will reduce the augmented
matrix of the nonhomogeneous system to the

1 00 4
form ([0 1 0 d, |
0 0 1 ds

Thus the system has exactly one solution.

(a) If a # 0, the sequence of matrices is

a b 1 % 1 %
c d - c d - 0 ad—bc
a
|1 § L[ o
0 1 0 1/
If a = 0, the sequence of matrices is
0 b [e d] |1 % |1 %
c d 0 b 0 b 0 1
N 1 0
0 1}

(b) Since ad — bc # 0, the lines are neither
identical nor parallel, so the augmented

matrix | ¢ bk will reduce to
c d 1

1 k

[ 0 (i ll} and the system has exactly one
1

solution.
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43. (a) There are eight possibilities. p and g are any
real numbers.

10 0|1 0 p||1 p O
0 1 0,0 1 ¢[,|0 0 1,
0 0 1|0 0 0]|0 0O
[0 1 0][1 p g0 1 p
0 0 1|0 0 0,0 0],
0 0 0/]|0 0 0/][0 0 O
[0 0 1] 000
0 0 Of,and [0 O 0O
0 0 0] 00 0

(b) There are 16 possibilities. p, g, r, and s are
any real numbers.

1 00O0][1 00 p
0 1 00[[010 ¢
00 1 0[(00 1 rf
000 1J]{00O0 O
(10 p o][1 p OO
01 g 0/]|/0 0 10
00 0 10 0 0 1)
0 0 0 0/]|0 00O
[0 10 0][1 0 p g
0O 0 1 0|10 1 r s
000 IL’(00 0 O
0 0 00/][00 00O
1 p 0 ¢q][1 p g O
0 01 r[[0 0 O0 1
0 00 O(0 0 0 O
0 0 0 0/][0 00O
[0 10 pl[o 1 p O
001 ¢g/|00 01
000 000 0O
000 0/]|0 0 00O
0 0 1 0|1 p g r
000 L[{0O O OO
00000 00O
0 0 0 0/][0 00O
[0 1 p ¢g][0 0 1 p
00 0 0[[0 OO O
00 0 00 00 Of
00 0 0/J[0 0O O
[0 0 0 1 0000
0000 0000
000O0f 0000
0 0 00 0000
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True/False 1.2

(a)

(b)

(V]

(d)

(e)

®

(g

(h)

()

True; reduced row echelon form is a row echelon
form.

False; for instance, adding a nonzero multiple of
the first row to any other row will result in a
matrix that is not in row echelon form.

False; see Exercise 31.

True; the sum of the number of leading 1’s and
the number of free variables is n.

True; a column cannot contain more than one
leading 1.

False; in row echelon form, there can be nonzero
entries above the leading 1 in a column.

True; since there are n leading 1’s, there are no
free variables, so only the trivial solution is
possible.

False; if the system has more equations than
unknowns, a row of zeros does not indicate

infinitely many solutions.

False; the system could be inconsistent.

Section 1.3

Exercise Set 1.3

1.

(a) BA is undefined.
(b) AC+Dis4x2.

(¢) AE + Bis undefined, since AE is 4 X 4 not
4x5.

(d) AB + B is undefined since AB is undefined.
(e) E(AA+B)is5x5.

() EAC)is5x2.

(g) ET A is undefined since E! is4x5.

(h) (AT +E)D is5x%2.

. (a)

(b)

(c)

(d)

(e)

®

(g

(h)

(@

Section 1.3

1+6 541 243
D+E=|-1+(-1) 0+1 142
3+4 2+1 4+3

D—E=|-1-(=1)

-lk’l—‘l\)
w N W

5SA=|-5 10

-7 28 -14
ie= [—21 ~7 —35}
2B — Cis not defined since 2Bisa2 x 2
matrix and C is a 2 X 3 matrix.

(24 4 12 2 10 4
A4E-2D=|-4 4 8|-|-2 0 2
16 4 12 6 4 8

22 -6 8
=2 4 6
10 0 4
-3(D+2E)
15 2] [12 26
=3[|-1 0 1|+|-2 2 4
324/ [826
13 7 8]
=-3-3 2 5
11 4 10|
-39 21 -24
= 9 -6 -15
-33 —-12 =30
00
A-A=|0 0
00

tr(D)=1+0+4=5
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1 5 2

() tr(D-3E)=tr||-1 0 1
2 4

2

0 14

(k) 4tr(7B)=4 tr([zg _7D

=4(28+14)
= 4(42)
=168

(1) tr(A) is not defined because A is not a square matrix.

5. (a AB=

ot ]
B 0 2
[ (3-4)+(0-0) —(3-1)+(0-2)}

-1-4H+2-00 A-D+(2-2)
| &-H+1-00 —(1-D+(1-2)

(b) BA is not

(¢) (E)D=

(d) (AB)C=

(12 -3
={-4 5

4 1

defined since B is a 2 X 2 matrix and A is 3 X 2.

(18 3 9] 1 5 2
-3 3 6/|-1 0 1
(12 3 9] 3 2 4

2 -3 21
136 78 63

23004 )
S5 s
4 1

[(12-1)-(3-3) (12-4)-(3-1) (12-2)—(3-5)]

(42 108 75}

—(4-1D+(5-3) —(4-D+(51) —(4-2)+(5-5)
| @D+(1-3)

(3 45 9
11 —11 17

7 17 13

@G-4+11)  (4-2)+(1-5

10

SSM: Elementary Linear Algebra

~B D=3 D+(6-3) —(3-5)+B-0)+(6:2) —(3-2)+(3-D)+(6-4)

[A8- D=3 D)+(9-3) (18-5)+(3-0)+(9-2) (18-2)+(3-1)+(9-4)
|12 D)=(B-D+(9:3) (12:5+(3-0)+(9-2) (12-2)+(3-1)+(9-4)
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(e) A(BC)

® cc’=

() (DA

B (e )
1 0 23 1 5
S
_l ] 5 [@D-a3) @aH-an @2)-0-5)
L 1LOD+@3) ©H+@2 D (0:2)+25)
_ j 2{1 15 3}
L 1|6 210

=-1-D+@2-6) —(1-15+2-2) —1-3)+(2-10)
| A&-D+(1-6)  1-15+1-2) (1-3)+(1-10)

(3 45 9
=11 -11 17

:(3-1)-_%(0-6) (3-15)+(0-2) (3-3)+(O-10)}

7 17 13

"14213
31541
L 25

[+ H+2-2) 1-3)+@D+(2-5)
LG D+A-4+(5-2) (3-3)+(1-1)+(5-5)}
(21 17
|17 35}

15 23 o]\
10 1/-1 2
32 4|1 1

[1-3)-G D+ 1-0+G6-2)+2-D T
=/ |=1-3)=0-D+1-1) —1-0)+(0-2)+(1-1)
| 33)-2-D+@ D) (3-0+(2-2)+ (1)

"o 12])
=2 1
118

[0 =2 11
121 8

11

Section 1.3



Chapter 1: Systems of Linear Equations and Matrices SSM: Elementary Linear Algebra

1 3
T T _ 4 11113 -1 1
) (€ BA" = E 51}{0 2}}{0 2 J
[1-4H+3B-0) —(1-D)+(3-2)

= (4-H+1-0) —(4-D+(-2) B _21 ﬂ
|24 +(5-0) —2-D+(5-2)

4 3 -1 1
=16 -2 {0 5 J
_8 8]

[(4-3)+(5-00 —(4-D+(5-2) @& D+(5-D
= (16-3)=(2-0) —(16-D)—=(2-2) (16-1)—(2-1)
| 8:3)+(8:0) —(8-D+(8-2) (B D+(8:1
(12 6 9

=48 =20 14]

24 8 16

—

—_ =
N O W
A~ =
N N =
—_ O

A~ D W

(i) tw(DD')=tr||- H

D

[AD+G5)+(2:2)  ~(1-D+(5-0)+(2-D (1~3)+(5-2)+(2-4)”

w

=t |~ D+0-5)+1-2)  CD+O-0+1-D)  ~(1-3)+(0-2)+(1-4)
|G D+(25)+(%2) ~GD+2-0+@ D) (3:3)+(2-2)+(4-4)

(30 1 21
=tr|| 1 2 1
121 1 29

=30+2+29
=61
(24 -4 161 [ 1 5 2
G) w@E'-D)y=tu|| 4 4 4|-|-1 0 1
12 8 12] [ 3 2 4
(23 -9 14]
=tr|]| 5 4 3
9 6 8]
=23+4+8
=35

12
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(1 3 12 -2 8
k) t(CTAT +2ET)=t| |4 1{3 _21 ﬂ+ 2 22
25 6 4 6

[1-3)+3-00 -1-D+3-2) 1-D+@3-D 12 -2 8
=tr|| 4-3)+(1-00 —4-D+1-2) @G- D+IA-DH|+| 2 2 2
1(2:3)+(5:0) =(2-D+(5-2) 2-D+(G5-D 6 4 6

(3 5 4] [12 =2 8
=tr|[12 =2 5|+ 2 2 2
6 8 7 6 4 6

(15 3 12
=tr||14 O 7

12 12 13
=15+0+13
=28
"6 1 301 3\'[3 0
M c(ECH Ay=tl||-1 1 2||4 1]] |-1 2
|41 3|25 11

=tr|| | -(I-D+(1-4H+(2-2) —(1-3)H+A-D+(2-5) 1
| 4 D+1-H+3-2) @H+A-D+@3-5) 1

6 347 \[3 0
—wll| 7 8] ||-1 2
14 28 11

_[[16-3--D+1d-1) (16-0+(7-2)+(14-1)
" [(34-3)-(8-1)+(28-1) (34-0)+(8-2)+(28-1)

:t{' 55 28D
(122 44
=55+44

=99

[6-D+1-4)+3-2) (6-3)+(1~1)+(3~5)DT[ 3 0]
2
1

7. (a) The first row of AB is the first row of A times B.

6 2 4
[a, BI=[3 =2 7]|0 1 3

7 75
=[18+0+49 —6-2+49 12-6+35]
=[67 41 41]

13
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(b)

()

(d) The first column of BA is B times the first
column of A.

(e)

The third row of AB is the third row of A
times B.

[a; B]

6 -2 4
=[0 4 9]0 1 3

7 75
=[0+0+63 0+4+63 0+12+45]
=[63 67 57]

The second column of AB is A times the
second column of B.

(3 -2 72
[A by]=|6 5 4| 1

0 4 9| 7

[ —-6-2+49

=|-12+5+28

| 0+4+63

(41

=21

67

(6 —2 4][3
[B a;]=|0 1 3|6
17 7 5]0
[18-12+0]
=/ 0+6+0
[21+42+0
6
=l 6
| 63
The third row of AA is the third row of A
times A.
lay Al
3 2 7
=[0 4 9]]6 5 4
0 4 9

=[0+24+0 0+20+36 0+16+81]

=[24 56 97]

14
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(f) The third column of AA is A times the third
column of A.

3 2 7
[Aa3]—6 54
9

7
4
9
[ 21— 8+63]

=|42+20+36
O+16+81
= 98
197
-3 12 76
9. (a) AA=|48 29 98
24 56 97
[—3] 3 -2
48|=36|+6| 5
| 24 | 0 4
12 3 -2 7
29 |==2[6|+5| 5|+4|4
56 | 0 4 9
[76]] 3 -2 7
98|=7|6|+4| 5|+9|4
197 0 4 9
64 14 38
(b) BB=|21 22 18
77 28 74
[64 ] 4
21|=6/0[+7|3
77| 5

6
0
7
[14] 6 -2 4
22|1==210|+1{ 1|+7
7
6
0
7

3
| 28 | 7 5
38 [—2 4
18(=4{0|+3| 1{+5]3
| 74 | | 7 5
2 -3 5] X 7
1. (@) A=|9 -1 1|, x=|x,|, b=[-1
_1 5 i )C3 O
2 -3 5] x 7
The equationis |9 -1 1| x, |=|-1}|.
15 4] x 0
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4 0 -3 1 X 1
5 1 0 -8 X 3

A: = =
®) 2 -5 9 -1 *Tlal PTo
0 3 -1 7 X 2

The equation is
4 0 =3 1|l xn 1
5 1 0 -8|x 3
2 =5 9 -1||x 0l
0 3 -1 7]x 2

13. (a) The system is
Sxp+6xy —Tx3 =2
=X —2xy +3x3 =0

4xy, —x3=3

(b) The system is
X tx, txz3=2
2x; +3x, =2
5x —3x) —6x3 =-9

1 1 o[k
15. [k 1 1)1 0 2|1
0 2 3|1
k

=lk+1 k+2 -1]|1

1

=2 +k+k+2—1]

=[k? +2k +1]

The only solution of k> +2k+1=0isk=—1.

a 3 4 d-2c| .
17. [_1 a+b}_[d+20 5 }glvesthe

equations
a=4

d—2c=3

d+2c=-1

a+b=-2
a=4=b=-6
d—2c=3,d+2c=-1=2d=2,d=1
d=1=2c=-2,c=-1
The solutionisa=4,b=-6,c=-1,d=1.

19. The ij-entry of kA is ka;;. If ka;; =0 forall i, j
then either k=0 or a; = 0 for all i, j, in which

case A = 0.

21.

23.

25.

Section 1.3

The diagonal entries of A + B are a;; +b;;, so
tr(A+ B)

=(ay; +b1)+(ay +by)+---+(a,, +b,,)
=(ay +ay +tay,)+ (b +by +-+by,)
=tr(A) + tr(B)

0 (25%) 0 0 0 0
@10 0 0 ay 0 o0
0 0 0 0 dss 0
L 0 0 0 0 0 a66_
(ay ap an ay as ag |
0 ayp a3 ay ay ay
m | 00 @ g a5 s
0 0 0 ay ays ag
0 0 0 0 dss  dsq
L 0 0 0 0 0 Adge |
[ ar 0 0 i

ay ap 0

as; azp a
(© 3 3 33
agp Q4p  d43  Qu4
ds) dsp ds3  ds4  dss
1961 462 Ge3 dea Ges  deg

oS o O
S O O O
el eBolole]l

all a12 O 0
ayp Ay ay 0

0 a3 a3 ay
(d)

S O O
(=i el

0
0 0 0 as ass ase
0

0 O 0 a65 a66 i
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o )

27.

[y x+apy+a;sz

axy Gy Gy3 || Y |=|agXtaxpy+arz

| a3 x+azny+assz

[x+y

=lx—Yy

| 0

The matrix equation yields the equations
apnXx+apy+apzz=x+y
a21x+a22y+a23z =X—-Yy.

a1 x+azy+az=0

For these equations to be true for all values of x,
v, and z it must be that a;; =1, a5 =1, ay; =1,

ay; =—1, and a;; =0 for all other , j. There is

1 10
one such matrix, A=|1 -1 0].
0O 00

29. (a) Both B ﬂ and [:i :ﬂ are square roots

2 2
of{2 2}.

16
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(b) The four square roots of B g} are
V5o0] [—5 o] [V5 0 L4
o 30 3/'[0 -3]
—~5 0
0 -3
True/False 1.3

(a) True; only square matrices have main diagonals.

(b) False; an m X n matrix has m row vectors and
n column vectors.

(c) False; matrix multiplication is not commutative.

(d) False; the ith row vector of AB is found by
multiplying the ith row vector of A by B.

(e) True
, 13
(f) False; for example, if A= [ 4 _J and
1 0 1 6
B_L) 2}, then AB_[4 _2} and

tr(AB) = —1, while tr(A) = 0 and tr(B) = 3.

(g) False; for example, if A= [i _ﬂ and

| o T |1 4 .
B—L) 2}, then (AB) _[6 _2}, while

1 8
ATBT = .

(h) True; for a square matrix A the main diagonals

of A and AT are the same.

(i) True;if Aisa 6 x4 matrix and Bisanm X n
matrix, then AT is a4 x 6 matrix and B is an

n x m matrix. So BT AT is only defined if m = 4,
and it can only be a 2 X 6 matrix if n = 2.

(j) True, tr(cA) =cayy +cay, +-+-+ca,,
:C(all +022 +---t+a
=c tr(A)

l’l}’l)

(k) Trlle; ifA-C=B- C, then al] _Cl] :bU _Cl'j,

so it follows that a;; = bl-j.
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. . |12 |1 s T | 2 4
(1) False; for example, if A= [3 4}, B= [3 7}, 11. B = [_3 4},
10 1 0 1 _1
d C= then AC =BC = . - 1 |14 4 -
and C [0 O}’ en AC=BC [3 0} (BT) 1=g+12{3 2}=[35 ls}z(B L
20 10
(m) True;if A is an m X n matrix, then for both AB
and BA to be defined B must be an n X m matrix. | 70 45
. . . 13. ABC =
Then AB will be an m X m matrix and BA will be 122 79
an n X n matrix, so m = n in order for the sum to 1 79 —45
i ABC)~
be defined. ( ) = 70.79- 122 45[ 122 }
(n) True; since the jth column vector of AB is _ 1 [ 45}
A[jth column vector of B], a column of zeros in 12270
B will result in a column of zeros in AB. n 1 [ } [_1 _4}
(o)False-IOIS—15 b ol 2Lz o
1o ol[3 7/7]0 o gl | [43}L[43}
2-4—(=3)4|—4 2| 204 2
Section 1.4 Al 1 2 -1 _ 2 -1
. 3.2-1.5|-5 3 -5 3

Exercise Set 1.4

oot (=1 =4[ 4 37 2 -1
it ={[% = 2 )
1] 79 45
_4_0{—122 70}
TA= (747 H!
B 1 {—2 —7}
S (3)2)-170-1 3

-3 3

5. B7'=

[\]
~
|>—
&
N
=
|
B~
[\S RSN
[

1l

[\]
c>|H
|

B~ B~
[\S RIS
[

Il
—
|
W~ |~
—l_
o|_ ol“’
[
o
9]

1
7 plo | {3 0}21[3 0}3 0
2:3-010 2] 60 2] |0

W |—
L =

2
9. Here, a=d=%(ex+e_x) and Thus A={7 1}
1 3
1 77
b:czz(ex—e_x), )
1 ;1 5 17. 1+2A=(1+24)))"
ad—bc:Z(ex+e_x) —Z(e"—e‘x) 1 5 =2
IR T S I '—1-5—2~4L¥ —J
_Z(e +2+e )—Z(e —-2+e ) __i[ 5 _2}
=1. o134 -1
-1 _5 2
Tt re™) Lt -e™) _|713 13
Thus, 1, x —x 1,.x —-Xx 4 L
5(6 —e ) 5(6 +e ) 13 13

_ %(ex+e_x) —%(ex—e_x)-
—%(ex—e_x) %(ex-i-e_x)

17
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.5 2 Lol [F8 2 _9 1
_| 13 13_ _| 13 13 _| 13 13
Thus 2A = P [0 J— i 1 and A= 5 ol

19. (a) A3:( 31

[\S]
—
N W N W

Il
1
—_
OO0 —
W
[SEI & ) [ S ) E—

(b) A7 =A%)
3 1 [ 11 —15}
T 41-11-15-30[-30 41
1115
130 41
2 11 4] [6 2].[1 0
¢ A —2A+1_[8 3} [4 2}+[0 J
6 2
14 2
s [3 1] 2 0] [1 1
@ pAH=4 21{2 J [0 2}_[2 —1}

(e) p(A)= gAz —A+1

_[22 8}_{3 1}{1 o}
16 6] |2 1] |0 1
20 7

|14 6}

() p(A)=A>-24+41

_[41 15] 6 2] [4 0
130 11| |4 2| |0 4

39 13

__2613}

30 0][3 0 0])[3 0 0

21. @ A’=||0 -1 3|0 -1 3|0 -1 3

0 -3 —1||0 -3 —-1[Jj0 -3 -1
9 0 0][3 0 0

=0 -8 6|0 -1 3

0 6 -8Jl0 -3 -I

(27 0 0

=l 0 26 -18

| 0 18 26

18



SSM: Elementary Linear Algebra Section 1.4

1
1 3], 1[-1 -3] |- -2 ;00
. - o b =3 100 10 1_ 1 _3
(b) Notethatthemverseof{_3 _J is 10{3 _J— 3 _L.ThusA =0 m 00
10 10 o 3 L
10 10
1 11 1
0 03 o0 offy 0 0
S _oa 32 1 _3 _1 _3 _1 _3
AT=(A7) =110 10 100 10 10 0 10 10
3 1 3 1 3 1
0 %5 ~0Jl% % “0l)° % 10
(1 (1
s 0 03 0 0
_ _2 3 1 _3
=10 25 50 0 10 10
3 2 3 1
10 =50 =)0 % e
1
o 0 0
=l 0 0.026 0.018
0 -0.018 0.026
(9 0 o] [6 0 0] 1 0 0
() A2-24+I1=|0 -8 —6|-|0 =2 6|+/0 1 0
0 6 -8 |0 -6 2| [0 O 1
(4 0 0
=0 -5 -12
0 12 -5
(3 0 0] [2 00
(d p(A)=A-2I=|0 -1 3|-[0 2 0
0 -3 -1 [0 0 2
(1 0 0]
=10 -3 3
0 -3 -3]
(&) p(A)=2A"-A+I
(18 0 0][3 0 0o]f1 00
=10 -16 -12|-|0 -1 3[+/0 1 0
0 12 -16] |0 =3 -1| [0 O 1
(16 0 0]
=l 0 -14 -15
0 15 -14]
) pA)=A>-24+41
(27 0 0] 6 0 0] [4 0 0
=l 0 26 -18|-|0 =2 6[+[0 4 0
0 18 26| |0 6 2| |0 O 4
(25 0 0]
=l 0 32 -24
0 24 32

19
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27. Since ayay; -+ a,, # 0, none of the diagonal entries are zero.

1 0o ... 0

apy

o - ... 0
Let B= . 9z

o o ... -

Ay

AB=BA =150Ais invertible and B= A"

29. (a) If A has arow of zeros, then by formula (9) of Section 1.3, AB will have a row of zeros, so A cannot be
invertible.

(b) If B has a column of zeros, then by formula (8) of Section 1.3, AB will have a column of zeros, and B cannot
be invertible.

31. c'B'A’BAC™'DA?BTc? =T
ca'B a7y - "B A?BACT DA BT ¢ = ca' B A B(CT ) T
DA?BTCc?=cA™'B'AB
DABT 2 .c*BT Y 'A’ =ca'B'A2B . C?(BT) ' A2
D=CAT'B'A2BC? (BT ) A2

33. B lacH e Y o =B 'a Y ac N cp)p™!
=B A 'Ac'cypp™)
=B

by by b
b3y by b
AX =1
biy+by bptby bztbys| |10 0
biythy bptby bz+bys (=10 1 0

Consider the equations from the first columns of the matrices.

by +by =0

Thus bll =b31 =—b21, SO bll =%, b21 =—%, and b31 =%.

Working similarly with the other columns of both matrices yields A7

D= D= o=
= = =
D= D= o=

20
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biy by b3
byp by by
AX =1
by +byy by +byy bz +by3 =10 10
—by +by +byy by +tbytbyy —b3+by+byz | [0 01

Consider the equations from the first columns of the matrices.
by =1
by +by =0
Thus, b21 =—b11 and —2b11 +1 =O, SO bll =%, b21 =—%, and b31 = 1

Working similarly with the other columns of both matrices yields

S ==

3 2] x 1 x| [3 =27 -1
. . -, 1 _ - . . — -, -
39. The matrix form of the system is [ 4 S}LJ = [ 3}, so the solution is LJ [ 4 5} [ 3}.

[3 —2}‘1_ 1 [5 2}
4 5] " 3.5-(-2)4|—4 3

_ 1[5 2
T304 2
| 1[5 2][-1]_1[-5+6]_1[1
x| 234 3] 3] 23] 4+9] 23]13
The solution is x; = —, xzzg.
23 23

1l
|
[\9)
| —
w
)
—
=
[¢]
w
o)
=B
=
=
o
=
—
w
| ——
R
| |
Il
1
FNGNGN
|
W =
| —
N
|
o o
1

41. The matrix form of the system is [6 1}[)61 }

4 3] x,
(6 1}‘1_ 1 {—3 —1}
14 3] 63144 6
1 [-3 -1
‘"5[4 6}
(5] 1[-3 -1][ 0
By
1 [o0+2
‘_5_0—12}
1 2
__Z_—IZ}
o 6
The solution is x; = ——, X, = —.
11 11

21
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51. (a) If Aisinvertible, then A" exists.
AB=AC
AlAB=A"lAC
IB=1IC
B=C

(b) The matrix A in Example 3 is not invertible.
53. (a) AA'+B HBA+B) ' =AA '+ AB T HYB(A+B)!
=(I+AB HB(A+B)™!
=(IB+AB™'B)(A+B)”!

=(B+A)(A+B)"!

=(A+B)YA+B)"!
=1

b)) A'+Bl2A+B)!

55. (I-AI+A+A%+ -+ A Y= — AT+ - AA+T - AHA% +---+ (T - A)AF!
=T-A+A-A2+ A% — A% o AR gk
=1-A*
=1-0
=1

True/False 1.4

(a) False; A and B are inverses if and only if AB=BA = 1.

(b) False; (A+ B)2 =(A+B)(A+B)
= A2+ AB+ BA+ B>
Since AB # BA the two terms cannot be combined.

(¢) False; (A—B)(A+B)=A”>+AB-BA-B>.
Since AB # BA, the two terms cannot be combined.

(d) False; AB is invertible, but (AB) ' =B'A™' = A71p71.

(e) False; if A is an m X n matrix and B is and »n X p matrix, with m # p, then AB and (AB)T are defined but A7 BT is
not defined.

(f) True; by Theorem 1.4.5.
(g) True; (kA+B) =) +BT =kA” +BT.
(h) True; by Theorem 1.4.9.

(i) False; p(I)=(ay+ay +a, +---+a,,)] which is a matrix, not a scalar.

22
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(j) True, if the square matrix A has a row of zeros,
the product of A and any matrix B will also have
a row or column of zeros (depending on whether
the product is AB or BA), so AB =1 is
impossible. A similar statement can be made if A
has a column of zeros.

10 -1 0
(k) False; for example, L) J and [ 0 _J are

both invertible, but their sum [8 8} is not
invertible.

Section 1.5

Exercise Set 1.5

1. (a) The matrix results from adding —5 times the
first row of I, to the second row; it is an

elementary matrix.

(b) The matrix is not elementary; more than one
elementary row operation on I, is required.

(¢) The matrix is not elementary; more than one
elementary row operation on /5 is required.

(d) The matrix is not elementary; more than one
elementary row operation on I, is required.

3. (a) The operation is to add 3 times the second

row to the first row. The matrix is { é ﬂ

(b) The operation is to multiply the first row by
00

1 0]
0 1

1

1 7
——. The matrix is 0
7 0

(¢) The operation is to add 5 times the first row
1 00
to the third row. The matrixis [0 1 0.
50 1

(d) The operation is to interchange the first and

0 010
third rows. The matrix is 00
1 0 0 O
0 0 01

Section 1.5

5. (a) E interchanges the first and second rows of
A.

0 1l[-1 =2 5 -1

EA‘L OM 3 -6 -6 —6}
[3 -6 -6 -6
-1 =2 5 -1

(b) E adds —3 times the second row to the third

TOW.
(1 0 ol[2 -1 0 4 —4
EA=l0 1 0|1 -3 -1 5 3
0 =3 1|2 0 1 3 -1

(2 -1 0 -4 -4
=1 -3 -1 5 3
-1 9 4 -12 -10

(¢) E adds 4 times the third row to the first row.

(1 0 4][1 4] [13 28
EA=|0 1 0|2 5|=|2 5
10 0 1][3 6 3 6

7. (a) To obtain B from A, the first and third rows
must be interchanged.
0 0 1
E=|{0 1 0
1 00

(b) To obtain A from B, the first and third rows
must be interchanged.
0 0 1
E=|0 1 0
1 00

(¢) To obtain C from A, add —2 times the first
row to the third row.
1 00
E=| 0 10
-2 0 1

(d) To obtain A from C, add 2 times the first
row to the third row.

ey
I
[\ JN RN

Add -2 times the first row to the second.

23
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11.

13.

(1 4] 10

10 1|2 1

Multiply the second row by —1.

(1 4]1 0

10 112 -1

Add —4 times the second row to the first.
(1 0|-7 4

0 1| 2 -1

14Tt (7 4

12 7] 2 -1

(-1 3|1 0]

| 3 2|0 1]
Multiply the first row by —1.

(1 =3]-1 0]

13 2| 0 1}
Add -3 times the first row to the second.
(1 =3|-1 0]

0 71 3 1]

Multiply the second row by %

(1 =3|-1 0}
3 1
_O 1 T
Add 3 times the second row to the first.
i 2 3
1ol2 7}
3 1
_O 1 T3
— 2 3
-1 37 |58
3 2| |3 1
- 7 17
(3 4 1|1 0 0]
10 3|0 10
12 5 4]0 0 1]
Interchange the first and second rows.
(1 0 3|0 1 O]
34 -1|{1 0 0
12 5 4]0 0 1]
Add -3 times the first row to the second and —2
times the first row to the third.
(10 3|0 10
04 -10]1 -3 0
105 -10]0 -2 1
Interchange the second and third rows.

24
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10 3]0 10
05 -10/0 2 1
0 4 -10]1 -3 0

Multiply the second row by é

‘10 3|0 10

_ _2 1

0 1 210 s 5

|10 4 -10|1 -3 0
Add —4 times the second row to the third.

1 0 3]0 1 0

_ _2 1

01 -21]0 s S

_ _1 _4

_0 0 2|1 5 5

Multiply the third row by —%.

1 0 3

0 10
_ 21
01 2| 0 -2
112
_0012105

Add -3 times the third row to the first and 2
times the third row to the second.

3 _11 _6
100 2 10 5
01 0| -1 1 1
_1r 7 2
_0 01 2 10 5
= -1 3 _11 _6
3 4 -1 2 10 5
1 0 3 =| -1 1 1
2 5 4 1 7 2
- 2 10 5
(-1 3 —4|1 0 0
2 4 10 1 0
-4 2 9]0 0 1
Multiply the first row by —1.
1 3 4|-1 0 0
2 4 1/ 0 1 0
4 2 9|00 1

Add -2 times the first row to the second and 4
times the first row to the third.

1 -3 4(-1 00
0O 10 =712 10
0 -10 7|4 0 1

Multiply the second row by %
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17.

19.

(1 -3 41-1 0 0
71| 1 L

0 1 10 5100

0 =10 7|-4 0 1

Add 10 times the second row to the third.
(1 =3 41-1 0 O

7| 1L L
O 1T -5]5 1 9©

10 0 o2 1 1

Since there is a row of zeros on the left side,
(-1 3 4
2 4 1
-4 2 -9

is not invertible.

1 0 0
0 1 1
11 0

[ RN
S O =
—_ O O

Add —1 times the first row to the third.
(10 1| 100

01 110 10

0 1 -1{-1 0 1

Add —1 times the second row to the third.
(10 1|1 00

01 170 10

100 2]-1 -1 1

Multiply the third row by —%.

1 01{1 0 O
0 11{0 1 O

1 1 _1
0 01 > 2 T2

Add —1 times the third row to both the first and
second rows.

1 _1 1
100222
1 1 1
010222
11 _1
_001552
- -1 1 _1 1
1 0 1 2 2 2
|1 1 1
110 11 _1
B 2 2 2
(2 6 6]1 0 0
27 6|0 10
2 7 7|10 0 1

Multiply the first row by %

25

21.

NN =

~N 9w

~N N W
S O

1331200

01 0|-1 10

01 1]-1 0 1

Add —1 times the second row to the third.
1331 00

01 0(-1 10

00 1|0 -1 1

Add -3 times the third row to the first.
130031 3 -3

01 0|-1 1 O

00 1,0 -1 1

Add -3 times the second row to the first.
1ool 2 o -3

01 0|-1 1 O

00 1,0 -1 1

26 6] |2 0 3

2 7 6| =(-1 1 0

12 7 7] 0 -1 1

2 -4 0 0|1 0 0 O]

1 2 12 0(0 1 0 O

0O 0 2 0]/0 0 10

|10 -1 -4 5|0 0 0 1]
Interchange the first and second rows.
(1 2 12 0]l0 1 0 O]

2 4 0 0|1 0 0O

0O 0 2 0|0 0 1O

|10 -1 -4 -5{0 0 0 1}

Add -2 times the first row to the second.
1 2 12 0|0 1 0 O]

0 -8 24 0|1 -2 00

0 o0 2 0|0 0 10

0 -1 -4 5|0 0 0 1]
Interchange the second and fourth rows.
(1 2 12 0]l0 1 0 0]

0O -1 -4 5|10 0 0 1

0 o0 2 0({0 0 10

|10 -8 24 0|1 -2 0 O

S = O

—_ O O

Section 1.5

Add -2 times the first row to both the second
and third rows.




Chapter 1: Systems of Linear Equations and Matrices SSM: Elementary Linear Algebra

Multiply the second row by —1. 100 0 % % 3 0
(1 2 12 0/0 1 0 O 1 1 3
0 1 4 5/0 00 -1 0100/-g 4y -3 0
0 0 200 01 0 00 10/l 0 0 % 0
10 -8 24 0|1 -2 0 O oo0o0 1|]L L L _1
Add 8 times the second row to the fourth. - 40 20 . 10 . >
(1212 0[0 10 0 o4 o ot |7 2 20
00 5 40|12 0 s 0020 o 0 4o
L J |0 -1 -4 -5 1 _1 _1 _1
. . 1 40 20 10 5
Multiply the third row by 3
1212 0[0 1 0 0] -1 0 10/100°0
01 4 5/0 00 -1 23,33{‘388528
1 1 -
00 0100 2 0 0O 0 150 0 0 1
0 0 8 401 -2 0 -8 C . -
- - Multiply the first row by —1.
Add -8 times the third row to the fourth. "1 0 =1 0l=1 0 0 0]
01 4 5|0 0 0 -1 0 -1 20/l00 10
00 1 00 0 3 0 0 0 15/000 1
00 0 401 2 4 8 Add -2 times the first row to the second.

. 1 (1 0 -1 0]-1 0 0 O]
Multiply the fourth row by 20 0o 3 06l210o0
(1 2 12 0] 0 1 0 0 0 -1 200010
01 4 5|0 0 0 -1 0 0 15700 0 1]
00 10| O0 0 % 0 Interchange the second and third rows.
00 o0 1lL L _1 _1 1 0 -1 0|-1 0 0 O]
L 40 20 10 5 0O -1 200010
Add -5 times the fourth row to the second. 0 3 06|/ 2100
(1 2 12 0] © 1 0 O 0 0 1510 0 0 1]
01 40 _% % % 0 Multiply the second row by —1.
00 10| 0 0 % 0 (1 0 -1 0]-1 0 0O O]
00 0 1/l4L L _1 _1 01 -=24000-10
L 40 20 10 5 03 0621 00
Add —12 times the third row to the first and —4 00 15100 0 1]
times the third row to the second. Add -3 times the second row to the third.
1200(1) ll—go 10 -1 0[-1 0 0 0]
0100 -3 7 T3 0 01 20|00 -10
00 10| O 0 % 0 00 6 62 1 30
000 1|L —L _1 _1 00 15700 0 1]
40 20 10 3 Interchange the third and fourth rows.

Add -2 times the second row to the first. (1 0 =1 0ol-1 0 O O]

01 -20[00-10
00 15/ 00 01
00 66/2 1 3 0]

Add —6 times the third row to the fourth.

26
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S OO =
SO~ O

-1
-2
1

0 -24

0|-1
0| 0
510
2

- O O
|
—
—_ O O

Multiply the fourth row by —%.

1 0

12

5

0100 3
5
0010 3
1

000 1|-3%
1 0 1 o]"
2 3 2 6| _
0 -1 2 0|

L0 0 15
kk 0 0 0
0 ky, 0 O
25.(21)001(30
0 0 0 k

00

7

S O O =

S O~ O

S5 _1
8 4
1 _1
4 T2
S5 _1
8 4
1 1
8 4
24
S
12
S
24
_1
24
0 0
0 0
10
0 1

1 0 -1 0 -1 0 0 0
01 20 0 0 -1 0
0 0 15 0 0 0 1
1 1 1 1
00 0 1f-3 -5 —5 3
Add -5 times the fourth row to the third.
(10 .10/ -1 0 0 O
01 20 0 0 -1 0
S S5 5 _1
00 10 12 24 8 4
-1 _1 _1 1
00 0 1 12 24 8 4

Add the third row to the first and 2 times the
third row to the second.

s _1
8 4
1 _1
4 2
5 _1
8 4
-1 1
8 4

Multiply the first row by kl’ the second

row by ki’ the third row by %, and the
k

fourth row by kL

2

4

1

(b)

SO = =
o OO

1
1 v 0
0 10
0 0 1
0 00

(== =]

0
0
1
1

—_ = o O

[ R

oS O O

S O —= O

S O = O

S - O O
- o O O

oo o

- O O O

Section 1.5

.

0

0

1

k4_

0 0 0]

1

T 0 0

1

0 P 0

0o o L
ky |

Multiply the first and third rows by %

Add —% times the fourth row to the third

| .
and —z times the second row to the first.

[
(=

o OO S = O O

oo o
SO = =

c
27. |1
1

—_— 0 O
a o o

S O =

0
1
0

- O O O

—_——_ O O

—_ O O

o O o=

S O =

o o o

oo o

S O =

0
0
_1
k
1
0 0
0 0
1 _1
ko k
0 1

Multiply the first row by 1 (soc#0isa
c

requirement).

27
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29.

1

c ¢
1 ¢

—

—
S O0l-
S —= O
S o O

Add —1 times and the first row to the second and
third rows.

1 1 1l L oo
C

Oc—lc—l—%lO

0 0 c-1|-L 0 1
C

Multiply the second and third rows by % (so
c—

¢ # 1 is a requirement).
111 4 0
c
1 1
0 11 c(c-1) -1

__1 1
_O 01 c(c-1) 0 c—1

Add —1 times the third row to the first and
second rows.

0
0

1 1

1 10 pry 0 o)

1 __1

010 0 5 e
1 1

00

The matrix is invertible for ¢ # 0, 1.

. -3
Use elementary matrices to reduce { )

1to
2

28

31.
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rl o
06T T
I

Note that other answers are possible.

Il
11
S =

1 0 -2
Use elementary matrices to reduce |0 4 3
00 1
t013.
1 0 2][1 0 =2] [1 0 0]
0 1 0[[0 4 3|=0 4 3
0 0 1Jj0 0 1] [0 0 1
1 0 o]t 0 0] [1 0 O]
0 1 3|0 4 3|=/0 4 0
00 1Jl0 0 1] [0 O 1]
1.0 0][100] 100
0 5 0ff0 4 0j=(0 10
00_001001
Thus
1 0 0|1 o o]t o 2]t 0 =2
0 £ 0ffo 1 =3jlo 1 0j[0 4 3
o 0 1l/0 0 1]jo 0o 1jj0 0 1
100
=0 10
00 1
SO

S O =

S~ O
|

—_ W N

|

—_— O N
S O =
S = O

r -1 0[1 0o o]"

-3
1] 1o

-2 100

0 0 4 0

00 1 00 1

€

Note that other answers are possible.

—_0 O = O

SO =

00
13
0 1
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33. From Exercise 29,

RN

35. From Exercise 31,

1 0 =2

04 3

00 1

(10 0f1 0 o[t 0 2

=0i001—3010
0o o 1//0 0 1|0 0 1
(1 0 2]

—|lop L _3

_044

10 0 1]

1 23
37. A=|1 4 1
2 109

Add —1 times the first row to the second row.

(1 2 3
0 2 =2
2 1 9
Add —1 times the first row to the third row.
(1 2 3]
0o 2 =2
|1 -1 6]
Add —1 times the second row to the first row.
(1 0 5]
0o 2 =2
|1 -1 6]
Add the second row to the third row.
(10 5
0 2 2|=B
111 4

True/False 1.5

(a) False; the product of two elementary matrices is

(b) True; by Theorem 1.5.2.

not necessarily elementary.

29

(c)

(d)

(e)

()

(g

Section 1.6

True; since A and B are row equivalent, there
exist elementary matrices E|, E,, ..., E; such

that B=E ---E,E|A. Similarly there exist
elementary matrices Ej, Ej, ..., E such that
C=E]---E5E{B=E]---E5E[E; - E,E|A 50 A
and C are row equivalent.

True; a homogeneous system has either exactly
one solution or infinitely many solutions. Since
A is not invertible, Ax = 0 cannot have exactly
one solution.

True; interchanging two rows is an elementary
row operation, hence it does not affect whether a
matrix is invertible.

True; adding a multiple of the first row to the
second row is an elementary row operation,
hence it does not affect whether a matrix is
invertible.

False; since the sequence of row operations that
convert an invertible matrix A into [, is not

unique, the expression of A as a product of
elementary matrices is not unique. For instance,

IRt FH e
o e Sl )

(This is the matrix from Exercise 29.)

Section 1.6
Exercise Set 1.6

1. The matrix form of the system is
1 1] x| ]2

15 6|x | [9)

11 16 -1 [6
5 6] 6-5/-5 1] |-5
6 —1[2] [12-9] [ 3
-5 1]|9] [-10+9] |-1

The solution is x; =3, x, =—1.

3. The matrix form of the system is
1 3 1| x 4
2 2 1|x|=|-1
2 3 1] x; 3

Find the inverse of the coefficient matrix.
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1 31100
2 2 110 1
12 3 1/0 0 1
(1 3 1] 10 0
0 4 -1|-2 10
0 -3 -1|-2 0 1
1 3 1] 1 0 0]
11 _1
014240
0 -3 -1|-2 0 1]
13 1/ 1 00
1| 1 _1
01 4yl 7 30
_1|_1 _3
_004241_
(1 3 1]1 0 0
1|1 _1
0Lyl 4 0
00 1/2 3 —4
(1 3 0|-1 =3 4]
01 0|0 -1 1
0 0 1|2 3 —4]
(1 0 0|-1 0 1]
01 0]/0 -1 1
0 0 1|2 3 —4
(-1 0 1] 4 —4+3 -1
0 -1 1] -1]|=| 1+3 |=| 4
| 2 3 4] 3| [8-3-12] |-7

The solution is x; =—1, x, =4, x3 =-7.

5. The matrix form of the equation is
11 1x] [5

1 1 -4|ly[=]10
-4 1 1]z 0

11 1]1 0 0
11 4|0 10
|4 1 1[0 0 1

11 1100
00 -5(-1 10
05 51401

Find the inverse of the coefficient matrix.

30
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(11 1] 1 0 0]
05 5|40 1
0 0 -5|-1 1 0]
(11 1] 1 0 0]
4 1
01 1] 30§
0 0 =5|-1 1 0]
1 11]1 00
4 1
0 113 0§
1 _1
00 1|5 -3 0
i 4 1
1L10js 10
3 1 1
Lols 55
1 _1
00 1|5 -3 0
i 1 1
100 0 —%
3 1 1
0103 § %
1 _1
00 1|5 -3 0
M1 1
5 0 -5Is 1 1
3 1 1 _
1 _1 - -
_550

The solutionisx=1,y=5,z=-1.

7. The matrix form of the system is

HHMEH
HE I

(2 —57[b ] _[2b-5b,
-1 3]|by ||~k +3b,

The solution is x; = 2by —5b,, x, =—b; +3b,.

9. Write and reduce the augmented matrix for both

systems.

1 5|12
3 214] 5

1 5(1|=2
0 17111
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11.

-2
1 13.

S 22 1
(i) The solution is x; =17 Xy =—.

17

21 11

ii) The solutionis x; =—, xy =—.
(i) TR

Write and reduce the augmented matrix for the
four systems.

4 —7|0|-4]-1]-5
|1 2]1] 6| 3| 1 15.
(1 2]1] 6] 3] 1
4 7(0|-4]-1]-5

2] 1 6 311
0 —-15|-4|-28|-13]|-9

1
o
)
= =
2 o
—

5 W
—_

| I |

._.
W
—
W
—
W
W |

7
i) The solutionis x; =—, xy = —.
® ETEENT

28
ii) The solutionis x; = —, x, = —.
@ 15772 15

Section 1.6

by
by

13 by
0 7|2b+by

13 b
%@+§@_

1 37 1
7 —5b2

2 1
7b1+7 |

There are no restrictions on b; and b,.

1 =2 5|h

4 -5 8|b
-3 3 3|k
1 =2 5 b

0 3 —12|-4b+b,
0 =3 12| 3b+b
1 2 5 by
0 3 —12| —4b+b,
0 0 0|-b+b+by
1 2 5 b,

0 1 —4|-3b+1b
0 0 O|-b+b+bg

10 3|-3p+2p,
0 1 —4|-3b+1b,
00 0

by +by + by

The only restriction is from the third row:
_bl +b2 +b3 =0 or b3 =b1 —bz.

(iii) The solution is x; = E’ Xy

(iv) The solution is x; = —%, Xy =—.

13

15

3
5

31
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17.

1 -1 3 2|p
2 15 1|h

-3 2 2 -1k

| 4 3 1 3|b

-1 3 2 by

0 -1 11 5| 2b+h,

0 -1 11 5| 3b+b
|0 1 —11 =5 |—4b +b,
(1 -1 3 2 b,

0 -1 11 5| 2b+b

0 0 0 0| b—by+by
10 0 0 0|-2h+by+by
-1 3 2 by

0 1 —11 -5| =2b-b,
0 0 0 0| b-by+h
10 0 0 O0|-=2b+by+by
(10 -8 3| -b-b

0 1 —11 -5| -2b-b,
00 0 O b-by+h
100 0 0|=2h+by+by

From the bottom two rows, by —b, +b; =0 and
—2b +by +b, =0.

Thus by =—b +b, and by =2b —b,.
Expressing by and b, in terms of by and b,
gives by =b; +b, and by, =2by +b,.

-1

1 -1 12 -1 5 7 8
X=[2 3 4 0 -3 0 1
0 2 -1| |3 5 -7 2 1
1 -1 1]1 0 0
2 3 0/0 10
0 2 -1/0 0 1
(1 -1 1] 10 0
0 5 2|2 10
0 2 -1/ 0 0 1
(1 -1 1] 1 0 0
_2|_2 1
015550
0 2 -1] 0 0 1

32

21.

23.
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1 -1 1| 1 00
o 0 443
(1 -1 1| 10 O
0 0 1| -4 2 -5

(=)
1 O = O
S
|
[\
p—
|
[\e]

11 12 3 27 26
= 6 -8 1 -8
15 21 9 -38

Since Ax = 0 has only the trivial solution, A is
invertible. Thus, A¥ is also invertible and
A¥Xx =0 has only the trivial solution.

Note that (A¥)™1 =(a~Hk,

Let x; be a fixed solution of Ax = b, and let x be
any other solution. Then

A(x—x;) = Ax—Ax; =b-b =0. Thus

Xy = X—X; is a solution to Ax =0, so X can be
expressed as X = X; +Xg.

Also A(x; +Xg) = Ax; +Axy =b+0=Db, so
every matrix of the form x; +Xx is a solution of
Ax =b.

True/False 1.6

(a)

(b)

True; if a system of linear equations has more
than one solution, it has infinitely many
solutions.

True; if Ax = b has a unique solution, then A is
invertible and Ax = ¢ has the unique solution

A le.



SSM: Elementary Linear Algebra

(©)

(@)

(e)

®

(2

True; if AB=1,, then B= A7 and BA = I,
also.

True; elementary row operations do not change
the solution set of a linear system, and row
equivalent matrices can be obtained from one
another by elementary row operations.

True; since (S_IAS)X =b, then

S(ST'AS)x = Sb or A(Sx) = Sb, Sx is a solution
of Ay = Sb.

True; the system AX = 4x is equivalent to the
system (A — 4Dx = 0. If the system Ax = 4x has a
unique solution, then so will (A — 4)x = 0, hence
A — 41 is invertible. If A — 41 is invertible, then
the system (A — 41)x = 0 has a unique solution
and so does the equivalent system AX = 4x.

True; if AB were invertible, then both A and B
would have to be invertible.

Section 1.7

Exercise Set 1.7

1.

The matrix is a diagonal matrix with nonzero
entries on the diagonal, so it is invertible.

Lo
The inverse is {2 ] .
0 1

5

The matrix is a diagonal matrix with nonzero
entries on the diagonal, so it is invertible.

-1 00
The inverseis | O % 0.
0 0 3
(3 ol 2 1] [6 3
0 -1 0l|—4 1|=[4 -1
0 2] 2 5] [4 10
(5 0 0|3 2 0 4 —4
02 0|l 1 -530 3
0 0 3||]-6 22 2 2
-15 10 0 20 -20
=l 2 -10 6 0 6

8 -6 6 -6 -6

33

11.

13.

15.

17.

19.

21.

23.

25.

Section 1.7

(%)2 0 01 [to o
A’=| 0o (%)2 0 |=[o L o
0o o (4] L0
e
(2) 0_2 0 4.0 0
a?=l o (4 0 |=[0 9 0
. . (%)_2 0 0 16
@ oo o
RO
oo (i)
)
=lo 3¢ o0
0 o 4t
The matrix is not symmetric since

apn =—8¢0=Cl21.
The matrix is symmetric.

The matrix is not symmetric, since
6123 = _6 * 6: 032.

The matrix is not symmetric, since

The matrix is not invertible because it is upper
triangular and has a zero on the main diagonal.

For A to be symmetric, a5 =ay; or-3=a+ 35,

so a =-8.

For A to be invertible, the entries on the main
diagonal must be nonzero. Thus x # 1, -2, 4.
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27.

33.

35.

37.

1 0 0
By inspection, A={0 -1 0].
0 0 -1

If ATA=A, then
AT = AT AT = AT AT =ATA= A, soAs
symmetric. Since A = AT, then A2=ATA=A.

(a) Ais symmetric since a; =aj; forall i, j.

b) i°-j*=j*-i*=2i*=2j% or

i?=j>=i=j, sincei,j>0

Thus, A is not symmetric unless n = 1.

(¢) Ais symmetric since a; =aj; forall i, j.

(d) Consider a5 and a,;.
ap, =2()% +2(2)° =18 while
ay; =2(2)% +201)° =10.

A is not symmetric unless n = 1.

(a) If A is invertible and skew-symmetric then
AN =) =T =-A" 50 A7
is also skew-symmetric.

(b) Let A and B be skew-symmetric matrices.
AN = A" =-A
(A+Bl =AT +BT =—A-B=—(A+B)
(A-B) =AT -BT =—A+B=—(A-B)
(kA" = k(A") =k(-A) = —kA

(¢) From the hint, it’s sufficient to prove that
%(A +A”) is symmetric and %(A —ATy is
skew-symmetric.

1 rr_Ll.,r 7 _1 T
2(A+A) —2(A +(A)") 2(A+A)

1 . .
Thus 5(A+ ATy is symmetric.

34
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A=A =2 AT —aTY)
— T -
——2(A-AT)

1 . .
Thus E(A ATy is skew-symmetric.

39. From A” =—A, the entries on the main diagonal

must be zero and the reflections of entries across
the main diagonal must be opposites.

00 -8
A=[0 0 -4
8 4 0

41. No; if A and B are commuting skew-symmetric
matrices, then
AB)! =BA) = ATB! =(-~A)(-B)= AB so
the product of commuting skew-symmetric

matrices is symmetric rather than skew-
symmetric.

43. Let A=[x y}. Then
0 z

3 2 2
A3:{x yx +)§Z+Z ):l, so x° =1 and
0 z

3=_8 orx=1,z=-2. Then 3y =30 and

Z =
y=10.

110
4=l 4

True/False 1.7

(a) True; since a diagonal matrix must be square and
have zeros off the main diagonal, its transpose is
also diagonal.

(b) False; the transpose of an upper triangular matrix
is lower triangular.

) 1 20,13 0] _[4 2
(c) False; for example, [O J+[2 1}_[2 2}.

(d) True; the entries above the main diagonal
determine the entries below the main diagonal in
a symmetric matrix.

(e) True; in an upper triangular matrix, the entries
below the main diagonal are all zero.
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(f) False; the inverse of an invertible lower
triangular matrix is lower triangular.

(g) False; the diagonal entries may be negative, as
long as they are nonzero.

(h) True; adding a diagonal matrix to a lower
triangular matrix will not create nonzero entries
above the main diagonal.

(i) True; since the entries below the main diagonal

must be zero, so also must be the entries above
the main diagonal.

() False; for example, +_§ 2}:[2 ﬂ

53]

S =
[N\

which is symmetric.

. 1 2], [ 13
(k) False; for example, s 1+__5 J

which is upper triangular.

12
. 1 0 |1 O
() False; for example L 1 = {O J.

(m) True;if (kA)! = kA, then
0=(kA) —kA=kAT —kA = k(AT - A) since
k#0,then A=AT.

Section 1.8

Exercise Set 1.8

1. Label the network with nodes, flow rates, and

flow directions as shown.
50

Node A: x; +x, =50

Node B: x; +x3 =30

Node C: x3 +50=40
Node D: x, +50=60
The linear system is

35
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xl +.X'2 =50

x +x3 =30
.X3 =-10

.XZ =10

By inspection, the solution is x; =40, x, =10,

x3 =—10 and the completed network is shown.
50

40 10
30 60

40

3. (a) Consider the nodes from left to right on the

top, then the bottom.
300+ x, =400+ x5
750+ x3 =250+ x4
100+ x; =400+ x,
200+ x4 =300+ x

The system is

Xy — )C3 =100

.X3 —X4 = =500
X1 —Xp =300
-X + x4 =100

(b) Reduce the augmented matrix.

0 1 -1 0 100]
0 0 1 -1 -500
1 -1 0 0 300
-1 0 0 1 100]
1 -1 0 0 300]
0 0 1 -1 -500
0 1 -1 0 100
-1 0 0 1 100]
(1 -1 0 300 |
0 0 1 -1 -500
0 1 -1 100
0 -1 0 1 400]
(1 -1 0 0 300]
0 1 -1 0 100
0 0 -1 =500
0 -1 0 1 400]
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1 -1 0 0 300]
0 1 -1 0 100
0 0 1 -1 -500
0 0 -1 1 500
(1 -1 0 0 300]
0 1 -1 0 100
0 0 1 -1 -500
0 0 0 0 0]
(1 0 0 -1 -100
0 1 0 -1 —400
00 1 -1 -500
00 0 0 0

Since x4 is a free variable, let x4, =¢. The
solution to the system is x; =—100+¢,
Xy =—400+1, x3=-500+¢, x4 =t.

(¢c) The flow from A to Bis x4. To keep the
traffic flowing on all roads, each flow rate
must be nonnegative. Thus, from
x3 ==500+1¢, the minimum flow from A to
B is 500 vehicles per hour. Thus x; =400,

Xy = 100, X3 = O, Xy = 500.

. From Kirchoff’s current law, applied at either of
the nodes, we have I, +1, = I5. From

Kirchoff’s voltage law, applied to the left and
right loops, we have 21} =21, +6 and
21, +415 =8. Thus the currents I}, I,, and I;

satisfy the following system of equations:

21 =21, =6
21, +413 =8
Reduce the augmented matrix.
(1 1 -10
2 2 06
0 2 438
(1 1 -1 0
1 -1 0 3
o1 2 4
(1 1 -1 0
0 2 13
01 2 4
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1 1 -1 0
0 1 2 4
0 -2 13
11 -1 0
0o1 2 4
10 0 5 11
From the last row we conclude that
11

I; = ? =2.2 A, and from back substitution it

then follows that
I, =421, =4—%=—§=—o.4 A, and

negative, its direction is opposite to that
indicated in the figure.

7. From application of the current law at each of
the four nodes (clockwise from upper left) we

have I} =1, +1y, 14 =13+15, Ig =15+]15,
and I} =1, + I4. These four equations can be
reduced to the following:
L=+, Iy=13+15, Iy=1g
From application of the voltage law to the three
inner loops (left to right) we have
10=201; +20I,, 20I, =20I5, and
10+2015 = 20I5. These equations can be
simplified to:
20 +21, =1, I3=1,, 2I5-2I5=1
This gives us six equations in the unknown
currents Iy, ..., Is. But, since I3 =1, and
I¢ =1, this can be simplified to a system of
only four equations in the variables Iy, I,, I,
and Is5:
L -1,-1 =0
I, —1,+15=0
21 +21, =1
=21, +2I5=1
Reduce the augmented matrix.
1 -1 -1 0 0
0 1 -1 10
2 2 001
0 -2 0 21
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1 -1 -1 00
0 1 -1 10
0 4 2 0 1
0 2 0 2 1
(1 -1 -1 0 0]
0 1 -1 10
0 0 6 —4 1
0 0 2 4 1]
(1 -1 =1 0 0]
0 1 -1 10
0 0 =2 4 1
0 0 6 —4 1]
(1 -1 -1 0 0]
0O 1 -1 1 0
5 1

0 0 2 -1
0 0 6 —4 1]
(1 -1 =1 0 0]
0 1 -1 1 0
001—2—%
0 0 0 8 4]
(1 -1 =1 0 0]
0O 1 -1 1 0
1

0 0 1 2 —
1
000t g

From this we conclude that /5 = %,

1 1 1
Ig=14=——+2Is=——+1=—,
6THT T T T T
L=LL=1I,-1 —l—l—O and
3 2 475 2 2 >

1
Il=12+14 =O+E=

N | =

. We seek positive integers x;, x5, X3, and x4
that will balance the chemical equation

X (C3Hg) +x,(05) = x3(CO,) + x4, (H,0)

For each of the atoms in the equation (C, H, and
0), the number of atoms on the left must be
equal to the number of atoms on the right. This
leads to the equations 3x; = x3, 8x =2x4, and

2xy = 2x3 + x4. These equations form the
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homogeneous linear system.
3x - X3 =0

8x -2x4 =0

2xy —2x3—x4 =0

Reduce the augmented matrix.
30 -1 00

8 0 0 20

02 -2 -10

0—% 00
02 -2 -1 0

)
)
w |oo
b
)

10 -+ 0 0]
01—1—%0
_00%—20_
10 -1 0 0
01—1—%0
_001—%0_

From this we conclude that x, is a free variable,
and that the general solution of the system is

givenby x4 =1, x3 :§x4 :E;,
4 4
1 3 1 5
Xy = X3 +Ex4 =Zt+5t =—t, and

1 e
X = §x3 = Zt. The smallest positive integer
solutions are obtained by taking ¢ = 4, in which
case we obtain x; =1, x, =5, x3 =3, and
x4 =4. Thus the balanced equation is
C3H8 +502 i 3C02 + 4H20
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11.

13.

15.

We must find positive integers x;, Xx,, X3, and
x, that balance the chemical equation
X1 (CH3COF) + X (H20)

— X3 (CH3COOH) + Xy (HF)
For each of the elements in the equation (C, H,
0, and F), the number of atoms on the left must
equal the number of atoms on the right. This
leads to the equations x; = x5,
3x) +2x) =4x3 +x4, X +Xx, =2x3, and
X; = x4. This is a very simple system of
equations having (by inspection) the general
solution x; =x, =x3 = x4 =t.
Thus, taking 7 = 1, the balanced equation is
CH;COF+H,0 — CH;COOH + HF.

The graph of the polynomial
p(x)=ag+ax+ a2x2 passes through the points
(1, 1), (2, 2), and (3, 5) if and only if the
coefficients ay, a;, and a, satisfy the
equations

ay +a; +ap =1

ag+2a;+4a, =2

ag+3a;+9a, =5
Reduce the augmented matrix.
11 11

1 2 4 2
1395

Add —1 times row 1 to rows 2 and 3.
(11 1 1]
01 3 1
10 2 8 4]

Add -2 times row 2 to row 3.
(11 1 1]
01 3 1
100 2 2

We conclude that a, =1, and from back

substitution it follows that a; =1-3a, =-2, and
ag =1—a; —a, =2. Thus the quadratic

polynomial is p(x) = X% —2x+2.

The graph of the polynomial

p(x)=ag+ax+ a2x2 + a3x3 passes through the
points (-1, —1), (0, 1), (1, 3), and (4, —1), if and
only if the coefficients a,, a;, a,, and az
satisfy the equations
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ay —ay +a, —az=-1
any =1
ay +a +a, +az3=3

ag +4a) +16a, +64a; = -1
The augmented matrix of this system is

1 -1 1 -1 -1
1 0 0 0 1
1 1 1 1 3
1 4 16 64 —1]
(1 0 1]
1 -1 1 -1 -1
1 1 1 1 3
1 4 16 64 —1]
(1 0 0 0 1
0 -1 1 -1 =2
o 1 1 1 2
0 4 16 64 -2
10 0 0 1
01 -1 1 2
01 1 1 2
10 4 16 64 -2
10 0 1]
01 -1 1 2
00 0 0
10 0 20 60 -10|
10 0 1]
01 -1 1 2
00 1 0 O
10 0 20 60 -10]
(10 0 O 1]
01 -1 1 2
00 1 0 0
10 0 0 60 -10]

From the first row we see that a; =1, and from

the last two rows we conclude that a, =0 and

az = —l. Finally, from back substitution, it
6

follows that @) =2+a, —a3 = % Thus the

polynomial is p(x) = —éx3 +%x +1.
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17. (a) The quadratic polynomial
p(x) =ag+ayx+ a2x2 passes through the
points (0, 1) and (1, 2) if and only if the
coefficients ap, a;, and a, satisfy the
equations
ay =1
ag+a;+a, =2
The general solution of this system, using
a, as a parameter, is ay =1, a; =k,
a, =1—k. Thus this family of polynomials
is represented by the equation

p(x) =1+kx+(1—k)x2 where —oo < k < oo,

(b) Below are graphs of four curves in the
family: y=1+x> (k=0),y=1+x(k=1),

y=142x—x% (k=2),and y=1+3x—2x>
(k=3).

k=0
1y

True/False 1.8
(a) True; only such networks were considered.
(b) False; when a current passes through a resistor,
there is a drop in electrical potential in the
circuit.

(¢) True

(d) False; the number of atoms of each element must
be the same on each side of the equation.

(e) False; this is only true if the n points have
distinct x-coordinates.

Section 1.9
Exercise Set 1.9

1. (a) A consumption matrix for this economy is

co 0.50 0.25
1025 0.10(

Section 1.9

—-0.25 0.90
1 090 0.25
T 0.3875/0.25 050/

and so the production needed to provide
customers $7000 worth of mechanical work
and $14,000 worth of body work is given by

x=(1I-C)"'d

-1
(b) We have (1 -C)”! =[ 0.50 —0~25}

1 0.9 0.25 7000
" 03875 [0.25 0.5 }[14,000}
[$25,290
~[$22,58J

3. (a) A consumption matrix for this economy is
0.1 0.6 04
C=(03 02 03]
04 0.1 0.2

(b) The Leontief equation (/ — C)x =d is
represented by the augmented matrix

[ 09 -0.6 -0.4 1930

-0.3 0.8 -0.3 3860 |.

|-04 -0.1 0.8 5790

The reduced row echelon form of this
matrix is

(1 0 031,500
0 1 0126500 ].
0 0 1 {26300

Thus the required production vector is
$31,500

x =|$26,500 |.
$26,300

5. The Leontief equation (I — C)x = d for this

. 09 03| x|_|50]
economy is ‘:_0.5 0.6} [XJ = ‘:60}’ thus the

required production vector is
x=(I-0)"'d

_ 1 [0.6 03][50
‘@[o.s 0.9}[60}
“555.7
039179

_[123.08
202.56 |
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7. (a) The Leontief equation for this economy is Chapter 1 Supplementary Exercises
1
=~ 0 d . .
2 {xl } :{ 1}. If dy=2 and d, =0, 1. The corresponding system is
0 0jL% @ 3x —x +4x, =1
1 2 4=

the system is consistent with general

2x +3x3 +3x4 =1
solution x; =4, x, =t (0<t<o0) If

3—1041}

d, =2 and d, =1 the system is 2 0 3 3 -1

inconsistent. B
1 (1 -1 o9 4 1L
. . -~ 0 3 3 3
(b) The consumption matrix C = {2 } ) 0 3 3 -]
0 1 L
indicates that the entire output of the second _
sector is consumed in producing that output; 1 —% 0 % %
thus there is nothing left to satisfy any o 2 3 1 _5
outside demand. Mathematically, the L 3 3 3

1
Leontief matrix I —-C = {2 O} is not r
0

_1 4 1
0 =3 03 3]
. . 9 1 _5
invertible. _0 1 > 2 3
9. Since cycpp <1—cyy, it follows that Thus, x; and x, are free variables.
(1-Cj1)—C51Cy, > 0. From this we conclude Let x3 =5 and x4 =1.
that the matrix / — C is invertible, and Xy = —2x3 —lx4 5 _ —2s —lt 5
4 1 1 i 2 2 2 2 2 2
(I - C) = has 1 4 1
(1-C)=CyCpp L 1-en X=Xy —— Xyt
nonnegative entries. This shows that the 3 3 3
economy is productive. Thus the Leontief = l[_g s 21 _éj _4 ¢ +l
equation (/ — C)x = d has a unique solution for 302 2 2)3 3
every demand vector d. _ _ES —Et 1
2 2 2
11. If C has row sums less than 1, then CT has o 3 3 1
column sums less than 1. Thus, from Theorem The solution is x; = ¢ _Et DR
1.9.1, it follows that [ —CT is invertible and that 9 1 5
T\—1 . . . Xy ==——=8S——I——, X3=§, X4 =1.
(I-C" )" has nonnegative entries. Since 2 2 2

1-c=a"-chHl =q-c")’', wecan

3. The corresponding system is
conclude that 7 — C is invertible and that

2x —4xy +x3=6

d-o'=-chHH = -c"H™HT has —4x,  +3x3=-1
nonnegative entries. Xy)—x3=3
True/False 1.9 2 4 16
-4 0 3 -1
(a) False; open sectors are those that do not produce | 0 1 -1 3]
output.
(b) True 1 -2 % 3
-4 0 3 -1
(¢) True 0O 1 -1 3

(d) True; by Theorem 1.9.1. )

(e) True
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(1 2 1 3] 344

1 -2 2 3 1 0 SX+HSY

0 -8 5 11 0 1 —2x+ly

0 1 -1 3 ; PR
- - The solutionis x'==x+—y, y=——x+=y.
] . 55 TS

o 1

0 1 21 3 7. Reduce the augmented matrix.

0 -8 5 11 R
L A 11 5 10 44
(1 2 1 3 111 9

o 1 1 3 0 4 9 35

0 0 -3 35 -
L 111 9

012 X
12 13 - v
2 —

0 1 -1 3 10 =3 1

0 0 1 - 0 1 5 é}
- 4 4

Thus x; = _§’ Xy =x3+3= _%’ and Thus z is a free variable. Let z = s. Then

y:—Zs+— and x:§s+i. For x, y, and z to

1 52 35 17
X =2%)——=x3+3=——+—+3=——. T o
2 3 6 2 be positive integers, s must be a positive integer
o 17 26 such that 55 + 1 and —9s + 35 are positive and
ﬂmsdmwnmx&=~;sz=—3= divisible by 4. Since —9s + 35 >0, 5 < 4, 50
35 s =1, 2, or 3. The only possibility is s = 3. Thus,
X3 =——. x=4,y=2,z=3.
3 —
a 0 b 2
5. Reduce the augmented matrix. 9. |la a 4 4
"% -4 & 0 a 2 b
4 3y Add -1 times the first row to the second.
L5 5 _
a 0 b 2
M 4 5 0 a 4-b 2
-3 35x 0 a 2 b
% % y Add —1 times the second row to the third.
fa 0 b 2
1 -4 3 0 a 4-b 2
3003 0 0 b-2 b-2
0 % —%x-&- y B
B (a) The system has a unique solution if the
- A 5 corresponding matrix can be put in reduced
1 3 3 row echelon form without division by zero.
0 1 -—2x+3y Thus, a # 0, b # 2 is required.
L 5 5

(b) Ifa#0and b =2, then x; is a free variable

and the system has a one-parameter
solution.

(¢) If a=0and b =2, the system has a two-
parameter solution.
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(d) If b+#2buta=0, the system has no
solution.

. Note that K must be a 2 X 2 matrix. Let

K:[j Z}.

Then
LA b2 0 o 8 6
-2 3 o 1 =611
1 2L —4 0
! 2a b —b 8 6
or | -2 3 e d —d = 6 -1 1| or
1 2|t —4

2a+8 b+4d -b-4d
—4a+6¢c -2b+3d 2b-3d
2a—4c b-2d -b+2d

8 6 -6
=l 6 -1 1]
-4 0 0
Thus 2a +8¢ =8
b +4d =6
—4a +6¢ =6
—2b +3d =-1
2a —4c =4
b -2d =0

Note that we have omitted the 3 equations
obtained by equating elements of the last
columns of these matrices because the
information so obtained would be just a repeat of
that gained by equating elements of the second
columns. The augmented matrix of the above
system is

2 0 8 0 8

0 1 0 4 6
-4 0 6 0 6

0 2 0 3 -1}

2 04 0 4

0O 1 0 -2 0

The reduced row-echelon form of this matrix is

1 00 00O

(=l

0 0 2
1 0 1
0 1|
0 0O
0 0O

=0,b=2,c=1,andd = 1.

c
The matrix is K = [O 2}.
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13. (a) Here X must be a 2 X 3 matrix. Let

a b ¢
Xz[d e f}'

Then
-1

{abc}lgé_[IZO}or
d e f 31 - -3 15
—a+b+3¢c b+c a-c

—d+e+3f e+f d-f

|1 20
B {—3 1 5}'
Equating entries in the first row leads to the
system
—a+b+3c=1
b +c=2
a -c=0
Equating entries in the second row yields
the system
—d+e+3f=-3
e +f=1
d -f=5
These systems can be solved simultaneously
by reducing the following augmented

matrix.

-1 1 3]1]-=3]
0 1 21 1
10 -1[{0] 5
1 0 -1]0] 5]
01 1|2 1
-1 1 3[1[-3
1 0 -1]0]5
01 1|21
01 2]1]|2
(1 0 -1] 015
01 1| 2]1
00 1[-1]1
(1 0 0o]-1]6
0 10| 3]0
0 0 1|-1]1
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(b) X must be a 2 X 2 matrix. 15. Since the coordinates of the given points must
Xy satisfy the polynomial, we have
LetX=L W}-Then p)=2 = a +bh+c=2
p-)=6 = a —-b+c=6
x| b 2|43y —x 2x4y) p()=3 = da+2b+c=3
301 z+3w -z 2z+w . .
- . o This system has augmented matrix
If we equate matrix entries, this gives us the 111 2
equations .
x+3y=-5 Z+3w=6 1 -1 1 6| whichreduces to
—x=-1 —z=-3 4 213
2x+y=0 2z4+w=7 10 0 1
Thus x = 1 and z = 3, so that the top two 01 0 -2/
equations give y = -2 and w = 1. Since these 001 3

values are consistent with the bottom two

equations, we have that Thus,a=1,b=-2,and c =3.

(1 -2
X = . 19. First suppose that AB™' = B7'A. Note that all
31 . .
- matrices must be square and of the same size.

Therefore (AB")B=(B"'A)B or A=B~'AB

so that BA=B(B"'AB)= (BB ')(AB) = AB.
A similar argument shows that if AB = BA then

(c) Again, X must be a 2 X 2 matrix. Let

X . .
X = Y }, so that the matrix equation
zw

becomes AB~ = B4

[3x+z 3y+w}_[x+2y 4)1

—x+27 —y+2w| |z42w 4z 21. Consider the ith row of AB. By the definition of

matrix multiplication, this is

2 2
=[5 4 } apbyy +apbyy +---+a;,by,
_ G tapteta,

This yields the system of equations
2x-2y +z =2 _5 n
—4x+3y +w=-2 !
—X +z-2w=5 . . 1
since all entries b;; =—.
—y—4z+2w=4 n
2 2 1 0 2
with mawrix | 5 3 0 12 Gpien

1 0 0O 37
0 1 0 -1
reduces to ;(7)
00 10 -5
46
0 0 0 1 -3
113 160 20
Hence, x=—, y=—, 7=——
37 37 37
6 _13 160
_ _ 37 37
w= ,and X = 0 4
37 37
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Applications of Linear Algebra

Section 10.1 3. Using Equation (10) we obtain
2 2
. X xy ¥y ox y 1
E Set 10.1
xercise Se O 0 0 0 0 1
1. (a) Substituting the coordinates of the points 0 0 10 -1 Ij_ 0 which is the
x oy 1 4 0 0 2 0 1
into Equation (4) yields |1 -1 1/=0 4 -10 25 2 51
2 21 6 -4 1 4 -1 1
which, upon cofactor expansion along the X xy oy ox oy
first row, yields —=3x + y + 4 = 0; that is, 0O 0 1 0 -1
y=3x—-4. sameas |4 0 0 2 0[=0by
4 -10 25 2 -5
b) Asi 0 )ii—O'Id o boa -l
(b) Asin (@), 1 Z1 1 -V I expansion along the second row (taking
B advantage of the zeros there). Add column five
2x+y-1=0o0ry=-2x+1. to column three and take advantage of another
row of all but one zero to get
2. (a) Equation (9) yields 2 )
P X7 xy y 4y «x
xX“+y” o x oy 1 4 0 0 2| _
0 261 . : =0.
= 0 which, upon first- 4 -10 20 2
4 201 16 -4 0 4
34 5 31

Now expand along the first row and get

row cofactor expansion, yields 1602 320y + 160(y2 +y)=320x =0; that is,

18(x% +y?)=72x—108y+72=0 or,
dividing by 18, x>+ y> —4x—6y+4=0.
Completing the squares in x and y yields the

x>+ 2xy + y2 —2x+ y =0, which is the equation
of a parabola.

standard form (x—2)% +(y—3)> =9. 4. (a) From Equation (11), the equation of the
x y z 1
)62+y2 x oy 1 plane is b= =0.
8 2 21 b-r bl
b) Asin (a), - =0 yields _
(b) (a) a4 305 ] y 0 -1 21
32 4 6 1 Expansion along the first row yields
, —2x —4y—2z=0; thatis,x + 2y + z=0.
50(x” + y“)+100x—200y —1000 = 0; that
is, x> +y% +2x—4y—20=0. In standard )2‘ ? Zl i
form this is (x+1)% +(y—2)% = 25. (b) Asin(@, |5 | _ =0 yields
1 2 11

—2x+2y—-4z+2=0;thatis—x+y—-2z+1
= 0 for the equation of the plane.
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5. (a)

(b)

6. (a)

Equation (11) involves the determinant of
the coefficient matrix of the system

x y z 1|¢q 0

X1 N | 1 Cy 0

X2 Yo 2 1 3 0/

X3 Y3 23 1| c 4 0
Rows 2 through 4 show that the plane passes
through the three points (x;, y;, z;),
i=1, 2,3, while row 1 gives the equation
¢ x+cyy+c3z+cy =0. For the plane
passing through the origin parallel to the
plane passing through the three points, the

constant term in the final equation will be 0,
which is accomplished by using

x y z O
oy 0
X oy ol
3oy ool

The parallel planes passing through the
originarex+2y+z=0and —x+y—-2z=0,
respectively.

Using Equation (12), the equation of the
x>+ y2 +22 x y z 1
14 1 2 3 1
sphere is 6 -1 2 1 1/=0.
2 1 0 1 1
6 1 2 -11

Expanding by cofactors along the first row
yields

16(x% + y2 +22)—32x—64y—322+32=0;

thatis, (x2+ y2 +22)—2x—4y—2x+2=0.
Completing the squares in each variable
yields the standard form
(x=D*+ (=27 +(z-D* = 4.
Note: When evaluating the cofactors, it is
useful to take advantage of the column of
ones and elementary row operations; for
example, the cofactor of x>+ y2 +72 above
can be evaluated as follows:
1 2 31 1 2 31
-1 2 1134 |2 0 -2 0
10 11 |0 -2 =20
1 2 -11 0 0 40
cofactor expansion of the latter determinant
along the last column.

=16 by
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X+ y2 +22 x y z 1
5 01 21
(b) Asin (a), 11 1 3 1 1=0
5 2 -1 0 1
11 31 -11

yields
24(x% +y? +2%)+48x+ 48y +72=0; that

is, x> +y>+2z2-2x-2y-3=0 orin

standard form, (x— 1)2 +(y— 1)2 + 22 =5.

7. Substituting each of the points (x;, y;),

()Cz, yz), ()C3, y3), ()C4, y4), and ()CS, y5) into
the equation

clx2 +cyxy +c3y2 +cyx+c5y+cg =0 yields

clx12 +cx Y +c3y12 +cyx +e5y+cg =0

clx52 +CyX5y5 + C3y52 +cyx5+c5y5 +c6 =0.
These together with the original equation form a
homogeneous linear system with a non-trivial
solution for ¢y, ¢y, ..., ¢g. Thus the determinant

of the coefficient matrix is zero, which is exactly
Equation (10).

. As in the previous problem, substitute the

coordinates (x;, y;, z;) of each of the three

points into the equation ¢jx+cyy+c3z+cy =0
to obtain a homogeneous system with nontrivial
solution for ¢, ..., ¢4. Thus the determinant of

the coefficient matrix is zero, which is exactly
Equation (11).

. Substituting the coordinates (x;, y;, z;) of the

four points into the equation
cl(x2 +y? +zz)+czx+c3y+c4z+c5 =0 of the
sphere yields four equations, which together with

the above sphere equation form a homogeneous
linear system for cy, ..., c5 with a nontrivial

solution. Thus the determinant of this system is
zero, which is Equation (12).
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10.

11.

12.

13.

Upon substitution of the coordinates of the three
points (x;, y;), (x5, ¥p) and (x3, y3), we
obtain the equations:
cly+czx2 +c3x+cy =0

ay+ clez +e3x+cy =0

QY +c2x% +c3xy +c4 =0

cyz+ czx32 +c3x3 +¢4 =0.
This is a homogeneous system with a nontrivial
solution for ¢y, ¢, 3, ¢4, so the determinant of
the coefficient matrix is zero; that is,

y ©ox 1
2
o oxox I 0
b =0.
2 % x|l
>
3o ox3o x|l

Expanding the determinant in Equation (9) by
cofactors of the first row makes it apparent that

the coefficient of x” + y2 in the final equation is

ool
Xy Yy, 1. If the points are collinear, then the
X3 y3 1

columns are linearly dependent (y; = mx; +b),

so the coefficient of x* + y2 =0 and the

resulting equation is that of the line through the
three points.

If the three distinct points are collinear then two
of the coordinates can be expressed in terms of
the third. Without loss of generality, we can say
that y and z can be expressed in terms of x, i.e., x
is the parameter. If the line is (x, ax + b, cx + d),
then the determinant in Equation (11) is

x —ax—b -cx—d 1
equivalent to 5 0 0 ! .

X 0 0 1

X3 0 0 1

Expanding along the first row, it is clear that the
determinant is 0 and Equation (11) becomes
0=0.

As in Exercise 11, the coefficient of

x>+ y2 +2° will be 0, so Equation (12) gives

the equation of the plane in which the four points
lie.
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Section 10.2

Section 10.2

Exercise Set 10.2

1.

X, 2x-x=0
x =2

Xy =1
N (2, zj
3
\ 2x +3x,=6
| ———
0,00 (2,0 5%

In the figure the feasible region is shown and the
extreme points are labeled. The values of the
objective function are shown in the following
table:

Extreme point Value of
(X, xp) 7=3x +2x,

0, 0) 0

1 7

(3’ 1) 2

3 13

(5’ 1) 2
2 22

(2’ 3) 3
2,0 6

. 22 .
Thus the maximum, ?, is attained when

X1 =2 and Xy :g

X2

/]

3

2X1 =X, =—2/
4x;—xy=0

'2 X

The intersection of the five half-planes defined
by the constraints is empty. Thus this problem
has no feasible solutions.
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3x —xp=-5

2x; +4x, =12

I xl\

The feasible region for this problem, shown in
the figure, is unbounded. The value of

7 =-3x; +2x, cannot be minimized in this
region since it becomes arbitrarily negative as
we travel outward along the line —x; +x, =1;
i.e., the value of z is

=3x +2xy =-3x; +2(q +) =—x; +2 and x;
can be arbitrarily large.

X2
X +x, =10,000 ¥

(6000, 4000)
(6000, 2000)

X, =2000

(2000, 2000)-F

7 N

----- L N

X —x=0 X

The feasible region and vertices for this problem
are shown in the figure. The maximum value of
the objective function z =.1x +.07x, is attained

when x; =6000 and x, =4000, so that z = 880.

In other words, she should invest $6000 in bond
A and $4000 in bond B for annual yield of $880.

The feasible region and its extreme points are
shown in the figure. Though the region is
unbounded, x; and x, are always positive, so

the objective function z =7.5x +5.0x, is also.
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Thus, it has a minimum, which is attained at the
1 25
point where X :E and Xx; :E' The value of
. 335 .
z there is TR In the problem’s terms, if we use

7 25
5 cup of milk and E ounces of corn flakes, a

minimum cost of 18.6¢ is realized.

. (a) Both x; 20 and x, 20 are nonbinding. Of

the remaining constraints, only
2x; +3x, <24 is binding.

(b) x; —x, <v will be binding if the line
X — X, =V intersects the line x, =6 with
0<x <3, thusif -6 <v<-3.1f v < -6,
then the feasible region is empty.

(¢) x, <v will be nonbinding for v > 8 and the
feasible region will be empty for v < 0.

. Letting x; be the number of Company A’s

containers shipped and x, the number of
Company B’s, the problem is:
Maximize z =2.20x; +3.00x, subject to
40x; +50x, <37,000
2x; +3x, <2000
x 20
xy 20.

k)

40x, +50x, = 37,000

(o, 6663j
3
(550, 300)
2x, +3x, = 2000
(0,0 (925,0) %

The feasible region is shown in the figure. The
vertex at which the maximum is attained is

x; =550 and x, =300, where z=2110.

A truck should carry 550 containers from

Company A and 300 containers from Company
B for maximum shipping charges of $2110.

. We must now maximize z =2.50x; +3.00x,.

The feasible region is as in Exercise 7, but now
the maximum occurs for x; =925 and x, =0,

where z =2312.50.
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925 containers from Company A and no Section 10.3
containers from Company B should be shipped
for maximum shipping charges of $2312.50. Exercise Set 10.3
9. Let x; be the number of pounds of ingredient A 1. The number of oxen is 50 per herd, and there are

7 herds, so there are 350 oxen. Hence the total

used and x, the number of pounds of ingredient number of oxen and sheep is 350 + 350 = 700.

B. Then the problem is:

Minimize z=8x; +9x, subject to 2. (a) The equations are B =24, C=3(A + B),
2x1+5x, 210 D=4A+B+C(),300=A+B+C+D.
2x,+3x, 28 ;Zolvil(l)g gn_s ‘ltlsnegr _syzsétt%r)n gives A =5 (and
6x; +4xy 212 ’ ’ :
x 20 (b) The equations are B =2A, C=3B, D =4C,
Xy 20 132 =A + B + C + D. Solving this linear
X 3 system gives A =4 (and B =8, C = 24,

D = 96).

3. Note that this is, effectively, Gaussian
elimination applied to the augmented matrix

{1 1 10}
L .
1 1 7
4. (a) Letxrepresent oxen and y represent sheep,

5 X then the equations are 5x + 2y = 10 and
2x + 5y = 8. The corresponding array is

6x) +4x, =12
Though the feasible region shown in the figure is

unbounded, the objective function is always ) 5
positive there and hence must have a minimum.
This minimum occurs at the vertex where 5 2
2 12 . .
x = 3 and x, =—. The minimum value of z is 8 10
124 d the eliminat; b .
— or 24.8¢. and the elimination step subtracts twice

column 2 from five times column 1, giving
Each sack of feed should contain 0.4 1b of
ingredient A and 2.4 1b of ingredient B for a 5
minimum cost of 24.8¢.

21 2
10. It is sufficient to show that if a linear function
. . 20 10
has the same value at two points, then it has that
value along the line connecting the two points.
Let ax; +bx, be the function, and

andso y= 20 unit for a sheep, and
ax{ +bx5 = ax{ +bx5 =c. Then 21

(txl' +(1- t)xl”, txé +( —l)x;) is an arbitrary xX= % units for an ox.
point on the line connecting (x{, x3) to (x{, x3)
and a(tx] +(1—1)x)) +b(txy +(1—1)x5) (b) Letx, y, and z represent the number of
= t(ax] +bx5)+(1—1)(ax] +bx3) bundles of each class. Then the equations
=tc+(1-1)c are
=c. 2x+y =1
3y+z=1
X 4z =1

and the corresponding array is
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5. (a)

2 |1
301
1 4
1] 1|1

Subtract two times the numbers in the third
column from the second column to get

1
3 1
1 | -8 4
1 | -1 1

Now subtract three times the numbers in the
second column from the first column to get

1

1
25| -8 | 4
4 1211

This is equivalent to the linear system
x+4z=1
y—8z=-1.
25z =4
From this, the solution is that a bundle of the

. . 9
first class contains — measure, second
25
. 7 .
class contains 2—5 measure, and third class

.4
contains — measure.
25

From equations 2 through n, x; =a; —x

(j =2, ..., n). Using these equations in
equation 1 gives

xt(ay —x)+(az—x)++(a,—x)=q
_aytaztota,—aq

B n—2 -

First find x; in terms of the known

X

quantities n and the ;. Then we can use

X;=a;—x (j =2, ..,n) to find the other

Xi-
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(b)

6. (a)

(b)

SSM: Elementary Linear Algebra

Exercise 7(b) may be solved using this
technique. x; represents gold, x, represents

brass, x3 represents tin, and x, represents
much-wrought iron, so n =4 and
a = 60,

ay = %(60) = 40,

3
ay =—(60) =45,
3 4( )
3
a, =—(60) =36.
5
(a2+a3+a4)—al
X =
n—2
_40+45+36-60
4-2
_6l
61 19
Xr=ay—x =40——=—
2 2 1 ) )
61 29
X3=ay—x =45——=—
3 3 1 2 2
61 11
Xy=a4—x =36——=—
4 4 1 ) )

The crown was made with 30% minae of
| 1 .
gold, 95 minae of brass, 145 minae of

. | .
tin, and 5 5 minae of iron.

We can write this as

Sx+y+z—-K=0

x+7y+z-K=0
x+y+8—K=0(a3x4system). Since the
coefficient matrix of equations (5) is
invertible (its determinant is 262), there is a
unique solution x, y, z for every K; hence, K
is an arbitrary parameter.

. e . 21K
Gaussian elimination gives x = 13—1,
14K 12K .
y=——, z=——, for any choice of K.
131 131

Since 131 is prime, we must choose K to be
an integer multiple of 131 to get integer
solutions. The obvious choice is K = 131,
givingx=21,y=14,z=12,and K = 131.
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(V]

7. (a)

(b)

(V]

This solution corresponds to
K=262=2-131.

The system is x + y = 1000,

[%) x— [%) y =10, with solution x = 577

7 2 .

and 5, y =422 and 5 The legitimate son
. 7 L

receives 5776 staters, the illegitimate son

receives 422%.

The systemis G+ B = [%) 60,

G+T :(3]60, G+1 =[§j6o,
1 5

G + B + T+ I =60, with solution G = 30.5,
B=95,T=14.5and I =5.5. The crown

was made with 30% minae of gold,
| 1 . .
95 minae of brass, 145 minae of tin, and

5% minae of iron.

The systemis A= B+ [%C,j

B:C+[%jA, C:(%j8+10, with

solution A =45, B=37.5, and C =22.5.
The first person has 45 minae, the second

has 37%, and the third has 22%.

Section 10.4

Exercise Set 10.4

2. (a)

Set h = .2 and

x; =0, y; =.00000
Xy =.2, y, =.19867
X3 =4, y3 =.38942
x4 =.6, y4 =.56464
x5 =.8, y5 =.71736
xg =1.0, yg =.84147
Then
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(b)

3. (a)

Section 10.4

6(y; =2y, +y3) _

h2 =-—1.1880
6(yy =2y3+ y4) — 53205
K2 -
6(y3—=2y4+ys) _ 33750
n? o
6(Y4—2y5+%)__42915
K2 -

and the linear system (21) for the parabolic
runout spline becomes

5 1 0 0]|My| [-1.1880
1 4 1 0Of|M3| [-23295
0 1 4 1| M,| [-33750]
0 0 1 5]|Ms| |—4.2915

Solving this system yields M, =—.15676,

My =-.40421, M, =-.55592,

Mg =-"T14712.

From (19) and (20) we have

M, =M, =-15676, Ms=Ms=-T4712.

The specific interval .4 < x < .6 is the third

interval. Using (14) to solve for a3, bs,

c3, and dj gives

as = My —-Ms) _
6h

by = % =-.20211

_()’4_)’3) (My+2M3)h
ST T s
d3 = y3 :38942

The interpolating parabolic runout spline for

4 <x<.6is thus

S(x) = —.12643(x —.4)> = 20211(x - .4)*
+.92158(x —.4) +.38942.

—.12643

=.92158

S(.5) = —.12643(.1)° —.20211(.1)?
+.92158(.1)+.38942
=.47943.
Since sin(.5) = §(.5) = .47943 to five
decimal places, the percentage error is zero.

Given that the points lie on a single cubic
curve, the cubic runout spline will agree
exactly with the single cubic curve.
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(b) Seth=1 and

X3=2, y3=27

X4 =3, y,=179

X5 =4, y5 =18I.

Then

6 =2y, +y3) _
h2

6(y2 —2y3+y4)
h2

6(y3 =2y4 +y5)
h2

and the linear system (24) for the cubic

runout spline becomes

6 0 0(|M, 84
1 4 1| Mz |=192].
0 0 6] M, 300

Solving this system yields M, =14,

M5 =32, M, =)50.

From (22) and (23) we have

M| =2M,-M;=-4

Ms=2M,—-M;=0638.

Using (14) to solve for the a;’s, b;’s, ¢;’s, and

(My—M,) _

84

=192

=300

d;i’s we have q; = 3,
6h
My—M My—-M
gy =M M) 5, MaMy)
6h 6h
(Ms—My)
“E e
M M
b=—L=-2 b==2=7,
2 2
M M
by=—32=16, by =—*=25,
2 2
_On=y) (My+2Mh _
= - —5,
h 6
- Mz +2M5)h
c2:(y3 YQ)_( 3 2) — 10,
h 6
C3=()’4_)’3)_(M4+2M3)h=33’
h 6
:(ys—y4)_(M5+2M4)h:74
h 6 |
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dy =y, =T9.

For 0 <£x <1 we have

S(x) = 8;(x) =3x> —2x% +5x+1.

For 1 £x <2 we have

S(x)=85(x)
=3(x=1)> +7(x =12 +10(x=1)+7
=3x° —2x% +5x+1.

For 2 < x <3 we have

S(x) = 83(x)
=3(x-2)° +16(x—2)* +33(x—2) +27
=3x° —2x% +5x +1.

For 3 < x <4 we have

S(x)=84(x)
=3(x=3)> +25(x—3)% + 74(x=3) +79
=3x° —2x% +5x+1.

Thus $;(x) = S, (x) = S3(x) = S4(x), or

S(x)=3x> —2x> +5x+1 for0<x < 4.

4. The linear system (16) for the natural spline

4 1 0||M, —-.0001116
becomes |1 4 1| M5 |=|-.0000816 |.
0 1 4|M, —-.0000636

Solving this system yields M, =-.0000252,
M5z =-.0000108, M, =-.0000132.
From (17) and (18) we have M| =0, M4 =0.

Solving for the a;’s, b;’s, ¢;’s, and d;’s from
Equations (14) we have

M,-M
a =M =MD __ 0000042,
6h
Mi—M
ay = M3=M2) _ 0000024,
M,-M
as = Ma=M3) _ 50000004,
6h
Ms-M
ay=Ms=Ma) __ 50000022,
6h
M
by = T1 =0, by =—2=-.0000126,
M3 4
by = - =-.0000054, by =—==-.0000066,
M;
b = — 0
)

c =(y2_yl)_(M2 +2M1)]’l

: =.000214,
h
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h

o= W57y Ms+H2Mph - 5055
4 h 6

— 000088, ¢y = 4;y 3)_(My +62M D _ _ 000092,

%)

dy =y =.99815, dy =y, =.99987, d3 =y; =.99973, d, =y, =.99823.

The resulting natural spline is

—.00000042(x + 10)3 +.000214(x+10)+.99815, -10<x <0

.00000024()c)3 —.0000126(x)2 +.000088(x)+.99987, 0 < x <10

—.00000004(x — 10)3 —.0000054(x — 10)2 —.000092(x—10)+.99973, 10 < x £ 20
—.00000022(x — 20)3 —.0000066(x — 20)2 —.000212(x—20)+.99823, 20 < x < 30.
Assuming the maximum is attained in the interval [0, 10] we set S’(x) equal to zero in this interval:

§7(x) = .00000072x> —.0000252x +.000088 = 0.

To three significant digits the root of this quadratic equation in the interval [0, 10] is x = 3.93, and
S(3.93) = 1.00004.

S(x) =

6 0 0| M, —.0001116
5. The linear system (24) for the cubic runout spline becomes |1 4 1 || M5 |=|—-.0000816 |.
0 0 6]|M, —.0000636

Solving this system yields M, =-.0000186, M5 =-.0000131, M, =-.0000106.
From (22) and (23) we have M| =2M, — M3 =-.0000241, M5 =2M, —M; =-.0000081.

(M, —My)
6h

Solving for the a;’s, b;’s, ¢;’s, and d;’s from Equations (14) we have a; = =.00000009,

_M3-My) _
2T

My—M
= 00000009, a3 = (46—h3) _

Ms-M
00000004, a, = (56—h4) =

.00000004.

M M M M
b = 71 =—.0000121, by = 72 =-.0000093, by = 73 =—.0000066, b, = 74 =—.0000053,

. :()’2_)’1)_(M2+2M1)h
! h h

- M, +2M>)h - M:+2M 4 )h
Cs:()’4h)’3)_( 4 - 3) = —.000087, C4=()’5hy4)_( 5 - 4) _

(y3=y2) (M3+2M,)h

=.000282, ¢, = =.000070,

-.000207,

dy =y, =.99815, d, =y, =.99987, d; =y; =.99973, d, =y, =.99823.
The resulting cubic runout spline is
.00000009(x + 10)3 —.0000121(x + 10)2 +.000282(x+10)+.99815, -10<x <0
S(x) = .00000009(x)3 —.0000093(x)2 +.000070(x) +.99987, 0 < x <10
.00000004(x — 10)3 —.0000066(x — 10)2 —.000087(x—10)+.99973, 10 < x < 20
.00000004(x — 20)3 —.0000053(x - 20)2 —.000207(x —20)+.99823, 20 < x < 30.
Assuming the maximum is attained in the interval [0, 10], we set S’(x) equal to zero in this interval:

§”(x) = .00000027x% —.0000186x +.000070 = 0.
To three significant digits the root of this quadratic equation in the interval [0, 10] is 4.00 and S(4.00) = 1.00001.
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6. (a) Seth=.5and

(b)

x1=0, y1=0
X2:.5, y2—1
)C3 =1, y3=

For a natural spline with n = 3,
M;=M5=0 and

6(y; —2y, +
=202 %98) _ 48— 4p,. Thus

h2
M,—-M M,-M
ag=—2—"—L=d4 g, =3 "2 =4,
6h 6h
M M
b =—L=0, by ="2=-6,
2 2
. _yz—yl_(M2+2M1)h_3
o 6 o
- My +2M5)h
C22y3hy2_( : 5 2) =0, d; =0,
d2=1

For 0 £x<.5, we have

S(x) = 8§;(x) = —4x> +3x.

For .5 <x<1, we have

S(x) = 8, (x) = 4(x—.5)° —6(x—.5)> +1

=4x3 1247 +9x—1.

The resulting natural spline is

S(x):{—4;c3+3x2 0<x<05
4x” —12x“+9x—-1 0.5<x<1

Again h =.5 and

x1=.5,y1=1
X =1,y,=0
)C3 =1.5, y3 =-1
6(y; —2y, +
M, = (¥ zz y3):0
h

Thus M; =M, =M; =0, hence all ¢; and

b; are also 0.

_27h_
h

S

s C2=—y3;y2 =2

For .5 <x<1, we have
S(x)=8)(x)=-2(x—.5)+1=-2x+2.
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Ml +Mn_2 +4Mn—l =
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For 1 £x<1.5, we have
S(x)=8,(x)=2(x-D)+0=-2x+2.
The resulting natural spline is

—2x+2 05<x<1
3) _{—2x+2 1<x<15°

(c) The three data points are collinear, so the

spline is just the line the points lie on.

7. (b) Equations (15) together with the three

equations in part (a) of the exercise
statement give

6 =2y +
AM, + My + M,y = 2t 2N E )

h2
6(y; =2y, +
M, +4My + M = (n ;’2 »3)
h
6(y, —2y2 +
My +4My+ M, = (¥, ;3 Y4)
h

_ 6003 =2Yp2 + Yn1)

= 2

6(¥n—2 =2¥p—1 +31)
n? '

The linear system for M, M,, ..., M,_; in

matrix form is

41 00 - 000 1] M
1 410 - 00
01 41 - 000 0| M

=]

o

<
)

0000 « 01 41|M,_,
1 000 - 001 4||M
e 24y ]
V=23
Y2 —2y3+ 4

Yn-3 _zyn—Z T Yn-1
L yn—2_2yn—l+yl B
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8. (b) Equations (15) together with the two
equations in part (a) give

6(y, =y —hy()

h2
6(y; =2y, +
M, +4M + M = (¥ ;’2 y3)
h
6(y, —2y3 +
My +4My+ M, = (y2 3’3 Va)
h

6(y,—2=2y,_1 +¥,)

M, ,+4M, +M, =

h2
6 -y +hy
M,y +2m, = 2t = I ),
h2
This linear system for My, M,, .., M, in
matrix form is
21 00 00 00 _Ml .
1 41 0 00 0O M
2
01 41 00 0O M
3
001 4 00 0 0 .
0000-.-1410%*’-2
00O0O0O- 01 41 n-1
0000 001 2/t Ml
—hy[ =Y+,
Vi—2y+y3
_ 6| »m—2y3+yy
_h2 :
yn—2_2yn—l+yn
L yn—l_yn—‘rhy;l i

Section 10.5

Exercise Set 10.5

M) _ p0) _| 4] (2 _ p() _| 46
1. (a) x/ =Px —[6}X =Px —[54}.

Continuing in this manner yields

G _ 454
X {546}'

) _ 4546 ) _ 45454
X [.5454 and X2 s4546

(b) P isregular because all of the entries of P
are positive. Its steady-state vector q solves

) N ) 6 =5|q ] |0
(I - P)q = 0; that is, {—.6 '5}[@}_[0}'

This yields one independent equation,

221

2. (a)

(b)

3. (@

Section 10.5

6g;—.5q, =0, or ¢ =%q2. Solutions are

5
thus of the form q = 5[6}. Set
1

5

1 6 T
§=——=— toobtain q=| ! |.
11 q {6]

5 6
6 t1 11
. .23
xD = px©@ = 2 |; likewise x? = .52
1 25
273
and x) =| 396 |.
331
P is regular because all of its entries are
positive. To solve (I — P)q =0, i.e.
8 -1 =7]lq| [0
-6 6 —-2|/ gy |=|0]|, reduce the
-2 =5 9]||q 0

coefficient matrix to row-echelon form:
8 -1 -7 2 5 -9
-6 6 -2|—>|0 -21 29
-2 -5 9 0 0 O

_22
10 -5
- —29.
0 1 -5
00 0
This yields solutions (setting g3 =) of the
22
21
form | 29 |s.
21
1
To obtain a probability vector, take
22
s 1 2 yielding q = Z;
T 2,29, 72, BEA
TRETR! 72, 2
72

Solve (/- P)q =0, i.e.,

RO ASH

The only independent equation is

W W
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2 3 2 1)"
—q, =—q,, yieldin =| 8 |s. Settin 5) M
3611 4512 y gq L:I g Plx = (2) ) '
1
8 N (1_(5) )x1+x2
s = ﬁ yields q = 187 . Already true for n = 1, 2. If true for n — 1,
17 then P" = P(P"'x)
_ 1 n—1
_ = X
(b) Asin (a), solve { 19 '26}[% = [0} _p (2) 1
=19  26]|qy| |O ! N
- - 1=(3) Jarn
i.e., .19¢g; =.26¢,. Solutions have the form B
M6 1\ 1 n—1
W e [
q=|19|s. Sets:4—5 toget q=| o | = nel "
! E (=) (@) e
= L
2 _1 - 2) M
S N o
(©) Again,solve -1 1 —1lig, |= 8 by _(1—(l) )x1 + X,
_1 _1 193]
) 32 4 Since limP”x:[ 0 }:[0} ifxisa
reducing the coefficient matrix to row- n—seo X+ X 1
1 o0 -1 state vector.
4 . .
echelon form: | 9 1 _% yielding (¢) The Theorem says that the entries of the
00 0 steady state vector should be positive; they
1 are not for [0}
4 1
solutions of the form q = % s
1 1
k
3 1
Set s—12 o aet 149 S. Let q= k . Then
19 getq 19 | 1
1 3
19
(PQ); =2, Pija; =2, Pj=72.Pj=7"
4. (a) Prove by induction that pl(g) =0: Already ! ;Z:‘i v =1 [ ° JZ:ZI Yok
true for n = 1. If true for n — 1, we have since the row sums of P are 1. Thus (Pq); = g;
P"=P"p, 5o for all i.
(n) _ (n-1) (n=1)
Py =p;y  P2tpp Py But 6. Since P has zeros entries, consider

P12 = pfﬁ‘“ =0 so pfg) =0+0=0. Thus, % % %
no power of P can have all positive entries, pro|l 1 1 50 P is regular. Note that all
so P is not regular. ? % 411
4 4 2
X [%JQ ] the rows of P sum to 1. Since P is 3 X 3,
(b) Ifx:[ } Px= n , 1
29) Exl + X 3
Ly Exercise 5 implies q = | |.
P’x ={‘1‘ ! | } etc. We use 1
le + E.xl + x2 3

induction to show
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7. Let x=[x; x, ]T be the state vector, with Section 10.6

X, = probability that John is happy and Exercise Set 10.6

X, = probability that John is sad. The transition
1. Note that the matrix has the same number of

rows and columns as the graph has vertices, and
that ones in the matrix correspond to arrows in

matrix P will be P = {
the graph.

W= |
W= W

} since the columns

must sum to one. We find the steady state vector
-2 i
o)
=| |, ie,
2|la2] 1O (a)
2

1 10 3
—g; =—¢», s0 q=| 3 |s. Let s=— and get
q 342 q 1 3 g

for P by solving {

W |— n|—
S = = O
o = O O
o o = O
O = = -

5

3
13
be happy on a given day.

10
3 10
113 190 o .
q= [ ], SO T is the probability that John will (b)

S o = O O
(el ele e
—— O O =
S o = O O
S o o= O

8. The state vector x =[x x, x3]T will - .

represent the proportion of the population living
in regions 1, 2, and 3, respectively. In the
transition matrix, p;; will represent the (©

proportion of the people in region j who move to
90 .15 .10

region i, yielding P={.05 .75 .05|.
.05 .10 .85 2. See the remark in problem 1; we obtain

10 —15 —10][q ] [0
05 25 -05|/¢|=|0
-05 —10 .15|lq5| [0

- o O O O O
-0 O = O O
O === OO

S oo o~ O
N eNel =l
S OO = O =

@ »p P,

7
First reduce to row echelon form | | -4 |,
7

00 O

oo
o

yielding q = s. Set s =% and get

(b) B,

— e 25

—_
[9%)

, i.e., in the long run E (or 54l%j
24 6

9
|
I~ Rl

)

of the people reside in region 1, % (or 16%%) Py 15}

in region 2, and Z [or 291%) in region 3.
24 6
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()]

3. (a)

(b)

()]

R P, .
B
J P P
i
A
h A
my, =1, so there is one 1-step connection
from A to P,.
1 2 1 1]
2 001 11
M~ = L1 10 and
1101
[2 3 2 2]
3 |1 2 11
M= 1 21 2)
1 2 21

So ml(g) =2 and ml(g) =3 meaning there
are two 2-step and three 3-step connections
from F to P, by Theorem 10.6.1. These
are:

I-step: A — P,

2-step: A >F —>P and B > P > P
3-step: A —>P - H =B,

P, — P — P, — P, and
BR—>P—>P—>Ph.

Since my, =1, ml(i) =1 and ml(i) =2, there
are one 1-step, one 2-step and two 3-step
connections from A to F,. These are:

I-step: A — P,

2-step: A > P > P

3-step: A > P, — B — P, and
B—>P —>PF—>F

224

. (a)

(b)

(c)

. (a)

(b)

(c)

SSM: Elementary Linear Algebra

1 0000
01000
M'M=l0 0 1 10
001 2 1
0001 2

The kth diagonal entry of M M is

5

Zml-kz, i.e., the sum of the squares of the
i=1
entries in column k of M. These entries are 1
if family member i influences member k and
0 otherwise.

The ij entry of M TM is the number of
family members who influence both
member i and member j.

Note that to be contained in a clique, a
vertex must have “two-way” connections
with at least two other vertices. Thus, P,
could not be in a clique, so {B, P, P} is

the only possible clique. Inspection shows
that this is indeed a clique.

Not only must a clique vertex have two-way
connections to at least two other vertices,
but the vertices to which it is connected
must share a two-way connection. This
consideration eliminates A and P, leaving

{P;, Py, P5} as the only possible clique.
Inspection shows that it is indeed a clique.

The above considerations eliminate F, B
and P, from being in a clique. Inspection
shows that each of the sets {P,, Py, Fy},
(B, Fs, R}, (P, Fs, R}, (P, By, K}
and {P,, Ps, F;} satisfy conditions (i) and
(i1) in the definition of a clique. But note
that F; can be added to the first set and we

still satisfy the conditions. P5 may not be
added, so {P,, Py, Fy, K} is aclique,
containing all the other possibilities except
{Py, Ps, Fy}, whichis also a clique.
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6. (a) With the given M we get 8. Associating vertex F with team A, P, with
01010 B, ..., P5 with E, the game results yield the
10100 following dominance-directed graph:

S=/0 1 0 0 1}, R
1 00 01
00110 A
03131 g R
303 11
=1 3 0 1 3|
3110 3
1 1 330 B i
S Gy _ ] ) which has vertex matrix
ince s;;” =0 for all i, there are no cliques 01110
in the graph represented by M. 001 0 1
_ - M=0 0 0 1 14
01 0100 0100 0
ERERE EERR
(b)HereSZIOIO1 1l 0111 2
010100 , |1 0021
001100 Then M~ =1 1 0 1 0],
_ - 7 00101
06 1702 02110
6 071 6 3
G|l 72814 02222
1718 27 5] , (P o202
061 7 0 2 M+M~=|1 1 0 2 1|
12 3 45 2 2] 0 1 101
The elements along the main diagonal tell us 2120
that only Py, P, and P, are members of a Summing the rows, we get that the power of A is

8,0f Bis6,0f Cis 5, of Dis 3, and of E is 6.
Thus ranking in decreasing order we get A in
first place, B and E tie for second place, C in

clique. Since a clique contains at least three
vertices, we must have {P;, P, Fg} asthe

only clique. fourth place, and D last.
0 011 Section 10.7
1 000
7. M= 010 1 Exercise Set 10.7
01 00 .
1. (a) From Equation (2), the expected payoff of
02 01 the game is
1
Then M2 = 00 11 and 4
1 100 -4 6 -4 1|1
1 000 =1 1 _ 4
pAq_[zoz]s 73 8|l
021 2 -8 0 6 2|4
1
2 |1 011 4
MAM==11 5 0 1) 5
1100 -y

By summing the rows of M +M 2 we get that
the power of P, is 2+ 1 + 2 =5, the power of
P, is3,0of P is4,and of P, is 2.
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(b) If player R uses strategy [p; p, psl

()]

against player C’s strategy his payoff

N N N e

will be pAq = (—%)pl +(%)p2 —pj3. Since
D1» Pa, and ps are nonnegative and add
up to 1, this is a weighted average of the
numbers —i, %, and —1. Clearly this is the
largestif p; = p; =0 and p, =1; thatis,
p=[0 1 O]

As in (b), if player C uses

[ @ a5 as) against[1 0 L],

1
we get pAq =-6q +3q, +q3 54

Clearly this is minimized over all strategies
by setting ¢; =1 and g, =¢q3 =¢g4 =0.

Thatis q=[1 0 0 0] .

2. As per the hint, we will construct a 3 X 3 matrix
with two saddle points, say a;; =az3 =1. Sucha

1 21

matrixis A={0 7 0/. Note that

1 21

ay3 = az =1 are also saddle points.

3. (a) Calling the matrix A, we see a,, is a saddle

point, so the optimal strategies are pure,

namely: p*=[0 1], q*= {ﬂ, the value of

the game is v =a,, =3.

(b) Asin (a), a,; is a saddle point, so optimal

strategies are p*=[0 1 0], q* =[(1)}, the

value of the game is v=a,; =2.
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(c)

(d)

. (a)

(b)

(c)

(d)

(e)

. Let

SSM: Elementary Linear Algebra

Here, as, is a saddle point, so optimal

0

strategies are p*=[0 0 1], q*= and

1
0
v = (132 = 2

Here, a,; is a saddle point, so

1
p*=[0 1 0 0], q*=|0] and
0

vV=ay =-2.

Calling the matrix A, the formulas of

Theorem 10.7.2 yield p*=[3 2],

1
q*= {g}, V= 28—7 (A has no saddle points).
3

: _|40 20|_12 1
As in (a), p*—[% @}—[3 3}
s v=@=2 (Again, A
60 3

has no saddle points).

For this matrix, a;; is a saddle point, so

pt=[1 0], q*zm, and v =a;, =3.

This matrix has no saddle points, so, as in

wr=[3 20 3)

-

5 29
x_|3 10 x| 13 =7
p —[13 13], Q=5 and v= 5

a1 = payoff to R if the black ace and black two

are played = 3.
a;, = payoff to R if the black ace and red three

are played = —4.
a,; = payoff to R if the red four and black two

are played = —6.
a,, =payoff to R if the red four and red three



SSM: Elementary Linear Algebra

are played = 7.
So, the payoff matrix for the game is

a5 )

A has no saddle points, so from Theorem 10.7.2,

20
should play the black ace 65 percent of the time,
and player C should play the black two
55 percent of the time. The value of the game is

11
|13 T s —| 20 . :
P —[20 20], q _{i]’ that is, player R

—230, that is, player C can expect to collect on

the average 15 cents per game.
Section 10.8
Exercise Set 10.8
1. (a) Calling the given matrix E, we need to solve

el T

1
3

=

1
This yields lpl = 1]92, thatis, p=s]| 3 |.
2 3 2

Set s =2 and get p:|:§]

(b) Asin (a), solve

1 _1

2 0 2|l P1 0
(I-BEp=|-3 1 —3|p|=]0|

~Lopqlps 0

In row-echelon form, this reduces to
Lo =1p ] Jo
0 1 =2|py|=|0]|
00 ofpr] LO

Solutions of this system have the form

1 6
pP=s % .Sets=6and get p=|5|.
1 6

(¢) Asin (a), solve
.65 =50 -=-30| m 0
(U-E)p=[-25 180 =30 pp|=|0],
-40 =30 .60 ps 0

227

Section 10.8

78

10_% )41 0
0
0

which reducesto | o | _% Dy |=
00 o0JLP3
78
79
Solutions are of the form p = 5_3 . Let
7
1
78
s=79 to obtain p=|54|.
79

. (a) By Corollary 10.8.4, this matrix is

productive, since each of its row sums is .9.

(b) By Corollary 10.8.5, this matrix is
productive, since each of its column sums is
less than one.

2 1.9
(¢) Try x=|1|. Then Cx=| .9 |, ie.,x>CX,
1 9

so this matrix is productive by Theorem
10.8.3.

. Theorem 10.8.2 says there will be one linearly

independent price vector for the matrix E if some
positive power of E is positive. Since E is not

positive, try E>.

2 34 1
E’=|2 54 6|>0
6 12 3

. The exchange matrix for this arrangement (using

1 1 1
2 3 4
A, B, and C in that order) is % é %
1 1 1
6 3 2
For equilibrium, we must solve (/ — E)p = 0.
1 _1 _1
2 3 411 ! 0
is|=1 2 _1 -
That is 3 3 il P2 = 0f.
1 1 1ips] [0
6 3 2
Row reduction yields solutions of the form
18
16 1600
P= % s. Set s = and obtain
1
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120
p=|100 ; 1.e., the price of tomatoes was
106.67

$120, corn was $100, and lettuce was $106.67.

5. Taking the CE, EE, and ME in that order, we
form the consumption matrix C, where ¢;; = the

amount (per consulting dollar) of the i-th
engineer’s services purchased by the j-th

0o 2 3
engineer. Thus, C={.1 0 .4|.
3 4 0

We want to solve (I — C)x = d, where d is the
demand vector, i.e.

(1 -2 =37 x| [500

-1 1 -4 x|=|700,|.

-3 -4 1 ||x | 600

In row-echelon form this reduces to

1 -2 -3 x| [ 500
01 —43877 || x, |=| 765.31]|.
10 0 1 x3 | [1556.19
Back-substitution yields the solution
1256.48
X =|1448.12 |.
1556.19

The CE received $1256, the EE received $1448,
and the ME received $1556.

6. (a) The solution of the system (/ — C)x =d is

x=(- C)_ld. The effect of increasing the
demand d; for the ith industry by one unit

0
is the same as adding | 1 | to d where the 1
0
_0_
is in the ith row. The new solution is
0 o
0
I-O)7'd+|1||=x+u-07"1
0 0
0 0

which has the effect of adding the ith

column of (I — C)_1 to the original solution.

228
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(b) The increase in value is the second column

542
of (I —C)_l, L 690 |. Thus the value of
170
the coal-mining operation must increase by
542
503

n
7. The i-th column sum of E is Z e .., and the

Jj=1

Jjio

elements of the i-th column of 7/ — E are the
negatives of the elements of E, except for the
ii-th, which is 1—¢;;. So, the i-th column sum of

n

I-Eis 1= e;; =1-1=0. Now, (I —E)" has

j=1
zero row sums, so the vector x=[1 1 --- l]T
solves (I — E)Tx =0. This implies
det(I —E)! =0. But det(/ —E)! =det(I -E),
so (I — E)p = 0 must have nontrivial (i.e.,
nonzero) solutions.

The CE received $1256, the EE received $1448,
and the ME received $1556.

8. Let C be a consumption matrix whose column
sums are less than one; then the row sums of cT
are less than one. By Corollary 10.8.4, cl is
productive so (I -cT )_1 >0. But
-0 =w-ofy™

= -cH™"
>0.
Thus, C is productive.
Section 10.9
Exercise Set 10.9

1. Using Equation (18), we calculate
Yld, = % =15s
50s  100s

3
2+2 7

Yld3 = .
So all the trees in the second class should be

harvested for an optimal yield (since s = 1000)
of $15,000.
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2. From the solution to Example 1, we see that for the fifth class to be harvested in the optimal case we must have
PsS
(2871431742574 2371)

>14.7s, yielding ps > $222.63.

3. Assume p, =1, then Yid, =

= .28s. Thus, for all the yields to be the same we must have

(28)"
=285
(287 +.317h
1 p4sl — =28
(287 +.317 1+ 2571
Ps? = 28s
(287 '+ 317 + 2571+ 2371
PeS

=.28s
(28 '+ 317 + 257 4 2371 4 3771

Solving these successively yields p; =1.90, p, =3.02, ps =4.24 and pg =5.00. Thus the ratio
Dy iD3:P4:Ds:Pg=1:1.90:3.02:4.24:5.00.

n
5. Since y is the harvest vector, N = Z y; is the number of trees removed from the forest. Then Equation (7) and
i=1
the first of Equations (8) yield N = g,x;, and from Equation (17) we obtain

N= ggls —=—
S48 et
1+g2 + +gk-1 3 S
6. Set gy =---=g,_1 =g, and p, =1. Then from Equation (18), Yid, =$= gs. Since we want all of the Yid, ’s
2
to be the same, we need to solve Yid; = (kl’kls) =88 for p; for3<k<n.Thus p, =k—1. So the ratio
e

Prip3ipgicip,=1:2:3:-:(n-1).
Section 10.10

Exercise Set 10.10

1. (a) Using the coordinates of the points as the columns of a matrix we obtain

[
[=eS
O = =
S = O

229
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3
= 00
2
(b) The scaling is accomplished by multiplication of the coordinate matrix on the left by | % 0 |, resulting in
0 0 1
3 3
0339 3 301 1
the matrix | o () % % , which represents the vertices (0, 0, 0), [5, 0, 0), [5,5, O) and [O,E, 0) as
00 00
shown below.
-2 2 -2 2 -2 -1 -1 2
(¢) Adding the matrix | -1 -1 -1 -1] to the original matrix yields | -1 —1 0 0|, which represents
33 3 3 33 3 3

the vertices (-2, —1, 3), (-1, -1, 3), (-1, 0, 3), and (-2, 0, 3) as shown below.

[cos(=30°) —sin(-30°) 0]
(d) Multiplying by the matrix | sin(-30°) cos(—30°) 0|, we obtain
0 0 1

0 cos(=30° cos(=30°) —sin(-30°) —sin(=30°)] [0 866 1366 .500
0 sin(=30°) cos(—30°) +sin(—=30°) cos(=30°) |=|0 —-500 366 .866|.
0 0 0 0 10 0 0 0
The vertices are then (0, 0, 0), (.866, —.500, 0), (1.366, .366, 0), and (.500, .866, 0) as shown:

1 % 0 .xl xl- + 5 yl
2. (a) Simply perform the matrix multiplication | o 1 Vi |= y;
0 0 1|3 z;

230
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(b) We multiply 4. (a) The formulas for scaling, translation, and
1 3 1 rotation yield the matrices
1 > 0jjo 1 1 0 0 1 > 3 Lo o
01 0/|0 01 1{=lo 0 1 1 2
0 0 1|10 000 o0 o0o0 M;=/0 2 0,
yielding the vertices (0, 0, 0), (1, 0, 0), 0 0 %
E,I,O,and 1,1,0. (1 1 1 1
) 2 2 2 2 2
My;=l0 0 0 0|
(c¢) Obtain the vertices via 0 00 0
1 0 001 1 0 01 1 O 1 1 0
6 1 0|0 01 1|=/0 6 16 1], Mz =|0 co0s20° —sin20°|,
0O 0 1|0 0 0 O 0 0 0 O |0 sin20° cos20°
yielding (0, 0, 0), (1, .6, 0), (1, 1.6, 0), and _COS(—45°) 0 sin(—45)°
(0, 1, 0), as shown: My = 0 1 0 . and
| —sin(—45°) 0 cos(—45°)
[c0s90° —sin90° 0
M5 =|sin90° co0s90° 0.
0 0 1

3. (a) This transformation looks like scaling by the

3 00
factors 1, —1, 1, respectively and indeed its 5. (a) Asin4(a), M,=|0 5 0|,
matrixis [0 -1 0. g 0 0

0 0 1
M, =|0 cos45° —sin45°|,
(b) For this reflection we want to transform :O sin45°  cos45°
(x;, ¥;» z;) to (=x;, y;, z;) with the matrix 1 11 -1
-1 0 0 M;={0 0 0 -+ 0O,
0 1 0l :O o0 -0
0 0 1 cos35° 0 sin35°
Negating the x-coordinates of the 12 points My = 0 1 0 |
in view 1 yields the 12 points | —sin35° 0 cos35°

(=1.000, —.800, .000), (-.500, —.800, —.866),

[cos(—45°) —sin(—45°) 0
etc., as shown:

M5 =|sin(-45°) cos(-45°) O,
L 0 0 1
'(\ (000 0
Mg=/0 0 O .-+ O}, and
\ 1111 - 1
(2 0 0
M;=/0 1 0]
(c) Here we want to negate the z-coordinates, 10 01
1 0 O
) . (b) Asin4(b),
with the matrix [0 1 O0]. ,
00 -1 P =M;(Mg+MsM,(M5+M,MP)).

This does not change View 1.
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6. Using the hing given, we have Section 10.11

. This can be done most easily performing the

multiplication RRT and showing that this is /.
For example, for the rotation matrix about the x-
axis we obtain

1 o0 0 1 0 0
RRT =|0 cos@® —sin@||0 cos@ sin@

|0 sin@ cosf |0 —sinf cosd

(1 0 0

=0 1 0f.

10 0 1

232

cosfB 0 sinf] .
R = 0 1 0 | Exercise Set 10.11
- sinf 0 cosf 4 1. (a) The discrete mean value property yields the
cosa¢ —sina 0 four equations
R, =|sina cosa 0], 1
0 0 | n= Z(zz +13)
[ cos@ 0 siné 12:1(t1+t4+1+1)
Re= 0 1 0 | i‘
:—sinﬂ 0 cosé ] ;3=Z(;1+z4)
cos(—) —sin(—a) 0 1
R, =|sin(-&) cos(-&) 0|, and 14 =Z(f2 +13+1+1).
L 0 0 1: Translated into matrix notation, this
cos(=f) 0 sin(-f) o L 1 o 0
Rs=| 0 1 0 | tllggltll
—qin(— — t a 21|t )
[=sin(=5) 0 cos(-p) becomes | 2 |=|4 24| 2.
t3 1 0O 0 1 t3 0
, 4 4
. (a) We rewrite the formula for v; as 1y 0o 1 1 o Iy %
[1- X +xg-1 o
vl.’ = Lyi+yo-1 . So (b) To solve the system in part (a), we solve
l-z;+275-1 (I-Mt=>bfort:
11 i 1 _1
- I =y Or, 7 To
LOo s
v = Yo || i, L 9 1 —Lj|ln| |of
001 zlz 4 Ny 1
1 _1 4 5
100 0 1] 1 I 0 i 7 1 D
In row-echelon form, this is
(b) We want to translate x; by -5, y; by +9, (1 — i _ i oy, 0
z; by =3,80 xg =—=5, y9=9, zo=-3. 0 115 4|n|_ (1)
3?8—3 0 0 1 -] |78
. 1y 3
The matrix is 00 1 -3l 10 0 0 1 4
00 0 1

Back substitution yields the result t =

Blw A= Ao A=
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M _ 240 -
(© 7 =M"+b 3 was o115 100% = ~12.9%, and for
oL 1L 9o 2871
¢4 o |© 0371
00 3lo| |3 t, and 1, was 129><100%=5.2%.
B 00 ;0 o
L1 0 % 2. The average value of the temperature on the
4 4

circle is LJ‘” f(@)rd@, where ris the radius
2mr 7w

of the circle and f{ 0) is the temperature at the
point of the circumference where the radius to

D= ON= O O A==

that point makes the angle 8 with the horizontal.

t? =mt® +b=

o0 |th 00— oo |h oo |—

@ = (@ 4p =| 16

we have that the percentage error for # and

233

Clearly f(6) = 1 for % <6 <§ and is zero

otherwise. Consequently, the value of the

integral above (which equals the temperature at

the center of the circle) is %

3. Asin 1(c), but using M and b as in the problem

statement, we obtain
tO =mt@ +p

T
-3 5 1 5 1 5 3
% _[442412414J
7] t@ = mt® +b
= =[ﬁ22uﬁlﬂlﬁr
@ _rB) |32 16 8 16 8 16 16 16 8] -
t =Mt +b= Eat
3 Section 10.12
23
32
:15: Exercise Set 10.12
gi,‘ 1. (¢) The linear system
6) _ @ | 64 1 %
7 =Mt"+b=| |5 331 = =28+ x5 — a3 ]
64 20
47 «
64 ] X3 =2i0[24+3x31 ~3x3]
150 |1 1 .
64 4 64 can be rewritten as
47 3 1 * *
(O |64 |_| 42| o4 1923 + 3, =28
Tl | L —3xy +23x3, =24
64 4 64 31 32 ’
47 3 1 which has the solution
64 4 64
O 31
31 — 54
. 22
(d) Using . 07
percentage error X3p = 5
_ computed value —actual value <100%
actual value 2. (a) Setting

x :( ) (1)):( 0) <0>):(0, 0), and

Yor> Y02 ) T30 432
using part (b) of Exercise 1, we have
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W _ 1o
0 = L1281 21.40000
31 20[ ]
M = L 12412120000
=24
22 = L [28+1.4-1.21=1.41000
20
K =5124+3(1.4)-31.2)] =1.23000
2 = L1284 1.41-1231=1.40900
20
- 2LO[24 +3(1.41)=3(1.23)] = 1.22700
Ne =%[28+1.409—1.227] —~1.40910

e =%[24+3(1.409)—3(1.227)]
=1.22730
) = 2io[zs +1.4091-1.2273]=1.40909

i) = 2io[24 +3(1.4091) - 3(1.2273)]
=1.22727

A0 = 2io[zs +1.40909—1.22727]
=1.40909

A9 = 2io[24 +3(1.40909) — 3(1.22727)]
=1.22727.

@ _ —_(.(0 0
(b) xp° =1, 1= (xgl)’ xgz))

m_1 _
W= [28+1-1]=1.4
31 20[ ]

K3 = 2LO[24+ 3-3D)]=1.2

)

Since X3 M 2

in this part is the same as X3’ in part (a), we will get X3™ as in part (a) and therefore x(33), . x(36)

will also be the same as in part (a).

M _ (0 0
© x{ =048, -15)= (20, x0)

N :%0[28“48—(—15)] =9.55000
A = %[24+3(148)—3(—15)] =25.65000

AP = 2%[28 +9.55-25.65] = 0.59500
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xg? = 2LO[24 +3(9.55)—3(25.65)]
=-1.21500

P = 2io[zg +0.595+1.215]
=1.49050

xg = 2io[24+ 3(0.595) +3(1.215)]
=1.47150

K = %[28 +1.4905 - 1.4715] = 1.40095

Ky = %[24 +3(1.4905) - 3(1.4715)]
=1.20285

) = %[28 +1.40095 —1.20285]
=1.40991

) = %[24 +3(1.40095) - 3(1.20285)]
=1.22972

A9 = zio[zs +1.40991-1.22972]=1.40901

A9 = 2LO[24 +3(1.40991) - 3(1.22972)]
=1.22703

4. Referring to the figure below and starting with xg) =(0,0):

xg) is projected to xgl) on L, xgl) is projected to x(zl) on L,, x(zl) is projected to xgl) on Lz, and so on.

A2
Ly
2
L, S DA L,
xy=1
(1)
X3
A
Nl
1
XO B
D
XI*XQ:O xlfo:Z

As seen from the graph the points of the limit cycle are xi =A, x} =B, x} =A.
Since xik is the point of intersection of I; and L5 it follows on solving the system
&
Xp = 1
* * 0
M1~ %2 =

that XT =(1,1). Since x5 = (X531, X5,) is on L,, it follows that x3; — x5, = 2. Now x;X, is perpendicular to L,,
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X9 —1
therefore L

J(l) =—1 so we have x5, —1=1—x5; or x5 + x5, = 2.
X1 —1
21
Solving the system
k) k) _ 2
X1~ %2 =
k k)
X1 + Xop = 2

gives x5; =2 and x5, =0. Thus the points on the limit cycle are x; =(1, ), x5 =(2,0), x3=(1, 1).

7. Let us choose units so that each pixel is one unit wide. Then a;; = length of the center line of the i-th beam that
lies in the j-th pixel.
If the i-th beam crosses the j-th pixel squarely, it follows that a;; =1. From Fig. 10.12.11 in the text, it is then
clear that
a7 =ag =ayg =1
Apq =aps =dpe =1
az) =ax =az; =1
az3 = a6 = dg9 =1
agy = ags = agg =1
ag) = dgy = dg7 =1
since beams 1, 2, 3, 7, 8, and 9 cross the pixels squarely. Next, the centerlines of beams 5 and 11 lie along the
diagonals of pixels 3, 5,7 and 1, 5, 9, respectively. Since these diagonals have length \/E, we have
asy = ass = as; =2 =1.41421
a1 = a5 = a0 =2 =1.41421.
In the following diagram, the hypotenuse of triangle A is the portion of the centerline of the 10th beam that lies in
the 2nd pixel. The length of this hypotenuse is twice the height of triangle A, which in turn is V2 -1. Thus,
a5 =2(v2-1) = 82843.
By symmetry we also have
a10,2 = 0,6 =12, 4 = d12, 8 = A = dgy = Ay = dyg = 82843,
Also from the diagram, we see that the hypotenuse of triangle B is the portion of the centerline of the 10th beam
that lies in the 3rd pixel. Thus, a;( 3 = 2-+/2 = .58579.
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A2-1

/
S ANA

/ 262-1)
AN

e
< 1-1\2

By symmetry we have aj 3 =aj, 7 =dg) = dg9 =.58579.
The remaining a;; ’s are all zero, and so the 12 beam equations (4) are

X7 +xg + X9 =13.00
X4 + X5+ x4 =15.00
X +xy +x3 =8.00
.82843(xg +xg) +.58579x9 =14.79
1.41421(x3 + x5 +x7) =14.31
.82843(xp +x4)+.58579x; = 3.81
X3+ X + X9 =18.00
Xy + x5+ x5 =12.00
X +x4 +x7 =6.00
.82843(xy +x4) +.58579x3 =10.51
1.41421(x) + x5+ x9) =16.13
.82843(xy +xg)+.58579x; =7.04

8. Let us choose units so that each pixel is one unit wide. Then g;; = area of the i-th beam that lies in the j-th pixel.

Since the width of each beam is also one unit it follows that a;; =1 if the i-th beam crosses the j-th pixel squarely.

From Fig. 10.12.11 in the text, it is then clear that

a7 =ajg =dg =1

Ay =dps =dpe =1

az) =asx =az; =1

ag3 = a6 =dgg =1

agy = ags = agg =1

ag) = dgy = dgy =1

since beams 1, 2, 3, 7, 8, and 9 cross the pixels squarely.

For the remaining a;; ’s, first observe from the figure that an isosceles right triangle of height £, as indicated, has

area h’. From the diagram of the nine pixels, we then have
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Area = h?

/7
4 L a2-

3

2
Area of triangle B = —(\/5_1)}

1
=z(3—2x/§)

=0.4289

2
Area of triangle C = |:%} = % =.25000

2
Area of triangle F = [%(ﬁ _ 1)}

9
=z(3—2x/§)

=.38604
We also have
Area of polygon A =1—-2X(Area of triangle B)
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Area of polygon D =1—(Area of triangle C)

1
=]-—

=.7500
Area of polygon E =1—(Area of triangle F')

1
= (18v2-23)

=.61396
Referring back to Fig. 10.12.11, we see that
ayy, 1 = Area of polygon A =.91421

ay, | = Area of triangle B =.04289
ay, o = Area of triangle C =.25000
ay, o = Area of polygon D =.75000
ay, 3 = Area of polygon E' =.61396
By symmetry we then have
a11,1 = 411,5 =AQ11,9 = ds53 = ds5 =dsy
=.91421
aQ10,1 = 40,5 = 40,9 =%2,1 = 42,5 = 42,9
= a3 = des = dg7 = d43 = 45
=ayy =.04289
A1,2=91,4 =AU1,6 =91,8
= 6152 = Cl54 = Cl56 = Cl58 =.25000
AQ10,2 =410,6 =%2,4 = 942,8
= 6162 = Cl64 = Cl46 = Cl48 =.75000
alo’ 3 = 6112’ 7 = 061 = Cl49 = 61396
The remaining a;; s are all zero, and so the 12 beam equations (4) are
)C7 +x8 +X9 =13.00
.X4 +.X'5 + x6 = 1500
xl +.X'2 +X3 = 800
0.04289(x5 + x5 + x7) +0.75(x¢ + x3) +0.61396x9 =14.79
0.04289(x3 + x5 + x7) +0.75(xy + x4) +0.61396x; =3.81
.X3 +x6 +.X9 = 1800
Xy + x5+ x5 =12.00
X1+ x4 +x7 =6.00
0.04289(x; + x5+ x9) +0.75(x, + x4 ) +0.61396x3 =10.51
0.91421(x) + x5 +x9) +0.25(x, + x4 + x5 +x5) =16.13
0.04289(x; + x5 + x9) +0.75(x4 + x3) +0.61396x; =7.04
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Section 10.13

Exercise Set 10.13

. . . . 12
1. Each of the subsets S;, S,, S5, S4 in the figure is congruent to the entire set scaled by a factor of —. Also, the

rotation angles for the four subsets are all 0°. The displacement distances can be determined from the figure to
find the four similitudes that map the entire set onto the four subsets S;, S, S3, S4. These are, respectively,

1ﬁﬁﬁ&

Sy

. . 137 To 13
T; . 22 L0l x 4|4 , i=1, 2,3, 4, where the four values of “ | are 0 , 1251, |13, and 25
y 2510 1|y £ fi 0 0 3% 13

25

Because s = % and k = 4 in the definition of a self-similar set, the Hausdorff dimension of the set is

Ink) _ In(4)

O ) ()

=1.888.... The set is a fractal because its Hausdorff dimension is not an integer.

N

ie)

2. The rough measurements indicated in the figure give an approximate scale factor of s = EN = .47 to two

In(k)  In(4) _

1 (L)
n(}) In(5)
to two significant digits. Examination of the figure reveals rotation angles of 180°, 180°, 0°, and —90° for the sets
S, 85,83, and S, respectively.

decimal places. Since k = 4, the Hausdorff dimension of the set is approximately dy (S)=
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3. By inspection, reading left to right and top to bottom, the triplets are:

(0,0,0)
(1,0,0)
(2,0,0)
(3,0,0)
0,0, 1)
0,0,2)
(1,2,0)
(2,1,3)
(2,0,
(2,0,2)
(2,2,0)
0,3,3)

none are rotated

the upper right iteration is rotated 90°

the upper right iteration is rotated 180°

the upper right iteration is rotated 270°

the lower right iteration is rotated 90°

the lower right iteration is rotated 180°

the upper right iteration is rotated 90° and the lower left is rotated 180°
the upper right iteration is rotated 180°, the lower left is rotated 90°, and the lower right is rotated 270°
the upper right iteration is rotated 180° and the lower right is rotated 90°
the upper right and lower right iterations are both rotated 180°

the upper right and lower left iterations are both rotated 180°

the lower left and lower right iterations are both rotated 270°

4. (a) The figure shows the original self-similar set and a decomposition of the set into seven nonoverlapping

L . 1 . .
congruent subsets, each of which is congruent to the original set scaled by a factor s = 3 By inspection, the

rotations angles are 0° for all seven subsets. The Hausdorff dimension of the set is

dy () =

In(k) _ In(7)
ln(i) In(3)

=1.771.... Because its Hausdorff dimension is not an integer, the set is a fractal.

241



Chapter 10: Applications of Linear Algebra SSM: Elementary Linear Algebra

(b) The figure shows the original self-similar set and a decomposition of the set into three nonoverlapping
congruent subsets, each of which is congruent to the original set scaled by a factor s = % By inspection, the

rotation angles are 180° for all three subsets. The Hausdorff dimension of the set is
In(k) In(3
4y (5) = 120 _ 100D
In(1)  In2)

=1.584.... Because its Hausdorff dimension is not an integer, the set is a fractal.

T

(c) The figure shows the original self-similar set and a decomposition of the set into three nonoverlapping

—_ - 1 . .
congruent subsets, each of which is congruent to the original set scaled by a factor s = 3 By inspection, the

rotation angles are 180°, 180°, and —90° for S;, S,, and Sj3, respectively. The Hausdorff dimension of the

In(®) = In® =1.584.... Because its Hausdorff dimension is not an integer, the set is a fractal.
In(1) In2)

N

setis dy (S) =
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(d) The figure shows the original self-similar set and a decomposition of the set into three nonoverlapping
congruent subsets, each of which is congruent to the original set scaled by a factor s = % By inspection, the

rotation angles are 180°, 180°, and —90° for S;, S,, and Sj3, respectively. The Hausdorff dimension of the

In(k) _In(3)
=

In (?) In(2)

A, Y

setis dy (S) = =1.584.... Because its Hausdorff dimension is not an integer, the set is a fractal.

N & g S,
o ﬁ' (" 5’
2L o o
Y b "
V& "l
,& o
\ @

.85 .04

5. The matrix of the affine transformation in question is [_ 04 85

}. The matrix portion of a similitude is of the

cos@ —siné

form S[sine cos@

}. Consequently, we must have s cos 8= .85 and

s sin 6= —.04. Solving this pair of equations gives s =4/(.85)% +(—.04)> =.8509... and
0 =tan"! (_—04) =-2.69...°.
85

6. Letting [ﬂ be the vector to the tip of the fern and using the hint, we have [ﬂ =T, [B j or

Xi_| 85 04« + 075 Solving this matrix equation gives | * |= 15 —04)' 075 _| 766
y| 7| —04 85| y|T|.180] & 4 EVES I 17104 15| [.180]7].996
rounded to three decimal places.

7. As the figure indicates, the unit square can be expressed as the union of 16 nonoverlapping congruent squares,

each of side length i Consequently, the Hausdorff dimension of the unit square as given by Equation (2) of the

In(k) In(16) _ )

textis dy (S)= = =2.
extis dy ln(%) In(@)
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8.

10.

11.

The similitude 7; maps the unit square (whose vertices are (0, 0), (1, 0), (1, 1), and (0, 1)) onto the square whose

s

vertices are (0, 0), (%, Oj, (% %), and (0, %) The similitude 7, maps the unit square onto the square whose

vertices are (i, Oj, (1, 0), (1, %), and (i, %) The similitude 75 maps the unit square onto the square whose

vertices are (O, ij, (%, ij, (%, lj, and (0, 1). Finally the similitude T, maps the unit square onto the square

whose vertices are (i ij, (1, ij, (1, 1), and (%, 1). Each of these four smaller squares has side length of %,

>

so that the common scale factor of the similitudes is s = % The right-hand side of Equation (2) of the text gives

In(®) _ w =4.818.... This is not the correct Hausdorff dimension of the square (which is 2) because the four

n(y) ()

smaller squares overlap.

In(k) _ In(8)
1

In (;) In(2)

of a unit cube. Because the Hausdorff dimension of the cube is the same as its topological dimension, the cube is

not a fractal.

Because s :% and k = 8, Equation (2) of the text gives dg (S) = =3 for the Hausdorff dimension

A careful examination of Figure Ex-10 in the text shows that the Menger sponge can be expressed as the union of

20 smaller nonoverlapping congruent Menger sponges each of side length % Consequently, k=20 and s = %,

In(k) _ In(20)
In (%) In(3)

Hausdorff dimension is not an integer, the Menger sponge is a fractal.

=2.726.... Because its

and so the Hausdorff dimension of the Menger sponge is dg (S) =

The figure shows the first four iterates as determined by Algorithm 1 and starting with the unit square as the

initial set. Because k=2 and s = %, the Hausdorff dimension of the Cantor set is

In(k) In(2)
d H S = —1 =
(1) G
N
that its topological dimension must be O (since the topological dimension of any set is a nonnegative integer less
than or equal to its Hausdorff dimension).

=0.6309.... Notice that the Cantor set is a subset of the unit interval along the x-axis and
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Initial set

First Iterate

. - . - Second Iterate

AN ENR HE BB Third Iterate

TR T s mm =s mn  Fourth [terate

12. The area of the unit square S is, of course, 1. Each of the eight similitudes 7, 75, ..., Ty given in Equation (8) of

1 . 1
the text has scale factor s = 3 and so each maps the unit square onto a smaller square of area IS Because these
eight smaller squares are nonoverlapping, their total area is % which is then the area of the set S|. By a similar

.8 o .
argument, the area of the set S, is 5 -th the area of the set ;. Continuing the argument further, we find that the

2 3 4
areas of Sy, S, S5, S3, 84, ..., form the geometric sequence 1, %, (gj s (gj R (gj , ... (Notice that this

n
implies that the area of the Sierpinski carpet is 0, since the limit of (gj as n tends to infinity is 0.)

Section 10.14

Exercise Set 10.14

1. Because 250=2-5" it follows from (i) that T1(250) =3-250 =750.
Because 25 =52 it follows from (i) that T1(25)=2-25=50.

Because 125=>5" it follows from (>ii) that TI(125) = 2-125 = 250.
Because 30 = 6 - 5 it follows from (ii) that I1(30) =2-30 =60.
Because 10 =2 - 5 it follows from (i) that I1(10) =3-10 = 30.
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Because 50 =2-5 it follows from (i) that T1(50) =3-50 =150.

Because 3750 =6-5% it follows from (i1) that TT(3750) =2-3750 =7500.
Because 6 =6-5" it follows from (i) that T1(6) =2-6=12

Because 5=35' it follows from (i) that T1(5)=2-5=10.

s

. The point (0, 0) is obviously a 1-cycle. We now choose another of the 36 points of the form (% %], say

(O, éj Its iterates produce the 12-cycle
0 1 3 2 3 1
HEHEHEHEHEE
6 6 6 6 6 6
0 5 3 4 3 5
6 6 6 6 6
—{QZI dPld b b d Y ind Bt
6 6 6 6 6 6

So far we have accounted for 13 of the 36 points. Taking one of the remaining points, say (O, %j, we arrive at

o] (2| [o] |4
the 4-cycle |: 2 } - {Z} - { 4} - [g} We continue in this way, each time starting with some point of the form
6 6

6 6

[%, %j that has not yet appeared in a cycle, until we exhaust all such points. This yields a 3-cycle:

37 [3] 0 4 4 2 2
6| — g — | 3 |; another 4-cycle: | 6 | — 2 —| 6| g ; and another 12-cycle:
of [5] Ls o) [§] L0 [%

1

6

1

L6

The possible periods of points for the form [%, %j are thus 1, 3, 4 and 12. The least common multiple of these

four numbers is 12, and so T1(6) =12.
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3. (a) We are given that x; =3 and x; =7. With p =15 we have

Xy =x+x; modl5=7+3 modl5=10mod15 =10,
X3 =Xy +x modl5=10+7 mod15=17mod15=2,

X4:.X3+X2 mod15=2+10
.XS:.X'4+.X3 mod15=12+2

mod15=12mod15=12
mod15=14mod15 =14,

Xg =Xx5+x4, modl5=14+12mod15=26mod15=11,
X7 =Xg+x5 modl15=11+14 mod15=25mod15=10
X3 =x7+%, modl5=10+11 mod15=21mod15=6,

X9 =xg+x; modl5=6+10
X9 =Xg+x3 modl5=1+6
X1 =Xo+X modl5=7+1
X1 =X +Xomod15=8+7
X3 =X +x;mod15=0+8
X4 = X3+ X, mod15=8+0
X5 = X4 + X3 mod15=8+8
X1 = X5+ x4 mod15=1+8
X7 = X1 + X5 mod15=9+1
X|g = X7 + X mod15=10+9
X9 = X8 + X7 mod15=4+10
Xy0 = Xj9 + Xjg mod15=14+4
Xy = Xy + X9 mod15=3+14
Xpp = Xp +Xpomodl15S=2+3
Xp3 = Xpp + Xy mod15=5+2
Xo4 = Xp3 +Xypmod15=7+5
X95 = Xp4 + Xp3mod15=12+7
Xyg = Xp5 + Xpy mod15=4+12
Xy7 = Xpq +Xpsmod15=1+4
X9g = Xp7 + Xpgmod15=5+1
Xy9 = Xpg + Xp7 mod15=6+5
X30 = Xp9 + X5gmod15=11+6
X371 = X309 + Xp9gmod15=2+11
X35 = X371 +x3pmod15=13+2
X33 = X35 + X33y mod15=0+13
X34 = X33 +x3p mod15=13+0

mod15=16mod15=1,
mod15=7 mod15=7,
mod15=8 mod15=8
mod15=15mod15=0,
mod15=8 mod15=38,
mod15=8 modl15=S8,
mod15=16mod15 =1,
mod15=9 mod15=9,

mod15=10mod15 =10,
mod15=19mod15=4,
mod15=14mod15 =14,
mod15=18mod15 =23,
mod15=17mod15=2,
mod15=5 modl5=5,
mod15=7 modl15=7,
mod15=12 mod15=12,
mod15=19 mod15 =4,
mod15=16 mod15=1,
mod15=5 modl5=35,
mod15=6 modl15=6,
mod15=11mod15=11,
mod15=17 mod15=2,

mod15=13mod15 =13,
mod15=15mod15 =0,

mod15=13mod15 =13,
mod15=13mod15=13,

X35 = X34 +X33 mod15=13+13mod15=26mod15 =11,
X36 = X35 +X34 mod15=11+13mod15=24mod15 =9,

X37 = X3¢ + X35 mod15=9+11
X33 = X37 +x3¢mod15=5+9
X39 = X33 + X3y mod15=14+5
X40 = X39 t x3gmod15=4+14
X41 = X40 +X3gmod15=3+4

and finally: x4y = xy and x4; = x;. Thus this sequence is periodic with period 40.

mod15=20mod15 =5,
mod15=14mod15 =14,
mod15=19mod15=4,
mod15=18mod15 =3,
mod15=7 modl15=7,
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(b) Step (ii) of the algorithm is
X,41 = X, + X, mod p.

Replacing 7 in this formula by n + 1 gives

X410 = X, +x, mod p

(x,, +x,_1)+x, mod p
2x, + x,_; mod p.

These equations can be written as
X411 = X,_1 +x, mod p

X490 = X,_; +2x, mod p

which in matrix form are

|

Xn+l
Xn+2

|

_1 L X,
Ll e

(¢) Beginning with [xo} = E}, we obtain

|

|

X2
X3

X4
X5

x6 :|
X7

x8 :|
X9

xu)} _
11

|

1 15
I 2}[5}m0d21

10
15}mole

10
15

(1 1][10
| 2}[15}mod21

1
NSNS (SR S N« V]

IL
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x12 _1 1 4
= d 21
Lﬁj 1 2}[6 e

(10
= _16}m0d21

_[10
|16

x14 _1 1 10
= d21
LIJ B 2}{16 o

26
= _42}mod21

xe | _[1 1[5
Ln}__l 2}|:0 mod 21

X
and we see that | 10 | =
X7

4. (¢) We have that

b |

1
c|| 101
| 0
- - _ __ 1 T
c? il o[t 1] o
1 2| L
L0 U Al
- - _ __ 2 N
c? for||=[1 1] Tor
1 2|3
L0 U Al
LT 1S
c* ﬁ _[1 Lo
1 2|8
L0 B =01
— —_ _ —_ﬁ_
c’ o1 1] 701
0 1 2] 2L
LY lor

X0
xl ’

modl=

modl1=

modl=

mod1=

L
101
L 9
101

2
101
i b
| 101
5
101
L 9
| 101
13
101
A ’
L 101
347
101
S5 |
| 101 ]

Because all five iterates are different, the

period of the periodic point [1(1)—1, Oj must

be greater than 5.

5. f0<x<land 0<y<1,then

T(x,y) =(x+%, y)modl, and so

T2(x, y) =(x+%, y)modl,
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T3(x, y)=[x+%, y)modl, .

le(‘x’ y) :(_x-}-%, yjmodl

=(x+5, yymodl=(x, y).

Thus every point in S returns to its original
position after 12 iterations and so every point in
S is a periodic point with period at most 12.
Because every point is a periodic point, no point
can have a dense set of iterates, and so the
mapping cannot be chaotic.

6. (a)

(b)

The matrix of Arnold’s cat map, B ﬂ, is

one in which (i) the entries are all integers,

(ii) the determinant is 1, and (iii) the

3445
2

eigenvalues, =2.6180... and

3-+5
2

=0.3819..., do not have magnitude

1. The three conditions of an Anosov
automorphism are thus satisfied.

The eigenvalues of the matrix {(1) (1)} are

+1, both of which have magnitude 1. By
part (iii) of the definition of an Anosov
automorphism, this matrix is not the matrix
of an Anosov automorphism.

The entries of the matrix ﬁ ﬂ are

integers, its determinant is 1; and neither of

its eigenvalues, 2+ \/g, has magnitude 1.

Consequently, this is the matrix of an
Anosov automorphism.

The eigenvalues of the matrix Ll) ﬂ are

both equal to 1, and so both have magnitude
1. By part (iii) of the definition, this is not
the matrix of an Anosov automorphism.

The entries of the matrix B ;} are

integers; its determinant is 1; and neither of

its eigenvalues, 4+ J15 , has magnitude 1.
Consequently, this is the matrix of an
Anosov automorphism.
2} .
is 2

2

The determinant of the matrix [g
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(c)
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and so by part (ii) of the definition, this is
not the matrix of an Anosov automorphism.

The eigenvalues of the matrix [_(i (ﬂ are

+i; both of which have magnitude 1. By part
(iii) of the definition, this cannot be the
matrix of an Anosov automorphism.

Starting with an arbitrary point {x} in the
y

interior of S, (that is, with 0 < x < 1 and
0 <y<1) we obtain

0 1][x y y
dl= dl=
3o fmot= 2 o[, )
F 0 1] y i __l—x_
- O_[l—x_mOdl__—y_mOdl
[1=x]
__l—y_’
i 1][1-x] 1=y ]
- O__l—y_mOdl_ _1+x_m0d1
_[1=-y]
__ et
[ 1__1—y_ __ x|
1o « _modl—__1+y_mod1
:_x}
Ly

Thus every point in the interior of S is a

periodic point with period at most 4. The

geometric effect of this transformation, as

seen by the iterates, is to rotate each point in

the interior of S clockwise by 90° about the
1

center point {ﬂ of S. Consequently, each

2
point in the interior of S has period 4 with

1
the exception of the center point [%] which
2

is a fixed point.
For points not in the interior of S, we first

observe that the origin [8} is a fixed point,

which can easily be verified. Starting with a

X

point of the form [ 0

} withO<x< 1, we

obtain a 4-cycle

AR R
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X # %, otherwise we obtain the 2-cycle

oL

Similarly, starting with a point of the form

0 with 0 <y < 1, we obtain a 4-cycle

Ly
o] [y] [ 0O I-y 0] .
v (o %_l—y}_{ 0 }_{y} !

, otherwise we obtain the 2-cycle

i_
y2

0

1
1= 2| 1 } Thus every point not in
21 L0] 2
the interior of S is a periodic point with 1, 2,
or 4. Finally because no point in S can have
a dense set of iterates, it follows that the

mapping cannot be chaotic.

9. As per the hint, we wish to find the regions in S
that map onto the four indicated regions in the
figure below.

0, 1) (3.1) (1,1)

I’ r

v’ 11

0,0 1 1,0

(0,0) (1.0) (1, 0)

We first consider region I’ with vertices (0, 0),
[%, lj, and (1, 1). We seek points (x;, ),

(x5, ¥,), and (x3, y3), with entries that lie in
[0, 1], that map onto these three points under the

mapping [x} - {1 1}[)(} _{a} for certain
y 1 2]y b

integer values of a and b to be determined. This
leads to the three equations
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1 1"x1'+'a'_'0
|1 2__y2_ _b___O’
1 1—_x2_+_a_:%
L 2] [y L] |1
1 1"x3'+'a'_'1
1 2]y |b]) 1)
. (1t 1. T2 4
The inverse of the matrix _1 2} 18 [_1 J.

We multiply the above three matrix equations by

.. c [ 2 —1[a .
this inverse and set [ d} = = J[ b}' Notice

that ¢ and d must be integers. This leads to
_xl_ 2—10_(,’___(,’

v L= o) e el
_x2_2—1%_c_0_c

vl - (1] L) |5 LdS
[ 2 -t[1] [e]_[1] [e
Lys | -1 (1] e lo) 4]

The only integer values of ¢ and d that will give
values of x; and y; in the interval [0, 1] are

¢ =d=0. This then gives a = b = 0 and the

mapping [x} - [1 1}[)6} maps the three
y L 2]y

points (0, 0), (O, %), and (1, 0) to the three

points (0, 0), (%, lj, and (1, 1), respectively.

The three points (0, 0), (O, %), and (1, 0) define

the triangular region labeled I in the diagram
below, which then maps onto the region I,

©, 1) (1,1
1V
1 II 1
0,5 1,5
(0,3) - (1,3)
)|
(0, 0) (1,0)

For region II', the calculations are as follows:
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—
[N

a=0,b=
[ x _)_1
Ly] L1

vertices (

S

Only ¢ = 1 and d = —1 will work. This leads to

—1 and the mapping

ﬂ[ﬂ + __ﬂ maps region II with

0, %), (0, 1), and (1, 0) onto region

IT’. For region III’, the calculations are as

follows:
1 1 ik .xl

—
)
=

Q
1]
I
> II

-

1
—

1

vertices (1,

r’.
For region

i

{3 L

and d = 0 will work. This leads to

= —1 and the mapping

1| x -1 . .
2}[)}} +[_J maps region III with

0), (1, %), and (0, 1) onto region

IV’, the calculations are as follows:

[RHEH!
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[u—y
—

r
—
\9}

1
NNy
[
+
1
S Q
L 1
Il
r 1
—_
L 1

NS }H -

Only ¢ =0 and d = —1 will work. This leads to
a =—1, b =-2 and the mapping

ﬂ - _} ﬂ[ﬂ + [:ﬂ maps region I'V with

vertices (0, 1), (1, 1), and (1, %) onto region
Iv'.
As per the hint, we want to find all solutions of

o - X 2 3 X r
the matrix equation | "0 | = [ }{ 0 } _[ }
! |:y0:| 3 5]y s

where 0< x5 <1, 0< yy <1, and rand s are
nonnegative integers. This equation can be

rewritten as [1 3}{%} = [r} which has the
3 4] v s

3r—s

4rt3s and y, :T First

solution x5 =

tryingr=0and s =0, 1, 2, ..., then » = 1 and
s=0, 1,2, ..., etc., we find that the only values
of r and s that yield values of x; and y, lying

in [0, 1) are:

r=1and s = 2, which give x0=§ and yﬂ—%
S 1 3
r=2 and s = 3, which give x, :g and y, :g;
S 4 2
r=2 and s = 4, which give x0=§ and Y()—g
S 3 4
r=3and s = 5, which give x, :g and y, —g.

We can then check that (g, lj and (é, ij
55 55
form one 2-cycle and [l gj and (i %j form
55 55

another 2-cycle.
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14. Begin with a 101 x 101 array of white pixels and

add the letter ‘A’ in black pixels to it. Apply the
mapping 7 to this image, which will scatter the
black pixels throughout the image. Then
superimpose the letter ‘B’ in black pixels onto
this image. Apply the mapping 7 again and then
superimpose the letter ‘C’ in black pixels onto
the resulting image. Repeat this procedure with
the letter ‘D’ and ‘E’. The next application of the
mapping will return you to the letter ‘A’ with the
pixels for the letters ‘B’ through ‘E’ scattered in
the background.

Section 10.15
Exercise Set 10.15

1. First group the plaintext into pairs, add the

dummy letter 7, and get the numerial equivalents
from Table 1.

DA RK NI  GH T

41 18 11 14 9 7 8 20 20

2 1
reducing everything mod 26, we have

1 3][4]_[7
{2 1}{1_‘_9}
1 3)[18] _[51] [25
[2 1}[11_‘_47_‘_21}
1 3)[14] _[41] _[15
{2 1}{ 9_‘_37_‘_11}

1 3][7]_[31]_[ 5
{2 1 {8___22___22}
1 11807 [2
[2 Mzo 60| 8}

The Hill cipher is GIYUOKEVBH.

(a) For the enciphering matrix A = [1 3},

T <D RO ~~Q

(b) For the enciphering matrix A = ﬁ ﬂ,

{4 3}[ _ 19}
L]
BHERERH
B
| 3}[205_1;‘8] H

The Hill cipher is SFANEFZWJH.

T~ SENTm=ZxrTo

2. (a)

(b)

(c)
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1
2

which is not divisible by 2 or 13. Therefore
by Corollary 10.15.3, A is invertible. From
Eqation (2):

0 el] 2 -1
A" =11 {_7 9}
2 -1
_19[_7 9}
[ 38 -19
=133 171

:|:12 7} (mod 26).

For A:B } det(A)=18 -7 =11,

23 15
Checking:
o9 112 7
Ad |7 2_{23 15}
_[131 78
130 79
Lol
—_0 1] (mod 26)
1, (120 79 1
A A"_zs 15}{7 2}
_[157 26
312 53
:_é 0} (mod 26).
31 .
For A= s 3| det(A) =9 — 5 =4, which

is divisible by 2. Therefore by Corollary
10.15.3, A is not invertible.

8 11
For A=
or [1 9}
det(A) =72 — 11 = 61 = 9 (mod 26), which

is not divisible by 2 or 13. Therefore by
Corollary 10.15.3, A is invertible. From (2):

0 a1 9 -11
o3
IR
-3
27 -33
|3 24

1 19
—|:23 24} (mod 26).

Checking:
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o[8[ 1 19
i 9}{23 24}
_[261 416

| 208 235}
10
~lo

i, [ 1 19][8 11
A A‘_23 24}[1 9}
(27 182

1208 469

} (mod 26)

_ 1 0
—_0 }(m0d26)

(d) For A=[21 71}, det(A)=14-1=13,

which is divisible by 13. Therefore by
Corollary 10.15.4, A is not invertible.

(3 1

(e) For A:_6 )

A is not invertible by Corollary 10.15.4.

(f) For A:_} 2

(mod 26), which is not divisible by 2 or 13.

Therefore by Corollary 10.15.4, A is
invertible. From (2):

R I Qe
A =21 [_1 J

Checking:

}, det(A) =6 — 6 =0, so that

}, det(A)=3-8=-5=21
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S [1 815 12
A= 3}[21 5}
_[183 52}

| 78 27
10

=10 } (mod 26)

o, [15 1271 8
AA= 5}{1 3}
27 156

26 183}
10

= 0 } (mod 26).

. From Table 1 the numerical equivalent of this

ciphertext is
19 1 11 14 15 24 1 15 10 24

Now we have to find the inverse of A= B 21}

Since det(A) =8 —3 =5, we have by (2):

et 2 -1
=0 [—3 4}
B 2 -1
a2 ]
[ 42 -21
“1-63 84

16 5
—[15 6} (mod 26).

To obtain the plaintext, multiply each ciphertext

vector by A~ and reduce the results modulo 26.

16 51191 _[309] _ 23 w
115 6] 1] [291] E
16 5][11] _[246] L
115 6])[14] [249] 0
16 51[15] _[360] 22 14
115 6][24]| [369] E
16 5[ 1]_[ 1 M
115 6][15] | 105 A
16 5][10] _[280

115 624 | 294 8 H

The plaintext is thus WE LOVE MATH.

. From Table 1 the numerical equivalent of the

known plaintext is
AR MY
1 18 13 25
and the numerical equivalent of the
corresponding ciphertext is
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SL HK
19 12 8 11
so the corresponding plaintext and ciphertext
vectors are

1 19
Pi=l g %712
13 8
P2=195 19927

T
We want to reduce C = {Cl :l = [19 12} to I by

g Ls 1

elementary row operations and simultaneously

P} 13 25

The calculations are as follows:

T
apply these operations to P = {PIT] = { ! 18}.

(19 12| 1 18 .

|8 1113 25} Form the matrix
[C | P]

[1 13211 198 , .

18 11 ‘ 13 25} Multiply the first row
by 197! =11 (mod 26).

(1 2|11 16

18 11 ‘ 13 25} Replace 132 and 198 by
their residues modulo
26.

1 2] 11 16 ‘ _

0 -5 ‘ _75 _103} —8 times the first row to
the second.

(1 211 16 o

K 21‘ 3 J Replace the entries in
the second row by their
residues modulo 26.

[1 211 16 ,

0 1]15 5} Multiply the second row
by 217" =5 (mod 26).

[1 0]-19 6 _

0o 1| 15 5} Add -2 times the
second row to the first.

(1 0|7 6 _

10 115 5} Replace —19 by its

residue modulo 26.
7
15

7
6

Thus (A_I)T =[ ﬂ so the deciphering

matrix is A”! =[ 12} (mod 26).
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Since det(A™!) =35-90 = —55 = 23(mod 26),
A=AH!

el 5 15
2 [_6 7}
5 —15
_17[_6 7}
[ 85 -255
=102 119

|7 5
—{2 15} (mod 26)

is the enciphering matrix.

. From Table 1 the numerical equivalent of the

known plaintext is
AT oM
1 20 15 13
and the numerical equivalent of the
corresponding ciphertext is
JY Q0
10 25 17 15
The corresponding plaintext and ciphertext
vectors are:

1 10
P1=150| 74725

10 25
17 15

elementary row operations and simultaneously

We want to reduce C = { } to I by

. 1 20
apply these operations to P = [ 5 1 3}.

The calculations are as follows:
{10 25 ‘ 1 20

7 15115 13} Form the matrix

[C | P]
27 40116 33
[17 15 ‘ s 13} Add the second row to

the first (since 107!

does not exist mod 26).

1 14]16 7 .

7 15 ‘ 15 13} Replace the entries in
the first row by their
residues modulo 26.

1 14| 16 7

|10 —223 | -257 -106
Add —17 times the first
row to the second.
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(1 14]16 7 o

10 11 ‘ 3 24} Replace the entries in
the second row by their
residues modulo 26.

(1 14]16 7 _

0 1 ‘ 57 45 6} Multiply the second row
by 117" =19 (mod 26).

(1 14]16 7 o

0 1 ‘ 51 4} Replace the entries in

the second row by their
residues modulo 26.

[1 0‘"54 _189} Add —14 times the

5 14

1 0|24 19
0 1] 5 14

second row to the first.

Replace —54 and —189

by their residues
modulo 26.
24 19

Thus (A_l)T:{ s 1

}, and so the
24 5
19 14]
From Table 1 the numerical equivalent of the

given ciphertext is
LN GI HG YB VR EN JY
1214 79 87 252 2218 5 14 10 25

deciphering matrix is Al :[

Q0
17 15
To obtain the plaintext pairs, we multiply each

ciphertext vector by Al

24 5[12]_[358]_[20] T
{19 14}[14_=_4z4_=_ 8} H
24 57| _[213] [ 5| E
{19 14}{9_:_259_:_25 Y
24 58] _[227] _[19] S
{19 14}{7_:_250_:_14 P
245|251 _[e10] [12] L
19 14[ 2|7 [503] 7| 9} g (med20)
(24 5][22] [618] [20] T
|19 14[18_=_670_=_20_ T
24 5[ 5]_[190] _[8] H
{19 14}[14_:_291_:_5} E
24 5)[10]_[365]_[ 1] A
19 14_[25_=_540_ “l20] T
(24 5)[17] _[483] [15] O
119 14[15_=_533_ =_13} M
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which yields the message THEY SPLIT THE
ATOM.

. Since we want a Hill 3-cipher, we will group the

letters in triples. From Table 1 the numerical
equivalents of the known plaintext are

I1 HA V EC O M E

981 225 3 15 13 5

and the numerical equivalent of the
corresponding ciphertext are

H P AF Q GGD U

8§ 16 1 6 17 7 7 4 21

The corresponding plaintext and ciphertext
vectors are

9 8
p;=|8|<>¢ =16
1 1
[22 6
Py =| 5|¢<>¢, =17
| 3 7
[15 7
p;=|13|<>e3=| 4
| 5 21
8 16 1
We want toreduce C=|6 17 7| tolby
7 4 21
elementary row operations and simultaneously
9 8 1
apply these operationsto P=|22 5 3|.
15 13 5

The calculations are as follows:
(8 16 1] 9 8 1
6 17 7(22 5 3
|7 4 21]15 13 5

Form the matrix

[c | Pl
[15 20 22|24 21 6
6 17 7|22 5 3
|7 4 21|15 13 5
Add the third row

to the first since 8_1

does not exist modulo
26.

1 140 154|168 147 42
6 17 71 22 5 3
7 4 21115 13 5
Multiply the first row

by 1571 =7 (mod 26).
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—_—

—

—

0 24|12 17 16 Add -5 times the third
17 7122 5 3 row to the second.
4 21|15 13 5 1 0 0] 4 15 24
Replace the entries in 0 10917 0
the first row by their 00 IfI5 6 17
residues modulo 26. Replace the entries in
10 24| 12 17 16 the second row by their
-43 -137 |-50 -97 -93 residues modulo 26.
—-66 -147 | 69 -106 -107 i 4 15 24
Add —6 times the first Thus, (A" =) 9 17 0/ andso the
row to the second and I5 6 17
—7 times the first row to 4 9 15
the third. deciphering matrix is A =| 15 17 6.
10 24|12 17 16 24 0 17
9 1912 7 11 From Table 1 the numerical equivalent of the
12919 24 23 given ciphertext is
Replace the entries in HPA F QG GDU GGD
the second and third 816 1 6 17 7 7 4 21 7 44
rows by their residues
modulo 26. H P G ODY N OR
10 24112 17 16 8 16 7 15 4 25 14 15 18
1 571 6 21 33 To obtain the plaintext triples, we multiply each
12 9| 9 24 23 ciphertext vector by A7l
Multiply the second row 4 9 15 8 191 9 4
_ 15 17 6|/16|=398|=|8| H
by 97! = dul
22)9 > (modalo 24 0 17]| 1] [209] |1] 4
10 24|12 17 16 4 9 15][ 6] [282] [22]V
1 5|16 21 7 15 17 6||17|=]421|=| 5| E
12 9| 9 24 23 124 0 17| 7] |263] | 3] C
Replace the entries in 4 9 15][ 7] [379] [15] O
the second row by their 15 17 6| 4|=(299|=|13| M
residues modulo 26. 24 0 17121 325 51 E
I B (4 9 15][7] [124] [20] T
0 -511-63 —208 —61 15 17 6| 4|=197|=|15| O
LR el 124 0 17][4] |236 2| B
Add —10 times the. "4 9 151 8 2311 211 U
second row to the first _ _
and —12 times the 15 17 6||16|=[434(=|18| R
second row to the third. :24 0 17: 7 311__ __25 Y
0 0] 4 15 24 4 9 15|15 471 3] C
1 5|16 21 7 15 17 6| 4(=[443|=|1| A
0 1|15 6 17 124 0 17|25 785] |5 E
Replace the entries in 4 9 15][14 4611 191 S
the first and second row 15 17 6ll15l=l5731= 1| A
by their residues 2% 0 171118 642 181 R
modulo 26. Finally, the message is  HAVE COME TO
inally, the message is
00 4 15 24
BURY CAESAR.
1 0]-69 -9 -78
0o 1| 15 6 17

256
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7. (a) Multiply each of the triples of the message

110
by A={0 1 1| and reduce the results
111

modulo 2.

(1 1 o][1] [2] [0]

01 1|1]|=[1|=|1

|1 1 1j{o] [2] |0

(11 off1] [1] [1]

01 1ljol=[1|=|1

|11 1[1] [2] |0

(1 1 offt] [2] [o

01 1lj1]=]2]|=|0

11 1[1] |3 1

’l:he encoded message is 010110001.

(b) Reduce [A | I] to [1 | A_l] modulo 2.

1101 00
01 1/]0 1 0 Form the matrix
11 10 0 1

[A | 1].
Add the first row to

the third row.

Replace 2 by its

residue modulo 2.
Add the third row
to the second row.
Replace 2 by its
residue modulo 2.
Add the second row
to the first row.

Replace 2 by its

residue modulo 2.

Section 10.16

0 11
Thus A~ =1 1 1|
1 01
[0 1 1][0o] [1]
1 1 1]1]=|1
|1 0 1Jlo] |O]
[0 1 1][1] [1] 1
1 1 1|lt]=|2]=]0
1 o 1jlo] [1] [1I
(0 1 1][o] [1
1 1 1]jo]=|1
1 0 11 1

The decoded message is 110101111, which
is the original message.

8. Since 29 is a prime number, by Corollary
10.15.2 a matrix A with entries in Z5q is

invertible if and only if det(A) # 0 (mod 29).
Section 10.16
Exercise Set 10.16

1. Use induction on 7, the case n = 1 being already
given. If the result is true for n — 1, then

M"=M""M
=eD" P~y PDP")
=pD" ' (P~'P)DP!
= pp"'pp~!
=PD"P,

proving the result.

2. Using Table 1 and notations of Example 1, we
derive the following equations:

1 1
a, = Ean—l +an—1

1 1 1
bn = Ean_l +Ebn_l +Ecn_1
c lb 1+ ! C,_

The transition matrix is thus M =

S W= =
Bl= 0= =
D= = O

The characteristic polynomial of M is

257
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detM — M) =)\ —[3) A2+ [ljx
2 2

=m—1)(x—lj,
2

so the eigenvalues of M are A =1, A, = %, and
A3 =0. Corresponding eigenvectors (found by
solving M = M)x=0) are ¢, =[1 2 1]',

e;=[1 0 -1]',and e;=[1 -2 1]". Thus

Ml’l
=pPD"P"!
1 1 1
oot % Oy oy o%
n
=2 0—20(% oll3 0 -1/
I -1 1 1 _1 1
0 0 0fjy -4 3
Thlsylelds
an
x" =|p,
L Cn
_1 1n+1 11 1n+1
o) 1 ) ag
= 1 1 1 by
2 2 2
1 1n+1 11 1n+l Co
_Z‘(a) T at(3)

Remembering that ay +by +c¢y =1, we obtain

1 1 1 1 n+l 1 n+l
an=—ao+—b0+—c()+ E (lo— — CO

4 4 4 2

1 1 n+l

1 1 1
b, =—ayg+—by+—cy=—
n 0 ) 0 0 )
c zla +lb +lc —(ljnﬂa +(ljn+lc
nTy 0 4 0 ) 0 2 0 ) 0

1 1 n+l

=Z_(Ej (CIO—Co).
n+l

. 1
Since (Ej approaches zero as n — oo, we

obtain a,, —>%, b, —>l, and c, —>% as

n — oo,

. Call M, the matrix of Example 1, and M, the
matrix of Exercise 2. Then
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x® = (M, M,)"x® and
x2D = g (MM x(©. We have

1 1 1 1 3 1

> 7 Yt Lol |7 % 3

=1 1 1 1 =(1 1 1
MoMy=13 3 7|0 3 15|12 2 2|
1 1 11
042000 084

The characteristic polynomial of this matrix is
A3 —%Xz +ik’ so the eigenvalues are A; =1,

Ay = %, A3 =0. Corresponding eigenvectors

are e, =[5 6 1]
e;=[1 2 l] . Thus,

=[-1 0 17, and

(M,M))"

=pp"p!

= _ 1 1 1 2

L L
4 4

Using the notation of Example 1 (recall that
ag+by+cy = 1) we obtain

5
ay,, = 2ay — by —4c,
w=5" 4 —(2ap =By —4¢)
1
by =—
2n )
1
and

2 1
Uiy = = ——(2ay —by — 4c,
241 =3 6-4”( 0 —bo —4cp)

1 1
banit =377 (a9 =by —4<p)
2n41 = 0.

. The characteristic polynomial of M is

(k—l)(k—%), so the eigenvalues are A; =1

1 L
and A, = 7 Corresponding eigenvectors are

easily found to be e; =[1 O]T and

e, =[1 -1
of Equation (7) is in the text.

. From this point, the verification
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1 2 1
5. From Equation (9), if by =.25 =l, we get by =4_ % then b, —i=l, b; =i=£, and, in general,
4 % 9’ 30 5 % 11
b, = Si . We will reach % =.10 in 12 generations. According to Equation (8), under the controlled program
n
the percentage would be % in 12 generations, or 6384 =.00006 =.006%.
2 9
S
2
1
2
-1.(0) _ 0
6. P x '/ = 0
S(1++/5)
5 (1-45)
- | -
2
1
2
0
p'pIx® = 0
n+l
%H(H\B)J
n+l
EECEO]
(1,11 [ n+l n+1:|
23 [ (3-35)(1445) T +(=3+45)(1-45)
$ (e 5)™ +(1-45)"
1.1
PP INO - 37 105) +(1-45)")
L (1445)" +(1-45)"
37 (1445)" 7 +(1-45)™ )
35 (- E) (14 5) ™+ (34 5) (1-45)"

. 1
[As n tends to infinity, ——
4n+2

——-and L approach 0, so x" approaches
4i’l+

R—- O © O O— |

7. From (13) we have that the probability that the limiting sibling-pairs will be type (A, AA) is
a +2b +lc +2d +le
0 3 0 3 0 3 0 3 0-

The proportion of A genes in the population at the outset is as follows: all the type
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(A, AA) genes, % of the type (A, Aa) genes, %

the type (A, aa) genes, etc. ...yielding

2 1 2 1
apy +§b0 +§C0 +§d0 +56‘0.

8. From an (A, AA) pair we get only (A, AA) pairs
and similarly for (a, aa). From either (A, aa) or
(a, AA) pairs we must get an Aa female, who will
not mature. Thus no offspring will come from
such pairs. The transition matrix is then

1 000
0 00O
000 Of
0001

9. For the first column of M we realize that parents
of type (A, AA) can produce offspring only of
that type, and similarly for the last column. The
fifth column is like the second column, and
follows the analysis in the text. For the middle
two columns, say the third, note that male
offspring from (A, aa) must be of type a, and
females are of type Aa, because of the way the
genes are inherited.

Section 10.17
Exercise Set 10.17

1. (a) The characteristic polynomial of L is

A2 —X—%, so the eigenvalues of L are

?»=§ and ?»=—l, thus A, =§ and
2 2 2

X1=

1
1 1. :
2 |=| 1| is the corresponding
3 3

2

eigenvector.

) xO = 1x© {1(5)8} <@ = 1x® {175}

50
x® = 1x®? = [250},

88
@ _ ,.03) _|382 5 .4 _|570
X =1x _[125}’ X =Ix ‘[191

260
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© %0 -1 %]

©) _9 (5 _| 855
X =NMX {287}

5. a is the average number of offspring produced
in the first age period. a,b; is the number of

offspring produced in the second period times
the probability that the female will live into the
second period, i.e., it is the expected number of
offspring per female during the second period,
and so on for all the periods. Thus, the sum of
these, which is the net reproduction rate, is the
expected number of offspring produced by a
given female during her expected lifetime.

7. R=0+4(1j+3(1j(1)=£=2.375
2) "2 N\4) 8

8. R=0+(.00024)(.99651)+--
+(.00240)(.99651)---(.987)
=1.49611.

Section 10.18
Exercise Set 10.18
1. (a) The characteristic polynomial of L is
A2 (x—ij{# +(§jx+l}, 0
8 2 2 4
M= % Thus A, the fraction harvested of

each age group, is 1—% =% so the yield is

33%% of the population. The eigenvector

1
. 3. 11 .
corresponding to 7»=E is | 3 |; thisis the
1
18

age distribution vector after each harvest.

(b) From Equation (10), the age distribution

. T .
vector x; is [1 % %J . Equation (9) tells

us that 7 =1—i=£, so we harvest E
9 19

or 57.9% of the youngest age class. Since

Lx,=(L 1 1 d the youngest class
1 — 8 2 3 5 y g
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contains 79.2% of the population. Thus the yield is 57.9% of 79.2%, or 45.8% of the population.

2. The Leslie matrix of Example 1 has b =.845, b, =.975, b; =.965, etc. This, together with the harvesting data
from Equations (13) and the formula of Equation (5) yields

=[1 .845 .824 795 755 699 .626 .5323 0 0 0 0]

Lx; =[2.090 .845 .824 795 .755 .699 .626 .532 418 0 0 or’.

The total of the entries of Lx; is 7.584. The proportion of sheep harvested is (LX), +hy(LX|)g =1.51, or
19.9% of the population.

4. In this situation we have h; 20, and b =hy =---=h;_; = hj,; =---=h, =0. Equation (4) then takes the form
(A=hplagbyby ---by_y +apy biby by +---+a,biby ---b, | 1=1=ay —ayby —---—a;_1byby---by_.

a +612b1 +"'+Cll_lblb2 "‘b[_2 -1
apbyby -+-by_y +--+a,byby by
ajbyby by _y +---+a,bby b,

R-1
ajbyby by +---+a,bby b,

So iy +1

5. Here h; =1, h; #0, and all the other &;’s are zero. Then Equation (4) becomes
(ll +612b1 +-~-+a1_1b1b2 "‘b[_2 +(l—h1)[a1b1b2 "‘b[_l +"‘+61J_1b1b2 "‘bJ_z] =1.
al +02b1 ++al_1b1b2 b1_2 _1 +1
apbyby ---by_y +--+ay_ bbby,
_ al +(12b1 ++a1_1b1b2 bj_z _1
arbby by +--+a; bbby,

We solve for h; to obtain h; =

Section 10.19

Exercise Set 10.19

2 2
1. From Theorem 10.19.1, we compute aj =lJ‘ ﬂ(t—ﬂ)zdt=%7r2, a =lj ”(t—ﬂ')Q cosktdt=i, and
20 3 0 K2

2
b, = ;IO " (t —7[)2 sinkt dt = 0. So the least-squares trigonometric polynomial of order 3 is

2
%+4cost+c052t+gcos3t.

oo 2kt T2

2. From Theorem 10.19.2, we compute aj =—j t2dt = =—I t dt =—— and
k*m

2
kx

So the least-squares trigonometric polynomial of order 4 is

T2 Tz( ot 1 dmt 1 6wt 1 8m) Tz(. 2t 1 . dmt 1. 6mt 1 . 87nj
—+—| coOS—+—CcoS——+—Cc0S——+—CcosS—— |——| sin——+—simm——+—sin——+—simn—— |.
3 72 T 4 T 9 T 16 T T T 3 T 4 T
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2
3. From Theorem 10.19.2, a, = l.[o g fdt = lj‘(f sintdt = g (Note the upper limit on the second integral),
V4 /4 V4

17 .
a =—I sint coskt dt
0
T

T
:i[%[ksinktsint+cosktcostj
T\ k" -1 0
- l[%[%(—l)“ —uj
T\ k" -1
0 if k is odd
- —+ if k is even.
(k= =1
1.
b =~ [sinkrsinrdr = {7 TE =L,
770 .
0 ifk>1

So the least-squares trigonometric polynomial of order 4 is L + 1 sint — 2 cos 2t — 2 cos4t.
T 2 3 157

2
4. From Theorem 10.19.2, q; :lj ”sinltdt :i.
770 2 V4

2
a; = lJ‘O”sin%tcoskt dt
T
4
T(4k% -1
~ 4
7k -2k +1)’

2
b, =lf 7 sintsinkt dr =0.
90 2

So the least-square trigonometric polynomial of order n is ———
-3 35 57 2n-1)(2n+1)

2 4(cost cos2t cos3t cosnt
+ + Foop— .
T T

2T 2T 2T T
5. From Theorem 10.19.2, ao—?J‘O f(t)dt—?J.o tdt+?"gT(T—l)dt—E.

2kt 2kt

—_— dt
T

2T 2 T
ak—FJ‘O tcos dt+;JéT(T—t)cos

4T
4k>

k
(D" =D
”2
0 if k is even

- % if k is odd "
Qk)'rm
So the least-squares trigonometric polynomial of order # is:
T 8T (1 2t 1 6rt 1 107t 1 27nt
——— | —cos— co cos +- 4
4 L2\ 22 T 6 T 10? T (2n)* T

if n is even; the last term involves n — 1 if n is odd.
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6. @) ll=y[," di =2x

2
() [coskl = [, cos” kr dr

J~2ﬂ(1+0052t

2
.

(=]

Ja

Il
B

(3]

T .
s1n2 ke dt

© lsinkil =]

2 _
J~ 7?[1 costhdt
2

(=]

Il
_

(=]

;Ll

Section 10.20

Exercise Set 10.20

1. (a) Equation (2)is ¢ |:ﬂ +cy E} +c3 B} = B}

and Equation (3) is ¢| +¢, +¢3 =1. These
equations can be written in combined matrix
1 3 4}l¢q 3
formas |1 5 2|/cy |=|3].
I 1 1]lc 1

. . . 1
This system has the unique solution ¢; = 3

) :g, and c3 :g. Because these
5 5

coefficients are all nonnegative, it follows
that v is a convex combination of the vectors
Vi, Vo, and vj.

(b) As in part (a) the system for ¢, ¢,, and c;

1 3 4}¢q 2
is|1 5 2| cy|=|4| which has the

I 1 1]lc 1
. . 2 4
unique solution ¢ =§, ¢ =§, and
3= —%. Because one of these coefficients

is negative, it follows that v is not a convex
combination of the vectors vy, v,, and

V3.
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(¢) Asin part (a) the system for ¢;, ¢,, and c;

3 2 3||¢q 0
is {3 -2 0]|cy |=|0| which has the
I 1 1]|¢c 1

. . 2 3
unique solution ¢, =—, ¢, =—, and
5 5
c3 = 0. Because these coefficients are all

nonnegative, it follows that v is a convex
combination of the vectors vy, v,, and

V3.

(d) As in part (a) the system for ¢;, ¢,, and c;
3 =2 3| q 1
is {3 -2 0]|c |=|0| which has the
1 1 1)c3 1

. : 4
unique solution ¢, :E, ¢y =—:, and

8}

3= % Because these coefficients are all

nonnegative, it follows that v is a convex
combination of the vectors vy, v,, and

V3.

2. For both triangulations the number of triangles,
m, is equal to 7; the number of vertex points, n,
is equal to 7; and the number of boundary vertex
points, k, is equal to 5. Equation (7),
m=2n—-2—k,becomes 7=2(7)—2-5, or
7=17.

3. Combining everything that is given in the
statement of the problem, we obtain:
w=Mv+b

= M(Clvl + CrVy + C3V3) + (Cl +C2 + C3)b
=c¢;(Mv| +b)+cy(Mv,y +b)+c3(Mvz +b)
=W + CHWyH + C3W3 .

4. (a) Vi \S)
V3
V4 [
Vs
Ve V7
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(b)

5. (a)

Vi Vs
V3
V4 [
Vs
V6 V7

Let M :{mll mlz} and b:[bl}. Then
myy My by

the three matrix equations Mv; +b = w;,

i=1, 2,3, can be written as the six scalar
equations

my+my, +b =4

My +myy +by =3

2m21 +37’)’Zz2 +b2 =5

2my +myy +b =5
2my +myy +by =3
The first, third, and fifth equations can be
written in matrix form as
_1 1 1_ _mll 4_
2 3 1||{my|=|9
2 1 1| y 5

fourth, and sixth equations as

and the second,

11 1[my] [3
2 3 1 m22 = 5 .
2 1 1| b, 3]

The first system has the solution my; =1,
my, =2, by =1 and the second system has
the solution my; =0, my, =1, by =2.

. 1 2 1
Thus we obtain M —[0 J and b—{z}.

(b) Asin part (a), we are led to the following

two linear systems:

-2 2 1| my -8

0 0 1|{m,|=| O] and
L 2 1 14 b | 5
=2 2 1][my ] [1

0 01 npy | = 1.
L2 1 1] b 4

264

(c)

(d)

7. (a)

(b)

SSM: Elementary Linear Algebra

Solving these two linear systems leads to

o

As in part (a), we are led to the following
two linear systems:
=2 1 1][my; ] [0
3 5 1| my|=|5| and
L 1 0 1 p 3
2 1 1][my | [-2
351 nyy | = 2.
L 1 0 1] b -3
Solving these two linear systems leads to
M:[(l) (1) and b:{_ﬂ.

As in part (a), we are led to the following
two linear systems:
- ar [ 5
0 2 1} m, 2
2 2 1||\my|= % and
-4 =2 1|| by 1
B o L 2
f0 2 1][my] [-1
2 21 myy | = 3.
-4 2 1] b, | -9
Solving these two linear systems leads to
1 [
M=|2 ! and b=| 2.
2 0 -1

The vertices vy, Vv,, and vj of a triangle
can be written as the convex combinations
vi=Dv; +(0)vy +(0)vs,

vy =(0)vi + (D) v, +(0)v3, and

v3 =(0)vy +(0)v, +(1)v3. In each of these

cases, precisely two of the coefficients are
zero and one coefficient is one.

If, for example, v lies on the side of the
triangle determined by the vectors v; and

v, then from Exercise 6(a) we must have
that v=c¢v; +c,v, +(0)v5 where
¢; +¢, =1. Thus at least one of the

coefficients, in this example ¢z, must equal

Z€10.
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(¢)

8. (a)

From part (b), if at least one of the
coefficients in the convex combination is
zero, then the vector must lie on one of the
sides of the triangle. Consequently, none of
the coefficients can be zero if the vector lies
in the interior of the triangle.

Consider the vertex v; of the triangle and

its opposite side determined by the vectors
v, and v3. The midpoint v, of this

(V2 + V3)
2

opposite side is and the point on

the line segment from v; to v, thatis two-
thirds of the distance to v, is given by

1y 2y -1y +%(V2+V3j
33 m 33T

——V+lv +lv
3 17372737

o SRS
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Determinants
Section 2.1 4 -1 6
. (b) M23:4 1 14
Exercise Set 2.1 4 1 2
7 _ 1 14 14 m ol 1
1. M11=1 4‘:28—(—1): ‘ ‘ (-1 4 |
=4(2-14)+ (8- 5®+6m 4)
Cpy =DM =29 =-96
My =| ¢ _i‘:24—3:21 Coy = (1P M55 =96
Cpy = (=DM, =21 41 6
M13:_3 1:6_(_21): 4 3 2
16 |4 6 |41
1+3 — _
Ci3=(D)""M;;=27 ——4‘3 2+04 2‘ 14‘4 3‘
My = 3|=8-3=-11 =—4(2-18)—-14(12—-4)
1 4 =48
Cy = (=D My =11 Cyy =(-1)*"2 My, =48
13
M22:_3 4‘:4_(_9):13 11 6
Cyy =(-)*"2 M, =13 L3 2
I -2 16 |-1 6  |]-1 1
M3 = =1-6=-5 =-1 ~14
23 1‘ ‘32“)12 13
Cys = (_1)2+3Mz3 =5 i ;;2— 18)—14(=3-1)
2 3 -
M31=| —1‘:2‘21:‘19 Cor = (D" My =72
Cyy =(=)*" My =19 3 s
L3 5.1 J:u—emyﬂz
6 -1 - -1 2 _5
342 35 =L4 -5 1 22
Cyp=(=D""Mz =19 2 4 »l2 3|7|L 3
1 - - I 22
My = =7-(-12)=19
6 7 -5 7
7. :1 - —4 =
_ _ 2 7
00 3 -5 7} 1=i[—2 ‘7} "5 759
3. @ M=/ 1 14=3* 1=34-4=0 -7 2] Tsl7 s 2 -3
41 o 1

Ci3=(=)"M3=0

44
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9.

11.

13.

15.

17.

19.

a-3
-3

> ‘=<u—3)(a—2>—<5)<—3)
a—2

=a’-5a+6+15
—a® —5a+21

-2 1 4 1

35 -7 35

1 6 216
[(=2)(5)(2) + (DD + (HBNO)] = [(DG)(D) + (=2)(=7)(6) + (D(3)(2)]
[-20-7+72]-[20+84 + 6]

-2

4
—7
2

(@) WU, SN

—_—

|
[N
D

0
5
—4

30 0
2 -1 52 -1

I 9 -41 9

=[G (=D +(O)S)D) + (O] - [0(=DD) +(3)(5)(9) + (0)(2)(-4)]
=12-135

=-123

30

30
2 -1
1 9

det(A) = (A—2)(A+4)—(-5)
=A2 +2h—8+5
=22 +20-3
=(L-D)(A+3)

det(A) =0 for A =1 or -3.

det(A)= A= DA+ 1D =0=A- DA+ 1)
det(A)=0forA=1or-1.

3.0 0
@@ 2 -1 5=3‘_1 5‘—0‘2 5‘+0‘2 _1‘
L9 g 19 9
=3(4-45)
=-123
3.0 0
b 2 -1 5:3“1 5‘—2‘0 04 q] © 0‘
P I I i A B o B
=3(4-45)-2(0-0)+(0-0)
=-123
3.0 0
© [2 -1 5=—2‘0 O+(—1)‘3 0‘—5‘3 0‘
L 9 4 9 —4 1 -4 19
=-2(0-0)—(-12-0)-5(27-0)
=12-135
=-123

45
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3 0
@ g oo 9o
1 9 —4
=—(-12-0)-9(15-0)
=12-135
=-123
3.0 0
€ [2 -1 5=1‘_‘i (5)‘—9‘; 2‘+(—4)E _?‘
1 9 —4
=(0-0)—9(15-0)—4(-3-0)
=—135+12
=123
3.0 0
® [2 -1 5:0‘21 91‘—5‘? g‘+(—4)‘; _?‘
1 9 —4
=-5(27-0)—4(-3-0)
=—135+12
=-123

21. Expand along the second column.
-3 7

det(4)=5 "

= 5[—15—(=7)] = =40

23. Expand along the first column.

2 2 2
det(4) = 1€ k2—1k k2+1k k2
kK2 ke Kk ok
=K -k =k -k + > - k)
=0

25. Expand along the third column, then along the first rows of the 3 X 3 matrices.
3 3 5 33 5
det(A)=-3|2 2 -2|-32 2 -2
210 2 41 O

2 2| o2 2 2 2ol 2 =2 ]2 2
_3(3‘10 2‘_32 22 100_3[3‘1 0‘_3‘4 0‘”‘4 1D

=-3[3(24)—3(8) +5(16)]—3[3(2) - 3(8) + 5(-6)]
=-3(128)—-3(-48)

[\S]

+5

=-240
1 00

27. 10 -1 0=M)(=DH(1)=-1
0 0 1
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0 00O
1 200
29. 04 3 0~ O@3®) =0
1 2 3 8
1 2 7 -3
01 -4 1
31. 00 2 1% OHM(2)3)=6
00 0 3
33. Expand along the third column.
sin(8) cos(6) 0 .
—cos(6) sin(@) o= sm(Z) C(.)S(z)
sin(6)—cos(8) sin(@)+cos(9) 1| |00 sin(®)

=sin? @ —-(- cos’ (@)
=sin? @+ cos? ()]
=1
35. My = ‘ é j;‘ =1 in both matrices, so expanding along the first row or column gives that d, =d; +A.
True/False 2.1

(a) False; the determinant is ad — bc.

1
(b) False; 0 1‘

1l
S O =
S —= O
-0 O

1l
—

(¢) True;if i +jis even then (—a)™/ =1 and C;; =(-)""/ M;; = M;;. Similarly, if C;; =(=1)""/M; = M};, then

(—l)i+j =1 so i+ j must be even.

a b c
(d) True;let A=|b d e, then C), :(—l)‘lc) ; =—(bf —ce) and Cy; :(—l)t ; =—(bf —ce). Similar
c e f

arguments show that C,3 =C3, and Cj3 =Cj;.

(e) True; the value is det(A) regardless of the row or column chosen.
() True

(g) False; the determinant would be the product, not the sum.

(h) False;let A= E) ﬂ, then det(A) = 1, but det(cA) = ‘(C) (C)‘ =c*. In general, if A is an n X n matrix, then

det(cA) =" A.
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. ) |1 0 _|-1 0
@) False,letA—L) J and B—|:0 _J, then

det(A) = det(B) = 1, but det(A + B) = 0.
ac+cd bc+ d?

2
(G) True; let A=[i 3} so that A2={a +bc ab+bd:| and

det(A%) = (a® +be)(be +d?) —(ab +bd)ac + cd)
=a’bc+a’d? +bed? +b>c? —(a’be +2abed +bed?)
=a’d?® - 2abcd +b*c?
= (ad —bc)?
= (det(A))

Section 2.2
Exercise Set 2.2
1. det(A)=(-2)4)-(B3)(1)=-8-3=-11
w3
det(AT) = (-2)@) -(1)(3) =-8-3 =11
3. det(A) =[(2)(2)(6) + (=D(4)(5) + BO)D(=3)]=[B)()(5) +(D)(4)(=3) + (=D(D)(6)]

=[24-20-9]-[30—24—6]
=-5

det(AT) =[(2)(2)(6) + ()(=3)(3) + ) (=D(H)] - [(5)(2)(3) + (2)(=3)(4) + (1)(~1)(6)]
=[24-9-20]-[30-24-6]
=-5

5. The matrix is I, with the third row multiplied by 5.

10 00
0 1 00_
00 -5 0
00 01

7. The matrix is I, with the second and third rows interchanged.
0 00
=-1

[ e e

0 10
1 00
0 0 1

9. The matrix is 1, with =9 times the fourth row added to the second row.

100 0
010 -9_,
001 0
000 1
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1
0

3
1

00

1 2/=-0 3
2 3

11.

N o — —
|
cn oo — 15/_001
v o O —
— AN A
—
bl — o oo
—_— o — — O — o o =) |
1l 1l
— o O O o O N — —
o oo S S o 540 —
1l Il Il
— o (e}
o~ O (e}
|
17_~O (e}
~
—
N —
e a) —
| Vo<t |
<
N~ —on N — O
SR I n — |
— O S o - o O
| == e) e)
n o [3) | |
(_\ Il 1l Il Il
| [RTe) N A n
I o _
O~ —
|
340
)
—

=-3(-11)

=33

1 -2 -6 -8

0

1 -2 -6 -8

0
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first row, then expand by cofactors along the
first column. For the 3 X 3 determinant, add
multiples of the first row to the remaining row,
then expand by cofactors of the first column.
Finally, evaluate the 2 X 2 determinant.

2 13 1 1011 -1
1o 1 1 (1t o1 1
0210 02 1 0
0122 o12 3
1 1 -1
=-D2 1 0
12 3
1 1 -1
=—0 -1 2
0 1 4

_ 12

11 4

=—(-4-2)

=6

Exercise 16: Add —% times the first row to the

second row, then expand by cofactors along the
fourth column. For the 3 X 3 determinant, add —2
times the second row to the third row, then
expand by cofactors along the second column.
Finally, evaluate the 2 X 2 determinant.

determinant.
1 31
-2 -7 0
0O 0 1

0O 0 2

0O 0 0

50

B

—_— O

6
Exercise 17: Add 2 times the first row to the
second row, then expand by cofactors along the
first column two times. For the 3 X 3
determinant, add —2 times the first row to the
second row, then expand by cofactors along the
first column. Finally, evaluate the 2 x 2

—_— = DN W

SO OO~

T

L
=

(=Rl e)

S O =

|
—_

=
O = o =D OO O

—_

|
—_—

|
T

—_— O

|
—

19. Exercise 14: First add multiples of the first row 0 1 1 1 01 1 1
to the remaining rows, then expand by cofactors 11 71 191
along the first column. Repeat these steps with 2 2 21| 2 2
the 3 X 3 determinant, then evaluate the 2 X 2 % % % 0 % % % 0
determinant. 1 2 1 2

-~ = 0 0 |- £ 0 0

-2 3 11 |1 =2 3 1 3 3 3 3
-9 6 3_0 1 -9 -2 >0 3
-1 2 -6 =2[ 0 0 -3 -1 —(-p| 2 1 1
3 3 3
8 6 1 |0 12 0 -1 L2
1 9 2 3 3

= — — 1 1

=10 -3 -1 5 0 3

12 0 -1 =2 1 1

- 3 3 3

1 -9 2 54 2

=10 -3 -1 3 3

0 108 23 N

__ (1) 2 2

s G 2

108 23 33

= (=3)(23)~(=1)(108) LY B

=39 3 3 6

Exercise 15: Add -2 times the second row to the 1

—_——_— O O O N = N =

—_ = O

[y
~
—_—

_ = = 00 W

et ek OO i e © O\ W0

[ —
O ry

—
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21. Interchange the second and third rows, then the
first and second rows to arrive at the determinant
whose value is given.

d e f d e f| |la b c
g h i=—|la b c|=|d e f|=-6
a b ¢ g h i |g h i

23. Remove the common factors of 3 from the first
row, —1 from the second row, and 4 from the
third row to arrive at the determinant whose
value is given.

3a 3b 3c a b c
-d —-e —f|=3-d —-e —-f
4g 4h  4i 4g 4h 4i
a b c
=-3ld e f
4g 4h 4i
a b c
=-12|d e f
g h i
=—12(-6)
=72

25. Add -1 times the third row to the first row to
arrive at the matrix whose value is given.

a+g b+h c+il |a b ¢
d e fl=|d e f|=-6
g h i g h i

27. Remove the common factor of —3 from the first
row, then add 4 times the second row to the third
to arrive at the matrix whose value is given.

-3a -3b -3c
d e f
g—4d h—-4de i-4f
a b c
=3 d e f
g—4d h—-4e i-4f
a b c
=-3d e f
g h i
=-3(-6)
=18

Section 2.3

1 1
29. |la b ¢
at b ?
1 1 1
=10 b-a c—a
0 b>-da*> *-d°
b—a c—a
B b*—a® *-a®

(b—-a)c? —a®)-(c—a)b* -a?)
=b-a)c+a)c—a)—(c—a)b+a)b—a)
=b-a)c—a)ct+a—(b+a)]
=(b—-a)c—a)c-b)

True/False 2.2

(a) True; interchanging two rows of a matrix causes
the determinant to be multiplied by —1, so two
such interchanges result in a multiplication by

DD =1

(b) True; consider the transposes of the matrices so
that the column operations performed on A to get

B are row operations on AT,

(c) False; adding a multiple of one row to another
does not change the determinant. In this case,
det(B) = det(A).

(d) False; multiplying each row by its row number
causes the determinant to be multiplied by the
row number, so det(B) = n! det(A).

(e) True; since the columns are identical, they are
proportional, so det(A) = 0 by Theorem 2.2.5.

(f) True; —1 times the second and fourth rows can
be added to the sixth row without changing
det(A). Since this introduces a row of zeros,

det(A) = 0.
Section 2.3
Exercise Set 2.3

1. det(A)=—4-6=-10
-2 4‘

2
=-16-24=—-40=22(-1
s g="16 0=2%(-10)

det(24) = ‘

51
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3. det(A)=[20-1+36]-[6+8—15]=56

-4 2 -6
det(—24)=|-6 -4 =2
-2 -8 -10
=[-160+8—288]—[-48 — 64 +120]
=448
=(-2)°(56)
9 -1 8
5. det(AB)=[31 1 17
10 0 2
=[18—-170-0]—-[80+0—-62]
=-170
-1 -3 6
det(BA)=[17 11 4
10 5 2
=[-22-120+510]—[660—20-102]
=-170
det(A):22 1:2(8—3)=10
3 4
det(B)=[1-10+0]-[15+0-7]=-17
3 0 3
det(A+B)=10 5 2
5 0 3
3 3
=55 ]
=5(9-15)
=-30
# det(A) + det(B)

7. Add multiples of the second row to the first and

11.

third row to simplify evaluating the determinant.

0 35 3 s
det(A)=|-1 -1 0=—(—1)‘2 3‘:9—10:—1
0 2 3

Since det(A) # 0, A is invertible.

Expand by cofactors of the first column.

1 -3
det(A)—2‘O 5

Since det(A) # 0, A is invertible.

=2(2) =4

The third column of A is twice the first column,
so det(A) = 0 and A is not invertible.

52

13.

15.

17.

19.

21.

SSM: Elementary Linear Algebra

Expand by cofactors of the first row.

1 0
det(A)=2
et(A) ‘3 y

Since det(A) # 0, A is invertible.

=2(6)=12

det(A) = (k—-3)(k—2)—4
=k>—5k+6-4
=k?—5k+2

Use the quadratic formula to solve

k% =5k +2=0.

P CE: V57 —4m@) 517

2(1) 2
5417

A is invertible for k # >

det(A) =[2+12k +36]—[4k +18+12]
=8k+8
A is invertible for k = —1.

A is the same matrix as in Exercise 7, which was
shown to be invertible (det(A) = —1). The
cofactors of A are Cy; =-3, Cj, =—(-3)=3,
C22 = 6—10 = —4, C23 = —(8—10) = 2,
C31 = 0+5 = 5, C32 = —(0+5) = —5, and
C33 = —2 + 5 = 3
-3 3 =2
The matrix of cofactorsis | 5 -4 2].
5 -5 3
| -3 5 5
adj(A)=—| 3 -4 -5
1, 2 03
3 -5 =5
=-3 4 5
2 2 -3

A—l

" det(A)

A is the same matrix as in Exercise 9, which was
shown to be invertible (det(A) = 4). The
cofactors of A are C;; =2, C, =0, Cj53=0,

C21 :—(—6) S 6, C22 :4, C23 :0,
C31 =9—5=4, C32 =—(—6) =6, and C33 =2.
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() = ]

2 0
The matrix of cofactors is | 6 0.
4 2

. 2 6 4
Al = adj(A)=—|0 4 6
det(A) 40 o 2
1 3
2 7 1
_ 3
=lo 13
1
00 1

23. Use row operations and cofactor expansion to
simplify the determinant.

1 3 1 1
0 -1
0 0
0
-1

det(A)

0
8
1

-_ N O O
—_— 00 O = N O

0
N
= ( 1)‘1
=~(71-8)
=1

Since det(A) # 0, A is invertible. The cofactors of
A are

8

=

0
'S

Il
T
—
N
—
W W W

S
—
Il
T
—
N
w W
o0 =
\O —

=—(-3)=3

w
N
\®)

Section 2.3

I 3 1
Cy; =(=DI 3 9|=0
I 3 2
I 3 1
C24:1 3 8§=0
I 3 2
3 1 1
C31—5 2 220
3.2 2
I 11
Cypr=(=D)2 2 2/=0
2 2
1 3 1
C33:2 5 2(=-1
1 3 2
1 31
Cy=(=D2 5 2(=—(-1)=1
1 3 2
311
Cy=CE=D)5 2 2|=—(1)=-1
389
I 1 1
I 89
1 31
Cy=(-D)2 5 2[=—(-8)=8
1 39
I 3 1
C44:2 5 2[=-7
I 3 8
-4 2 -7 6
. . -1 0 O
The matrix of cofactors is 0 0 -1 1l
-1 0 8 -7
-4 3 0 -1
-1 1 . 12 -1 0 O
= adj(A) =-
g V=1 7 0 8
6 0 1 -7
—4 0 -1
| 2 -1 0 O
-7 0 -1 8
6 0 1 -7

53
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450
25. A=|11 1 2
15 2
4 5 |45
det(A)=—2‘1 1+2))] 1‘
=-2(20-5)+2(4—55)
=-132
250
A =312
15 2
25 25
det(Ax):—Z‘l 5‘+2‘3 1‘
=-2(10-5)+2(2-15)
=-36
420
A, =11 3 2
112
4 2 |4 2
det(Ay)=—2‘1 1215 3‘
=-2(4-2)+2(12-22)
=-24
45 2
A =[11 1 3
15 1

1 3 5 2015 2
AR ENE

=4(1-15)-11(5-10)+(15-2)
=12
det(A,) 363

YT deA) —132 11
det(4,) 24 2

YT dea) 2 1
_dettd) 121
det(4d) —132 11
The solution is x:i, yzi, z:—i.
11 11 11
1 -3 1
27. A={2 -1 O
4 0 -3
2 -1 1 -3
det(A)—‘ w03, _1‘
=(0+4)—3(=1+6)

=11

54

29.

31.

SSM: Elementary Linear Algebra

4 3 1
A=|-2 -1 0
0 0 -3

det(A)) =(-3) ‘_‘2‘ j =-3(-4-6) =30

1 4 1
A=|2 2 0
4 0 -3
O
=(0+8)—-3(-2-98)
=38
1 -3 4
Ay=2 -1 -2
4 0 O
det(A3) = 4‘:31 _;‘ =4(6+4)=40
X =det(A1) =£=_&
det(A) -—11 11
% =det(A2) =ﬁ=_ﬁ
det(A) -11 11
B =det(A3)=ﬂ=_ﬂ
37 det(d) 11 11
The solution is x; = —E, X, =_ﬁ’
11 11
40
X3 —H_
3 -1 1
A=|-1 7 =2
2 6 -1

Note that the third row of A is the sum of the
first and second rows. Thus, det(A) = 0 and
Cramer’s rule does not apply.

4 1 11
37 -1 1
A= 7 3 -5 8
11 12

Use row operations and cofactor expansion to
simplify the determinant.
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33.

35.

0 -3 -3 7
0 4 -4 -5
det(=ly 4 _15 ¢
11 2
3 3 7
——m| 4 -4 =
4 —12 -6

3 3

|4 4 =5

0 -16 -11

~<4 -5 |3 -7
__(_3‘—16 —11‘_4‘—16 —11‘)
=3(44-80)+4(33-112)

—424

|
w
|
W
DD OO0 = =

=—(-34)(24-24)
=0
B det(Ay) 0

YT de(A) 424

If all the entries in A are integers, then all the
cofactors of A are integers, so all the entries in
adj(A) are integers. Since det(A) = 1 and
a1
det(A)

adj(A) = adj(A), then all the entries
in A7! are integers.
(a) det(34) =3 det(A) = 27(~7) =189

_ 1 11
det(A y=——=—=——
(b) det(d ) det(A) -7 7

(c)

d det(2A) =

(e)

37. (a)

(b)

(c)

(d)

(b) False; consider A = [é

Section 2.3

det(2A™) =23 det(Aa™!) = 8[_lj _8
7)1
1
det(24)
1

23 det(A)

det

o S

-~ S>3
Q
I
o
@
-

QUxR
=

det(34) = 3° det(A) = 27(7) = 189

det(ay=—_ -1
det(A) 7

| oo

det2A™") = 2% det(A™!) = SGJ -
1
det(2A)
_ 1
23 det(A)
-
8(7)
-
56

det((24) ™ =

True/False 2.3

(a) False; det(2A) = 23 det(A) if A is a 3 X 3 matrix.

0 -1 0
J and B—{ 0 _J.

Then det(A) = det(B) = 1, but
det(A + B) = 0 # det(2A) = 4.
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(¢) True; since A is invertible, then
1

det(A™")=——— and
det(A)

det(A™'BA) = !
det(A)

(d) False; a square matrix A is invertible if and only

if det(A) # 0.

(e) True; since adj(A) is the transpose of the matrix

of cofactors of A, and (BT )T = B for any matrix

B.

(f) True; the ij entry of A - adj(A) is

sum is 0, and when i = j then this sum is det(A).
Thus, A - adj(A) is a diagonal matrix with
diagonal entries all equal to det(A) or

(det(A),.

(g) True; if det(A) were not O, the system Ax =0

-det(B) - det(A) = det(B).

If i # j then this

SSM: Elementary Linear Algebra

would have exactly one solution (the trivial

solution).

(h) True; if the reduced row echelon form of A were
I,,, then there could be no such matrix b.

(i) True; since E is invertible.

() True; if A is invertible, then so is A~ and so
both Ax = 0 and A”'x =0 have only the trivial

solution.

(K) True; if A is invertible, then det(A) # 0 and A7l
is invertible, so det(A)-A_1 =adj(A) is

invertible.

(1) False; if the kth row of A is a row of zeros, then

every cofactor C;; =0 for i # k, hence the

cofactor matrix has a row of zeros and the
corresponding column (not row) of adj(A) is a

column of zeros.

Chapter 2 Supplementary Exercises

1. (a) ‘"‘3‘ §‘=—4(3)—

2(3) =18

-4 2 33
(b) ‘ 3 3‘ _‘—4 2‘
11
L
L1
7o 6
=-3(1)(6)
=-18
-1 5 2
3. @ |0 2 —1:—1‘? ‘}+(—3)E _21‘
-3 1 1
=—(24+1)-3(-5-4)
=24
-1 5 -1 5 2
®m |0 2 -1=[{0 2 -1
-3 1 1 |0 -14 -5
-1 5 2
=10 2 -1
0 0 -12
=(=D(2)(-12)
=24
30 -1
5 () [1 1 1=3‘i 21H2 _21‘
0 4 2
=32-4)—(0+4)
=-10
30 -1 11 1
M (1 1 1==3 0 -1
04 2/ |04 2
1 1 1
=—l0 -3 -4
0 4 2
11 1
=—0 -3 —4
10
0 0 -1
10
(I( )( 3j
=-10
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gggi 3 14 |2 14 |23 1
7. (a) _1 o 1 1730 -6l -1 d-1p 10 -1
9 9 5 o 2272 9212 |92 2
IR LA (-1 1 |11 -1y (31, 203
S G o (P P | e S )
=3[3(2+2)+ 21+ D] = 6[-2(-2+2) = (2 +9) + 4(—2 = 9] = [~(=6 — 2) + (4 +27)]
=30+330-31
=329
36 01 10 -1 1
-2 3 1 4_ |23 14
® 10 2110736 01
9 2 22 -9 2 2 2
10 -1 1
_ 03 -1 6
06 3 -2
0 2 -11 11
1 0 -1 1
03 -1 6
=7lo 0o 5 -14
o0 -3 7
1 0 -1 1
0 3 -1 6
=7lo 0o 5 -14
00 o0 32
329
:—1 —_——
()(3)(5)( 15)
=329
9. Exercise 3:
-1 5 2 |-1 5 2/-1 5
02 -1=l02 -10 2
-3 1 1 [-3 1 1-3 1
=[(=D)D) +G)(=D(=3) + (2O)YD]=[(2)(2)(=3) + (=D (=1)(1) + (5)(0)(D)]
=13—(-11)
=24
Exercise 4:
-1 2 3 |-1 =2 =3-1 =2
-4 -5 —6=|-4 -5 —6|-4 -5
-7 -8 -9 |-7 -8 —9|-7 -8
=[(=D(=5)(=9) + (=2)(=6)(=7) + (=) (=M (=] = [(=3)(=5)(=T7) + (=D)(=6)(=8) + (-2)(=4)(-9)]
=-225—(-225)
=0
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Exercise 5:

30 -1 |30 -3 0
1 1 1=[1 1 11 1
04 2 0 4 20 4

=[B)D(2) +(0)D(0) + (=DHD(A)] = [(=DD(0) + B)(D(4) +(0)(D)(2)]

=2-12
=-10
Exercise 6:
-5 1 4] |-5 -5 1

1 4

30 2=3 023 0

1 =22 |1 =2 2
=[(=5)(0)(2) + (D)D) + (DHBR)(=2)] - [(HO)(D) + (=5)(2)(—2) + (DH(3)(2)]

=-22-26
=-48
11. The determinants for Exercises 1, 3, and 4 were evaluated in Exercises 1, 3, and 9.
Exercise 2:
‘ 7 =706~ (12 = 44
-2 -6

The determinants of the matrices in Exercises 1-3 are nonzero, so those matrices are invertible. The matrix in
Exercise 4 is not invertible, since its determinant is zero.

5 b-3
13. ‘b—2 3 ‘—5(—3)—(17—3)(19—2)
=—15-b*>+5b—6
=—b? +5b-21
00 0 0 -3
00 -4 0
15. 0 0 -1 0 0O=0)2Q)D)DH3)
02 0 0 0
50 0 0 O
=-120
-4 2
17. Let A :[ 3 3}. Then det(A) = —18. The cofactors of A are Cj; =3, Cj, =-3, Cy; =-2, and Cy, =—4. The

. . 3 3
t f cofact .
matrix of cofactors is {_2 _4}

1 1

a1 13 2] |-t 35

Al = ——adjA)=— = 6?2

der(a) “IA _18[—3 4} {L 4

6 9
15 2

19. Let A=| 0 2 —1|. Then det(A)=24.

3011

The cofactors of A are Cj; =2+1=3, Cj, =—(0-3)=3, C;3=0+6=6, Cy; =—(5-2)=-3, Cy, =-1+6=5,
Cyz3 =—(-1+15) =14, C3;=-5-4=-9, C3, =—(1-0)=-1, and C33 =-2-0=-2.
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23.

25.

3
The matrix of cofactors is [—3 5 —-141.
-9

A7l Ladj(A) =

1
" det(A) 24

{

0 1
1 4
-1 1y
2

|~ co|— co|—

3 6
-2 3
Let A= 1 0
-9 2 2
Then det(A) = 329. The cofactors of A are
C1 =10, G, =55, Cj3=-21, C4=-3],
Cy1==2, Cyy =—11, Cy3=T0, Cyy =72,
G351 =52, C3p =43, C55=-175, C34 =102,
Cyy =27, Cyp =16, Cy3 =42, and
Cyy =-15.
The matrix of cofactors is
10 55 -21 31
-2 -11 70 72
52 43 -175 102
=27 16 42 -15

R — adj(A)
det(A)
10 -2 52 =27
1|55 -11 43 16

39|21 70 -175 —42
31 72 102 -15

10 2 52 _27

329 329 329 329

S5 1L 43 16

—| 329 329 329 329
-3 10 _25 _6

47 47 47 47
-3 12 102 _ 15

329 329 329 329

In matrix form, the system is

HE{ MR

59

Chapter 2 Supplementary Exercises

det(A)=i+E=
5 25
i 4
x -4
Ay = 3]
R
3 4
det(Ay)==x+—
(Ay) S¥t3Y
3
= X
Ay =3 }
M
5 7
3 4 4 3
det(A/)=—y——x=——x+—
(Ay) 5773 5*T5Y
, 3 4 , 4
The solutionis x' =—x+—1y, =——Xx+—y.
57 TS P TS
1 1 o
A=l1 1 p
a p 1
1 1 a
det(A)=l0 0 B-«a
0 -« 1-o?
|0 p-a
_,B—a 1-o?
=0-(f-a)’
=—(f-a)

det(A) = 0 if and only if & = 4, and the system
has a nontrivial solution if and only if det(A) = 0.

29. (a) Draw the perpendicular from the vertex of

angle ¥ to side c as shown.

b a

:‘—Cl‘é‘—6‘2 '

c c
Then coso¢=;1 and cosﬂ=_2, )
a

c=c+cy, =acos f+bcosa. A similar
construction gives the other two equations in
the system. The matrix form of the system is

0 ¢ bfcosx a

¢ 0 alflcosf|=|b]|.

b a 0] cosy c
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0 ¢ b 31.
det(A)=|c 0 a
b a 0
c a c 0
R P I
=—c(0—ab)+b(ac-0)
=2abc
a c b
A,=|b 0 a
c a O
b a a b
det(Aa)z—cC O_ab 4

=—c(0—ac) —a(a2 —bz)
= a(c2 +b° —az)

_ det(A,)

~ det(A)

_ a(c2 +b° —a2)

2abc

_ 2 +b*—a?

2bc
0 a b
(b) Aﬁ= c b a
b ¢ O
b ¢

=—a(0—ab)+b(c* —b*)
= b(a2 +c2 —bz)

_ det(Ag)
"~ det(A)
_b(a® +c* -b?)
B 2abc
_ a*+c2 —b?
B 2ac
0 ¢ a
A}, ={c 0 b
b a c
det(A,) = —c Z ﬁ‘m Z 2
=—c(c® —b*)+a(ac—0)
= c(a2 +b? —cz)
08y = det(A,) _ c(a2 +b? —cz)
det(A) 2abc
_ a>+b*—¢?
~ 2ab
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33.

3s.
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If A is invertible then A™! is also invertible and
det(A) # 0, so det(A)A™" is invertible. Thus,
adj(A) = det(A)A_1 is invertible and

(adj(A) ™" = (det(4)A™)!

1 —1\-1
=—(A
det(A)( )
= 1 A
det(A)
=adj(A™")
: Coa-l 1y -1 ]
since adj(A ") =det(A )(A ) _det(A) A.

Let A be an n X n matrix for which the sum of
the entries in each row is zero and let x; be the

n X 1 column matrix whose entries are all one.
0

Then Ax; = O because each entry in the

0

product is the sum of the entries in a row of A.
That is, Ax = 0 has a nontrivial solution, so
det(A4) = 0.

Add 10,000 times the first column, 1000 times
the second column, 100 times the third column,
and 10 times the fourth column to the fifth
column. The entries in the fifth column are now
21,375, 38,798, 34,162, 40,223, and 79,154,
respectively. Evaluating the determinant by
expanding by cofactors of the fifth column, gives
21,375C;5 +38,798C,5 +34,162C55

+40,223C45 +79,154Cx5.
Since each coefficient of C;5 is divisible by 19,
this sum must also be divisible by 19.
Note that the column operations do not change

the value of the determinant—consider them as
row operations on the transpose.
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®

3. (a)
(b)
(c)
(d)

Euclidean Vector Spaces
61

Exercise Set 3.1
1. (a)
(b)
()]
(d)

Section 3.1
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(e)

X

=(=5,12, —6)

%
7. (@) PP =(2-3,8-5=(-1,3)

(b) P1_1>32 =(2-54-(-2),2-1)=(-3,6,1)

9.

11.

13.

15.

62

(a)

(b)

(a)

(b)

(a)
(b)
(c)

(d)

(e)

®

(a)

(b)

SSM: Elementary Linear Algebra

Let the terminal point be B(b;, b,). Then
(by=1,b,-1)=(1,2) so by =2 and b, =3.
The terminal point is B(2, 3).

Let the initial point be A(qy, a,, az). Then
(~l1-a, -1-ay,2-a3)=(1,1, 3), so

a; =-2, a, =-2, and ay =—1. The initial
point is A(=2, -2, —1).

One possibility is u = v, then the initial point
(x, y, z) satisfies
B-x0-y,-5-2=(4,-2,-1), so that
x=-1,y=2,and z =—-4.

One possibility is (-1, 2, —4).

One possibility is u = —v, then the initial
point (x, y, z) satisfies
B-x,0-y,-5-2)=(-4,2, 1), so that
x=T7,y=-2,and z =—6.

One possibility is (7, =2, —6).

u+w= (4 —1)+(=3,-3)= (1, -4)
v-3u=(0,5) —(12,-3)= (=12, 8)

2(u—-5w) =2((4, =) —(-15, —-15))
=2(19, 14)
=(38, 28)

3v—2(u+2w)

=(0,15)-2((4, = 1)+ (-6, —6))
=(0,15)-2(-2,-7)
=(0,15)+(4, 14)

=(4,29)

—3(w-2u+vVv)
=-3((-3,-3)-(8, —=2)+ (0, 5))
=-3(-11 4)

=(33,-12)

(—2u—v) = 5(v + 3w)
=((=8,2)—=(0,5)) = 5((0, 5) + (-9, -9))
=(-8,-3)-5(9,-4)

= (-8, =3) + (45, 20)

=(37,17)

v-w=(4,7,-3,2)—(5 -2,8,1)
=(=1,9,-1L 1)

2u+7v=(-6, 4, 2, 0)+(28, 49, —-21, 14)
=(22, 53, -19, 14)
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17.

19.

(0

(d)

(e)

®

(a)

(b)

()]

(d)

(e)

®

(a)

(b)

—u+ (v—4w) = (3, -2, -1, 0) + ((4, 7, =3, 2) — (20, -8, 32, 4))
=(3,-2,-1,0) + (=16, 15, -35, -2)

= (~13, 13, -36, -2)

6(u—-3v)=6((-3,2,1,0)-(12, 21, -9, 6))
=6(-15, -19, 10, —6)
=(-90, —114, 60, —36)

—-V—w =(_4s _75 39 _2)_(57 _25 85 1)
=(_95 _55 _55 _3)

(6v—w)—(4u+v)=((24,42,-18,12) - (5,-2,8, 1)) = ((-12,8,4,0) + (4,7, -3, 2))
=(19,44,-26,11)-(-8,15,1,2)

= (27,29, -27,9)

W_u:(_47 2’ _37 _57 2)_(57 _17 07 37 _3)
:(_9’ 37 _37 _87 5)

2v+3u=(-2,-2,14,4,0)+(15,-3,0,9, -9)
=(13, -5, 14,13, -9)

-w+3(v-uw)=4,-2,3,5,-2)+3((-1,-1,7,2,0) - (5,-1, 0, 3, =3))
= (47 _27 3’ 5’ _2) + 3(_67 07 77 _17 3)
= (45 _25 35 53 _2) + (_187 0, 21, _3, 9)

=(-14,-2,24,2,7)

5(-v+4u-w)=5(1,1,-7,-2,0)+ (20, 4,0, 12, -12) — (-4, 2, -3, -5, 2))

=5(25,-5,-4, 15, -14)
= (125, =25, -20, 75, =70)

Section 3.1

23w+ v)+Qu+w)=-2((-12, 6, -9, =15, 6)+ (-1, -1, 7, 2, 0)) +((10, =2, 0, 6, =6) + (-4, 2, =3, =5, 2))

=-2(-13,5, -2, —13, 6)+(6, 0,

_35 17 _4)

=(26, —10, 4, 26, —=12)+(6, 0, =3, 1, —4)

=(32,-10, 1, 27, —-16)

%(W—5V+2u)+V 2%((—4, 2,-3,-5,2)—(-5,-5,35,10,0)+(10,-2,0,6, —6)) + (-1, -1, 7, 2, 0)

1

=E(1L 5,-38,-9, -4 +(-1,-1,7,2,0)

=[5, 2 10,-2, —2j+<—1, 17,20

22 2
= 25 Es _129 _25 _2
22

v-w=(4,0,-8,1,2)-(6,-1,—-4,3, -5
= (_29 15 _45 _29 7)

6u+2v=(-18, 6,12, 24, 24)+(8, 0, —16, 2, 4)
=(-10, 6, —4, 26, 28)
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(© (Cu-7w)—@v+u)=((-6, 2, 4,8,8)—(42, -7, -28, 21, -35))—-((32, 0, - 64, 8,16) + (-3, 1, 2, 4, 4))
=(-48, 9, 32, —13, 43)—(29, 1, —62, 12, 20)
=(-77, 8, 94, - 25, 23)

21. Let x=(x), x5, X3, X4, X5).
2u-v+x=(-6,2,4,88)—(4,0,-8 1, 2) +(x, xp, X3, X4, X5)
=(=10+x;, 2+ x5, 124+ x5, T+ x4, 6+ x5)
Ix+w=Tx), Txy, Tx3, Tx4, Tx5)+(6, =1, -4, 3, =5)
=(Tx+6, Txy =1, Tx3—4, Tx4 +3, Tx5 —95)

Equate components.

—10+x1 =7x1+6:x1 :_g

2+XZ :7X2_12XQ :%
8
12+X3 :7X3_42X3 :g
2
7+)C4 =7.X4+3:>)C4 =§
11
6+.X'5 :7X5—52X5 :E

<=(_8 18211
37273376

23. (a) There is no scalar k such that ku is the given vector, so the given vector is not parallel to u.

(b) 2u=(4,-2,0,-6,-10,-2)
The given vector is parallel to u.

(¢) The given vector is 0, which is parallel to all vectors.

25. au+bv=(a, —a, 3a, Sa)+(2b, b, 0, —3b)
=(a+2b,—a+b, 3a, 5a—3b)

= (17 _4’ 9’ 18)
Equating the third components give 3a = 9 or a = 3. Equating any other components gives b = —1. The scalars are
a=3,b=-1.
27. Equating components gives the following system of equations.
Cl + 3C2 =-1
- +2¢) +c3=1
Cy + 4C3 =19
1 3 0 -1 1 00 2
The reduced row echelon formof | -1 2 1 1]|is{0 1 0 -—1/.
014 19 0 0 1

The scalars are ¢; =2, ¢, =—1, ¢5=3.
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29. Equating components gives the following system

of equations.
_Cl +2C2 +7C3 +6C4 = 0
3C1 + C3 + 3C4 = 5

2¢;+4cy +c3 +cy =6
—C2 + 4C3 + 2C4 = —3
The reduced row echelon form of

-1 27 6 0 1 000 1
3013 5 i 0100 1
2 4 11 6 00 1 0 -1y
0 -1 4 2 3 0001 1

The scalars are ¢; =1, ¢, =1, ¢5=-1, ¢4 =1.

31. Equating components gives the following system
of equations.
—2¢; =3¢y +c3=0
9¢)+2¢5 +Tc3 =5
6c; +cy+5c3=4

The reduced row echelon form of

-2 -3 10 10 10
9 2 7 5|is|{0 1 -1 0O}
6 1 5 4 00 01

From the bottom row, the system has no
solution, so no such scalars exist.
1 =2 1
33. (a) EPQ =5(7 -2,-4-3,1-(=2))

1
=—(5.-7.3
2( )

U .
Locating EPQ with its initial point at P

gives the midpoint.
2+§,3+ I ,—2+g = 2,—1,—1
2 2 2 2 2 2

33 15 219
b) 2PQ=2(5-73)=|=, -, 2
(b) PO = ) [4 ; 4j

L3 .
Locating ZPQ with its initial point at P

gives the desired point.

2+E,3+ _A ,—2+2
4 4 4

_(28 %1
4° 474

Section 3.2

True/False 3.1

(a) False; vector equivalence is determined solely by
length and direction, not location.

(b) False; (a, b) is a vector in 2-space, while (a, b, 0)
is a vector in 3-space. Alternatively, equivalent
vectors must have the same number of
components.

(c) False; v and kv are parallel for all values of k.

(d) True; apply Theorem 3.1.1 parts (a), (b), and (a)
again: v+(u+w)=v+(w+u)
=(v+w)+u
=(w+v)+u.

(e) True; the vector —u can be added to both sides of
the equation.

(f) False; a and b must be nonzero scalars for the
statement to be true.

(g) False; the vectors v and —v have the same length
and can be placed to be collinear, but are not
equal.

(h) True; vector addition is defined component-wise.

(i) False; (k+m)(u+v)=(k+mu+ (k+m)v.
() True; x= %(SV +4w)

(k) False; for example, if v, =—v; then
a;vy+ay v, =bvy +b,v, aslong as

Section 3.2

Exercise Set 3.2

L (@ |v|=y4*+(3?%=y25=5

u = A l(4, -3)= (i —ij has the
V| 5 575
same direction as v.

v 1 4 3
u, __M_ _5(4, -3) _[—g, g) has the

direction opposite v.
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) [v]=v2?+22+2% =J12=243
1

==
N

11
BBAB
oV
M

-1 222

23

has the direction opposite v.

© [v]=V2+0>+22+12+3% =5

u = \4

=Y
¥l
_ L

N
_[1 0 2 1 3j
JisT 515

has the same direction as v.

1,0,2,1,3)

- \4
eV
¥l

L

V15
_(_1 0_ 2 1 _3]
UVIsTT IsT VIsT s

has the direction opposite v.

(17 05 25 15 3)

3. @ |u+v|=[@ -2.3)+01,-3,4)
=[.-5.7)]
=32 +(=52+7%
= V83

®) [uf+]v]
=|2 -2 3)]+]a. -3, 4)]
=22 4 (22 432 112 1 (=3)2 + 42
=17 +26
(© [-2u+2v|=|(—4. 4. -6)+(2. -6,8)|
=|2.-2.2)
— (22 +(-2)2 422
=12
=23

66
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(d) [Bu-5v+w|
=6, -6,9)—(5, -15, 20)+(3, 6, - 4)|
=4, 15, -15)|

= /4% +15% +(~15)

= /466
@) [Bu-5v+w|=](-6,-3,12,15-(15,5,-25,35)+(-6,2, 1, 1)
=[(=27. -6, 38, -19)|
— (2702 +(=6)% +382 +(~19)2

=+/2570

®) o]l = 6. =3 12,15 5], 1 -5, D 6. 2 1]

62 (=32 1122 4152 =532 + 12 +(=5)2 + 72 44/(=6)2 + 22 + 12 + 12

=414 —5/84 +42
=346 10821 ++/42

© [Hulv]=|2P s e 6 -s0)
=|-va63.1. -5.7)
= «/%\/32 +12 +(-5) +7°
=J46/84
=24/966
EIEETT
= |k|\/(—2)2 +324+0+6°

=|k|/49
=7k|
7|k|=5 if |k|=§, so k=2 or k=—2.
7 7 7

@ u-v=3)2)+(MH2)+ (-4 =-8
wu=|uf’ =32 +12+4% =26
vov=|v[f =22 +22 (4% = 24

(b) u-v=DQ2)+M(=2)+(DH(3)+(6)(-2)

—0
wu=|uf’ =12 +12+4% 16> =54

veov=|v =22+ (2 +32 +(-2)% =21

67
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11. (@) d(u, v)=|u—v]|

—JB-1?+(3-07 +3-4)
=422 +3% +(=1)?
=14

(b) d(u, v)=|u-v|
0= (32 +(-2-22 +(-1- 42 +(1-4)?
3 442+ (=) +(-3)?
=59

(¢) du,v)= ||u - V||
= \/(3 —(=4)? + (3= +(=2=(=1)> +(0=5)2 +(=3-0)> + (13 = (=11))* +(5-4)°
72 (42 1 ()2 4(=5)2 +(=3)2 4242 412
=677

13. (a) cos@=
¥ ||||V||

_ BD+BO)+(3)4)
V32 +32 13212 402 +42

RGN

Since cos @is positive, @is acute.

(b) cosé =
||“||||V||

0)(=3)+(=2)2)+ (=D +1)(4)
J02 (22 + (12 +12(3)2 +22 +42 4 42
-4

N
4
~ Jov4s

Since cos @is negative, @is obtuse.

(c) cos@=

[V ||||V||
B + (3D +(=2)(=D +(0)(5) +(=3)(0) + A3)(-1 D) + (5)(4)
S22 4 (22 402 (32 +132 452 (4 + 12 4 (<)% +52 4 0% + (- 11)% +42
~136
V2254180
136

2254180

Since cos @is negative, fis obtuse.
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15. The angle @between the vectors is 30°.

NG

a-b= ||a||||b||cos€ =9-5c0s30° = 457
17. (a) u- (v - w) does not make sense because
v - W is a scalar.

(b) u - (v+ w) makes sense.

(c) ||u . V|| does not make sense because u - v is

a scalar.

d (@u-v) —||u|| makes sense since both u - v

and ||u|| are scalars.

(-4,-3)  (4,-3)

[4 =3 a2 +<3)2
_(4-3)

19. (a)

a,7 a7 _@7

1 7
||(1 D J2e2 V50 (5\/5’5\6}

(3.243) (3243

[=.243)] \/(—3)2 +22+(\3)
(-3.2.453)

=)

()]

(1,2,3,4,5)
la. 2,3, 4,5
(4,2,3,4,5)

J2 422432 442+ 52
_(1,2,3,4,5)

J55
_[1 2 3 4 5]

21. Divide v by ||v|| to get a unit vector that has the

(d)

same direction as v, then multiply by m: m—:

Section 3.2

23. (a) cos@=

||u||||V||

_ QO+

V22 43252 4 (<7)?
11

NEN

11

V962

(b) cos@=
ulv |||| I

__ OB+ (2)0)
J6)2 +(2)242 10
24

J404/16
__4
810
3

V10

(¢) cosf=
[TIK] |||| I

DB+ (53 +(H(3)
JI2+(5)2 42432 432 432

(d) cosf=
||u||||V||

(D +2)(7)+B)(=4)

BB EEIN EEvne
0
V1766
=0
25. (@) |u-v|=|3)4)+2)(-D|=10

Jufv] =32 + 2242 +(-1)?
V13317

=14.866
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) [u-v]= |32+ DD +©O)3)| =|-7] =7

V] = V32 + 12 40222 4 ()% +32
=J1oVi4
~11.832
(© [u-v|=[O)D)+@)D)+@)MDH+DD| =5
Jul¥]
N2 422422 1 2R 412 412 412

_ i
=6

27. Itis a sphere of radius 1 centered at
(X(), Yo Zo)-

True/False 3.2
(a) True; ||2V|| = 2||V||
(b) True

(c¢) False; ||0||:O.

(d) True; the vectors are v and —L.
IV IV

r 1 uv
(e) True; cos==—=—"1—_.
32 Juliv

(f) False; (u - v) + w does not make sense because
u - visascalar. u - (v + w) is a meaningful
expression.

(g) False; for example, ifu=(1, 1), v=(-1, 1), and
w=(1l,-1),thenu-v=u-w=0.

(h) False;letu=(1,1)andv=(-1, 1), then
u-v=_(1)-1)+ (1)(1)=0. u - v=0 indicates
that the angle between u and v is 90°.

(1) True;if w=(uy, uy) and v=(v;, v,) then

Uy, Uy >0 and Vi, Vo <0 so vy, Uprvy <0,
hence v +u,vy <0.

(j) True; use the triangle inequality twice.
||u +v+ w|| = ||(u +v)+ w|| < ||u + V|| + ||w||

o+ v+ o < o+ ]+ o]
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Section 3.3
Exercise Set 3.3

1. @) u-v=(06)2)+(1)O0)+@(-3)=0,s0u
and v are orthogonal.

M) u-v=O)D)+O)D+DH(A)=-120,s0
u and v are not orthogonal.

€ u-v=(-6)3)+O)(1)+4)6)=6%0,50u
and v are not orthogonal.

@) u-v=(2)5)+HA) + (=8)(7) =-34#0,
so u and v are not orthogonal.

vV, =(2)3)+(3)(2)=12#0
The vectors do not form an orthogonal set.

(b) vi-vy=C=DDH+MD=0
The vectors form an orthogonal set.

(© vV =(=2)DH+MO)+M(2)=0
V- V3 =(=2)(2)+ ) +MM =0
V2 V3 = (D=2 +(O0)(=5)+ (2D =0
The vectors form an orthogonal set.

@) vV, =(3)D+HQ)+(-D(G) =0
vy V3 =(=3)(4) +(H(=3)+(=1)(0) =24
Since v; - v3 # 0, the vectors do not form an
orthogonal set.

5. Let x=(x, X, x3).
u-x = (1)(x) +(0)(xp) +(D(x3) = X1 +x3
v-x=(0)(x) + (D (xp) +(D(x3) = xp +x3
Thus x; = x, =—x3. One vector orthogonal to

bothuandvisx=(1,1,-1).
X 10,1,-1

H B V2412 +(=1)?

_(,1,-1)

NE
1 1 1

The possible vectors are i(—, —, ——].
3 43 3
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7.

11.

13.

15.

17.

N
AB=(2-1,0-1L,3-D=(-3,-1,2)
B??=(—3—(—2), -1-0,1-3)=(-1, -1, -2)
CZZ 1-(3),1-(-D,1-)=(4, 2,0)

- -
AB -BC =(-3)(-D)+(-D(-D+(2)(-2)=0

- - - -
Since AB-BC =0, AB and BC are orthogonal

and the points form the vertices of a right
triangle.

2=+ 1y -3)+(-D-(=2))=0
2x+1D)+@-3)-(z+2)=0

0x=2)+0(y-0)+2(z-0)=0
2z=0
Anormalto4x—y+2z=5is n; =(4, -1, 2).
Anormal to 7x — 3y +4z=8is n, =(7, =3, 4).
Since n; and n, are not parallel, the planes are
not parallel.
2y=8x—4z+5=8x—-2y—-4z=-5
A normal to the plane is n; = (8, -2, —4).

1

x——z+l :x—l —lz—O
PR TR

A normal to the plane is n, = (l, —i, —%j

Since n; =8n,, the planes are parallel.

Anormalto3x—y+z—-4=0isn; =3, -1 1)
and anormal tox +2z=-11is ny, =(1, 0, 2).
n;-ny =)D +EDO)+1)(2) =5

Since n; and n, are not orthogonal, the planes
are not perpendicular.
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19.

21.

23.

Section 3.3

@ [projau]=|=>-a
Ja]

_u-al

=
Ja]

_[wa]

Ja]

_ O +(2)-3)
Ve -3?

o]

o
(b) ||Pf0Ja“||=W

_|®@+03) +@)3)|

V22 432 432
18

V2

u-a=(06)3)+2)(-9)=0
The vector component of u along a is

projyu =-5a= %(3, ~9)=(0, 0).
[a]” a]

The vector component of u orthogonal to a is
u—proj,u = (6, 2) —(0, 0) = (6, 2).

u-a=(3)(1)+ 1)0)+(7(5)=-32
Ja* =12 +0? +5% =26
The vector component of u along a is

. _u-a
proju = ——-a

o]

=32
=—(1,0,5
26( )

(16, 0
13 13

The vector component of u orthogonal to a is
16 80
u-projyju=G3,1,-7—-| -—,0, ——
=17 18,0, -2)

_(55 1
1377 13)
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25. uw-a=(H)O)+(DHQ)+ ()1 =1
Jal* = 0% +2% + (=% =5
The vector component of u along a is

proj,u = u—ga
a]

1
=—(0, 2, -1
5( )

(0.2-1)
5 5

The vector component of u orthogonal to a is

u—proju =1, 1, 1)—(0, % —1]

5
_ (1, 3, 9)_
55
27. u-a= Q@) + ()4 + (D) + 2)(-2) =2
Jal* = 4% +(—4)% +22 +(-2)2 = 40

The vector component of u along a is

proj,u = u—ga
o]

2
==(4,-4,2,-2
20" %

(1 11 1
_(E’ 57107 _BJ'
The vector component of u orthogonal to a is
u-—proju=(2,1,1, 2)—(%, —é, %, —%j
(965 2
_(5’ 5710 10)'

D |ax0 + by, +c|

\/(12 +b?

a3 +3m+4

|Vﬂ+¥
-5

V25
1

29.

SSM: Elementary Linear Algebra

31. Thelineis4x+y—-2=0.
D |ax0 +by, +c|
_Be+0-5)-2)

V42 +1?
1

17

33. The planeisx+2y—2z—-4=0.
axy +byy+czg+d
D:| 0 *0Yo 0 |

\/a2+b2+cz

_ |(D3) +2(1)-2(-2)-4|

V12 +2% +(=2)?

3

wlmkl
©

35. The planeis 2x+ 3y —4z—-1=0.
axy +byy +czp+d
D:| 0 0o 0 |

\/(12 + b2 + c2
e=n+3@2)-40) -]
J22 432 1 (—4)?
=
J29
1
J29

37. Apointon2x—y—z=5is F(0, -5, 0). The
distance between F) and the plane
—4x+2y+2z=121s
b |-4(0) +2(=5) +2(0) - 12|

V(=42 422 422

39. Note that the equation of the second plane is —2
times the equation of the first plane, so the
planes coincide. The distance between the planes
is 0.
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41.

(a) «ais the angle between v and i, so

cCosx = V—i
¥/l
_ (@@ +b)0)+(c)(0)
[v]-1
= i
¥l

(b) Similar to part (a), cos S = "b—" and
v

c
COSY =

VI

b ¢
(© —= (i, —, —j = (cos«, cos f3, cosy)
IV UV IV I

. v . . . . .
(d) Since :— is a unit vector, its magnitude is
IV
1, so \/c052 o +cos? ﬂ+cos2 y=1 or

COS2

a+cos® f+cos® y=1.

43. v- (klwl + k2W2) =V (klwl) +v: (k2W2)
=k (v-w)+ky(v-wy)
=k (0)+ &, (0)
=0
True/False 3.3
(a) True; the zero vector is orthogonal to all vectors.

(b)
()

(d)
(e)

®

(2

True; (ku) - (mv) = km(u - v) = km(0) = 0.

True; the orthogonal projection of u on a has the
same direction as a while the vector component
of u orthogonal to a is orthogonal
(perpendicular) to a.

True; since proj,u has the same direction as b.

True; if v has the same direction as a, then
proj,v=v.

False; fora=(1,0),u= (1, 10)and v= (1, 7),
proj,u = proj, v.

False; ||u + V" < ||u|| + ||V||
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Section 3.4

Exercise Set 3.4

1.

11.

13.

15.

The vector equation is X = X +7v.

(x,y) = (=4, 1) + 10, =8)

Equating components gives the parametric
equations.

x=—4,y=1-8t

Since the given point is the origin, the vector
equation is X = ¢v.

(X, y,2)=1-3,0,1)

Equating components gives the parametric
equations.

x=-3t,y=0,z=t

For # = 0, the point is (3, —6). The coefficients of
t give the parallel vector (=5, —1).

For 7 = 0, the point is (4, 6).
x=(4—-4t,6 61 + (-2t,0) = (4 — 61, 6 — 61)
The coefficients of ¢ give the parallel vector
(=6, —6).

The vector equation is X =X, +# V| +1,V,.
(x7 Y, Z) = (_37 17 0) +t1 (07 _3’ 6) +t2(_57 1’ 2)

Equating components gives the parametric
equations.
x=-3-5t,, y=1=-3t+1,, z=64+2t,

The vector equation is X =X, +# V| +1, V5.
(x7 Y, Z) = (_la 17 4)+t1(67 _17 0)+t2(_17 3’ 1)

Equating components gives the parametric
equations.
x==1+6t—t,, y=1-1+3t,, z=4+1,

One vector orthogonal to v is w = (3, 2). Using
w, the vector equation is (x, y) = #(3, 2) and the
parametric equations are x = 3¢, y = 2¢.

Two possible vectors that are orthogonal to v are
v;=(0,1,0) and v, =(5, 0, 4). Using v; and
v,, the vector equation is

(x, y, 2)=1(0,1, 0)+1,(5, 0, 4) and the
parametric equations are x =5t,, y =1,

Z =4lz.
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17.

19.

21.

23.

1 110 1 110
The augmented matrix of the systemis |2 2 2 0| which has reduced row echelon form {0 0 0 O0].
3330 00 0 O
The solution of the systemis x; =—r—s, X, =7, X3 =S5, or X =(-r—s, 1, §) in vector form.
1 1 1
Since the row vectors of | 2 2 2| are all multiples of (1, 1, 1), only r; needs to be considered.
3 3 3

r-x=0,1LD-(-r—s,r,s)
=1(=r—=s5)+1(r)+1(s)
=0

The augmented matrix of the system is E _; _i § _21 g
1 0 - 0
[0 1 0]'

8

. . 3 2 1 3
The solution of the system is x; =7r—7s—71, Xy =——r+—s+7t, X3 =7, X4 =8, X5=t, Or

} which has reduced row echelon form

1

\O

=0 3w
9=
=W oo

3 19 8 2 1 3 .
X=|—r——s——t,——r+—s+—t, r, s, t | in vector form.
7 7 7 7 7 17

For this system, r; =(1,5,1,2, -1 and r, =(1, -2, -1, 3, 2).

r-x =1(§r—2s—§tj+5[—%r+%s +%t]+l(r)+2(s)—l(t)

77 1
3 19 &8 10 5 15
=—r——s§——t——r+=s+—t+r+2s—t
7T 7 1 1 7
=0
319 8 2 1 '3
N X=1l —r——s——t|-2| —=r+=—s+—=t |-1(r)+3(s) + 2(¢
2 (777j(777j() (5)+2(0)
3 19 8 4 2 6
=—r——s§——t+—r——s——t—r+3s+2t
7 7 1 1
=0

(a) A particular solutionof x + y+z=11is (1, 0, 0).
The general solutionof x+y+z=0isx=—s—1t,y=s,z=1, which is s(-1, 1, 0) + #(—1, 0, 1) in vector form.
The equation can be represented by (1, 0, 0) + s(—1, 1, 0) + #(—1, 0, 1).

(b) Geometrically, the form of the equation indicates that it is a plane in R, passing through the point P(1, 0, 0)
and parallel to the vectors (—1, 1, 0) and (-1, 0, 1).

(@) Ifx=(x,y,z) is orthogonaltoaand b,thena-x=x+y+z=0andb -x=-2x+3y=0.
The systemis x +y+z=0.
—2x+3y =0

11 10]. (|10
(b) The reduced row echelon form of is 0 1

2 30 0 ] so the solution will require one

o »ijw

parameter. Since only one parameter is required, the solution space is a line through the origin in R’
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(¢) From part (b), the solution of the system is Xy =5, x3=t, x4, =0 and a particular solution
2
xX= _gl’ y= _gt’ =t or of the nonhomogeneous system is x; = %,
2 . - — _
X = (—%t, —gt, t) in vector form. Here, =0, x3=0, x4 =1L
rp=(11 and r, =(-2, 3, 0). True/False 3.4
N X= 1(_3;] + 1(_g;j +1(H)=0 (a) True; the vector equation is then x =xj +1v
> > where X, is the given point and v is the given
3 2
) X=-2 —gt +3 —gt +0(t)=0 vector.
(b) False; two non collinear vectors that are parallel
25. (a) The reduced row echelon form of to the plane are needed.
_ 12 -Lo
3.2 -10 ] 3 3 (¢) True; the equation of the line is x = tv where v is
6 4 -2 0jis|0 0 0 0} any nonzero vector on the line.
-3 =2 10 00 0O

(d) True; if b = 0, then the statement is true by
Theorem 3.4.3. If b # 0, so that there is a
X = _Es+lt’ Xy =8, x3=1. nonzero entry, say b; of b, and if x is a

The solution of the system is

solution vector of the system, then by matrix

. . multiplication, r; -X, =b; where r: is the ith
(b) Since the second and third rows of P £00 TN !
row vector of A.

32 -1 2
6 4 -2 4 arescalar multiples of (e) TFalse; a particular solution of Ax = b must be
-3 =2 1 2 used to obtain the general solution of Ax =b
the first, it suffices to show that x; =1, from the general solution of Ax = 0.
% =0, x3 =1 is asolution of (f) True; A(X;—X,)=Ax;—AX, =b-b=0.
3x1 +2X2 _.X3 =2.
3()+20)-1=3-1=2. Section 3.5
(¢) In vector form, add (1, 0, 1) to Exercise Set 3.5
[‘%S‘F%t’ 55 t) to get 1. (@ vxw=(0,2-3)x(2,6,7)
20! e 3 36 4
x=l-Ss+-1,x =5, x3=1+1. 6 7 12 712 6
303 = (14+18, —(0+6), 0—4)
=(32,-6,-4)

27. The reduced row echelon form of

3 41 2 3] |134014 (b) ux(vxw)

6 8 2 5 7lis|0 0 0 1 1} =(3,2,-1)x(32,-6,-4)

9 12 3 10 13 00 0O00O0 (‘2_6“3_1“3 QD

A general solution of the system is —L4 P2 42 -6
L4 =(—8-6, —(-12+32), —-18-64)

q=3738573h =8 B xg =1 =(-14, 20, —82)

From the general solution of the
nonhomogeneous system, a general solution of

. 1
the homogeneous system is x; = ——s——1,

3
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11.

(¢) uxv=(3,2,-)x(0,2,-3)
2 -1 3 -1 13 2
(& 26 36 2
=(-6+2,—(-9-0), 6-0)
=(-4,9,6)
(uxXv)xw

= (-4, 9, 6)><(2 6,7)

s 3 30 )

= (63— 36,—( —28-12), —24—-18)
= (27, 40, —42)

u X v is orthogonal to both u and v.
uxv=(-6,4,2)x(3,15)

(4 2 —6 2 —6 4
1 s
=(20—2,—(—30 6),—6 12)
=(18, 36, —18)

u X v is orthogonal to both u and v.
uxv=(-2175x@3,0, -3)

1 5 |2 5|2 1

=313 =33 0
-0, —(6-15),0-3)
,9,-3)

Il
™
o

uXV:(L _17 Z)X(O’ 37 1)

(2 2 a1
3 1o 1o 3
=(-1-6, —(1-0), 3-0)
=(-7,-1,3)

Jusc v =72 + (1% +32 =459
The area is @

uxy= (27 37 O)X(_L 27 _2)

(I3 0o |2 o2 3
2 o2l 1 =21 2
=(-6-0,—(-4-0), 4+3)
=(-6,4,7)

Jux v =y (=6)* +42 +7% =101

The area is «/101.

- -
BP, =(3,2) and PP, =(-3, —2) so the side
determined by A and P, is parallel to the side
determined by P; and P, but the direction is

opposite, thus AP, and AP, are adjacent sides.

13.

15.

17.

SSM: Elementary Linear Algebra

>
AP, =31

The parallelogram can be considered in R’ as
being determined by u = (3, 2, 0) and
v=(3,1,0).

uv=(l2 O B op 2
“r o3 oot
=(0,0,-3)

Juxv]|=y0? +0% +(-3)* =

The area is 3.

- -
AB=(1,4) and AC =(-3, 2)

The triangle can be considered in R® as being
half of the parallelogram formed by u = (1, 4, 0)
and v = (-3, 2, 0).

w4 O [ Lo |14
2 o 3 o3 2

=(0.0,14)
Juxv]|=v0? +0% +14% =14

The area of the triangle is %"ux V|| =17.

%
Let u= AP, =(-1,-5,2) and
%
v=PRP=(2,0,3).

vl 2 2 s
o 3232 o

=(-15, 7, 10)

Juxv]|=+(-152+7% +10% =374

The area of the triangle is %"ux V|| = %
2 6 2
u-(VXW)= 4 2
2 2 4
4 2 -6 2
= 2‘2 4 +2 _2‘
=2(-12)+2(4)
=-16

The volume of the parallelepiped is |—16| =16.
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19.

21.

23.

25.

27. (a)

-1 2 1
u-(vxw)=3 0 =2
54 0
30 -1 -2
5 s
=-124+2(14)
=16
The vectors do not lie in the same plane.

-2 0
u-(vxw)=| 1 -
-5 -1
31 1 —3‘

ISV}

6
1
1

+6

-1 1775 -1
~2(=2)+6(~16)
=-92

_2‘

a 0
u-(vxw)=|0 b
00

Since u - (v X w) = 3, then
WUy Uz

det| vi vy, v3|=3.
Wi Wy Wi

up up Uz
(@) u-(wxv)=det|w, w, w;|=-3
i V203
(Rows 2 and 3 were interchanged.)

(b) (vXw)-u=u-(vxw)=3

w Wy W3
() w-(uxv)=det| u; u,
Vi V2 V3

I/t3 =3

(Rows 2 and 3 were interchanged, then rows

1 and 2 were interchanged.)

N
Let u=AB=(-1, 2, 2) and

R
v=AC=(,1,-1).

uxv_z 2l -1 2[ -1 2
B | S | A O O |

= (4,1,-3)
Juxv] = (=42 +12 +(=3)% =26

The area of the triangle is %"ux v|| =

77

29.

37.

Section 3.5

o Jl-do s

Let x be the length of the altitude from

vertex C to side AB, then
L2
27 1aBl=

26 %
e
AB

(u+v)x(a-v)
=(u+v)Xu—(u+v)Xv
=uxuw)+(vxu)—((@xv)+(vxv))
=0+(vxu)—(uxv)—0
=(vxu)+(vxu)

=2(vXu)

N
(a) a=P0=@3,-1,-3)

N
b=PR=(2,-1,1)
-

c=PS=(4,-43)

3 -1 3
a-(bxe)=2 -1 1

4 -4 3
-1 1 .2 1
-4 3 4 3
=3(D)+1(2)—-3(-4)
=17

=3‘ +1

5

The volume is é|a . (bxc)| = %

N
(b) a=P0=(1,2,-1

N
b=PR=(3,4,0)
-
c=PS=(-1,-3,4
1 2 -1
a-(bxe)=|3 4 0
-1 -3 4
3 4
-1 -3
=—(-5)+4(-2)
=-3

=—1‘ +4

1 2
3 4

The volume is é|a -(bxc)| = % =

2
4

1
1

-1
-4
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True/False 3.5

(a)

(b)

()

(d)
(e)

®

True; for nonzero vectors u and v,
[ux vl =[ull|v]sin € will only be 0 if 8= 0, i.e.,
if u and v are parallel.

True; the cross product of two nonzero and non
collinear vectors will be perpendicular to both
vectors, hence normal to the plane containing the
vectors.

False; the scalar triple product is a scalar, not a
vector.

True

False; for example
ixi)xj=0xj=0
ix@ixj)=ixk=—j

False; for example, if v and w are distinct
vectors that are both parallel to u, then
uxv=uxw=0,butv=w.

Chapter 3 Supplementary Exercises

1.

(@) 3v—2u=(9, -3,18)— (-4, 0, 8)
=(13, -3, 10)

®) fu+v+wl
=[(-2+3+2,0-1-5,4+6-5)|
=|3. -6, 5)

= 3% +(=6)% +5°
=70

(¢) The distance between —3u and v + 5w is
[-3u—(v+5w)] =[-3u-v—5wll.
[~3u—v—5w]
=6, 0, —=12)— (3, -1, 6)— (10, — 25, —25)|
=<7, 26, 7)||

= (=7 +26% +7°

=774

78
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(d) u-w=(=2)2)+ (0)(=5) + (4)(-5) =24
Iwl? =22 +(=5)2 +(=5)> =54

proj,u = w—zw
lIwl

24
=—=(,-5-5
5 )

12
=—(2,-5-5
27( )

-2 0 4
() u-(vxw)=[3 -1 6

2 -5 -5
-1 6
-5 =5
—2(35) +4(-13)
=-122

+4

)
‘ 2 -5

3 —1‘

() —5v+w=(-155-30)+(2, -5, -5)
= (13, 0, -35)

(u-v)w

=((=2B3)+O)(=D +(4)(6))(2, =5, =5)

=18(2, -5, -5)

= (36, =90, —90)

(=5Sv+w)X(u-v)w

(] 0 =33 |-13 35 |-13 0

‘(‘—90 -90|’ "‘ 36 —90H 36 —9OD
= (-3150, —2430, 1170)

3. (a) 3v-2u=(-90,24,0)—(-4,12, 4, 2)

=(-5, —12, 20, —2)

) Ju+v+wl
=[[(-2-3+9,6+0+1,2+8-6,1+0-6)|

=[l4.7. 4 -3
= \/42 +7° +42 +(—5)2
=+/106
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(c) The distance between —3u and v + 5w is ||—3u —(v +5w)|| =[-3u-v-5w|-
|-3u—v—5w| =6 —18,—-6,-3)—(-3, 0, 8, 0)— (45, 5, —30, —30)
=|(=36, - 23, 16, 27)|
= J(36)2 +(-23) +16% + 272
=/2810

(d) u-w=(=2)9)+(6)D)+(2)(=6) +(1)(-6)
=30

Iwl? =92 +12 +(=6)% +(=6)> =154

proj,,u = u~_2W
Iwl
=30
=——(@,1,-6,-6
154 ) )

15
=-—0.1,-6,-6
77( )

=(-32,-1,19),v=3,-1,5),w=(1,6,2)
v=(=32)3)+ (=D(=1)+(19)5) =0

u-w=_32)(D) +(=1)(6)+(192)=0

v-w=0)D)+ Do)+ (5)2) =7

Since v - w # 0, the vectors do not form an orthogonal set.

u
u

7. (a) The set of all such vectors is the line through the origin which is perpendicular to the given vector.

(b) The set of all such vectors is the plane through the origin which is perpendicular to the given vector.

(¢) The only vector in R? that can be orthogonal to two non collinear vectors is 0; the set is {0}, the origin.

(d) The set of all such vectors is the line through the origin which is perpendicular to the plane containing the
two given vectors.

9. True; fu+v]? =@+v)-(u+v)
=u-ut+u-v+v-u+v-v
=l +u- v+ vout v

Thus, if Ju+ v]* =|lul® +|lv|?, u-v=v-u=0, souand v are orthogonal.

-

N
11. Let Sbe S(-1, 55, s3). Then u=PQ=(3,1,-2) and v=RS =(-6, s, —1, s3—1). wand v are parallel if
uxv=_0.

vl U 2] 3 2|3 1
- S2—1 S3—1, -6 S3—1’—6 S2—1

= (53— 1+ 2(s, 1), = (3(s3 ~1)=12), 3(s, 1) +6)
= (2S2 +S3 _3, _3S3 +15, 352 +3)

If u x v =0, then from the second and third components, s, =—1 and s3 =5, which also causes the first
component to be 0. The point is S(-1, -1, 5).
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- -
13. u=PQ=@(,1,-2), v=PR=(2, 2, -3)
u-v
(hallllv]
_ 32)+M(2)+(2)(-3)
21242222 122 1 (-3)?
14

TN

15. The planeis Sx —3y+z+4=0.
D_|5(—3)—3(1)+3+4| RS

J? 322 V35

_)
17. The plane will contain u=PQ =(1, -2, -2)

%
and v=PR=(5,-1,-5).
Using P(-2, 1, 3), the vector equation is

(x, ¥, 2)

=(-2,1,3)+10, -2, -2)+1,(5, -1, - 5).
Equating components gives the parametric
equations x =-2+# +5t,, y=1-2t; —t,,

19. The vector equation is (x, y) = (0, =3) + #(8, —1).

Equating components gives the parametric
equations x =8¢,y =-3 —t.

80
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. One point on the line is (0, —5). Since the slope

of the line is m = %, the vector (1, 3) is parallel

to the line. Using this point and vector gives the
vector equation (x, y) = (0, =5) + #(1, 3).
Equating components gives the parametric
equations x = ¢,y =—-5 + 3.

. From the vector equation, (-1, 5, 6) is a point on

the plane and (0, —1, 3) X (2, —1, 0) will be a
normal to the plane.
(07 _17 3)X(29 _17 0)

(1t 3 Jo 3o -1
oo T2 o2 -1
=(3,6,2)

A point-normal equation for the plane is
3x+ 1D +6(y—5)+2(z—-6)=0.

. Two vectors in the plane are

%
u=PQ=(-10,4, -1) and

_)
v=PR=(-9, 6, —6).

A normal to the plane is u X v.

uxcy <[4 Y 1o 1 10 4
6 -6 | 9 -6"| 9 6
= (-18, =51, —24)

Using point P(9, 0, 4), a point-normal equation
for the plane is —18(x — 9) — 51y —24(z—4) = 0.

. The equation represents a plane perpendicular to

the xy-plane which intersects the xy-plane along
the line Ax + By = 0.



Chapter 4

General Vector Spaces

Section 4.1
Exercise Set 4.1
1. (@) u+v=(-L2)+(@3, 4
=(-1+3,2+4)
=(2,6)

. The set is not a vector space. Axiom 8 fails to hold because (k +m)2 £k +m>.

3u=3(-1,2) =0, 6)

(b) The sum of any two real numbers is a real number. The product of two real numbers is a real number and 0 is
a real number.

(¢) Axioms 1-5 hold in V because they also hold in RZ.
(e) Let uw=(uy, uy) with u; #0. Then lu =1(uy, uy) =(0, uy) #u.
The set is a vector space with the given operations.

The set is not a vector space. Axiom 5 fails to hold because of the restriction that x > 0. Axiom 6 fails to hold for
k<O.

2

The set is a vector space with the given operations.

11. The set is a vector space with the given operations.

23. U+w=v+w Hypothesis
u+w)+(—w)=(v+w)+(—w) Add —w to both sides.
u+[w+(=w)]=v+[w+(—w)] Axiom 3

u+0=v+0 Axiom 5
u=yv Axiom 4

25. (1) Axiom 7
(2) Axiom 4
(3) Axiom 5
(4) Axiom 1
(5) Axiom 3
(6) Axiom 5
(7) Axiom 4

True/False 4.1

(a) False; vectors are not restricted to being directed line segments.

(b) False; vectors are not restricted to being n-tuples of real numbers.

(¢) True
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(d) False; if a vector space V had exactly two (d) This is a subspace of F;.
elements, one of them would necessarily be the
zero vector 0. Call the other vector u. Then
0+0=0,0+u=u,and u+ 0 =u. Since —u
must exist and —u # 0, then —u = u and

5. (a) This is a subspace of R”.

(b) This is not a subspace of R”, since for

. 1 .. 1
u + u = 0. Consider the scalar 3 Since Eu k# 1, kv is not in the set.
would be an element of V, %u =0 or %u =u If (¢) This is a subspace of R™.
lu =0, then (d) This is a subspace of R™.
7. Consider kju+k,v=(a, b, ¢). Thin
u=1u=(1+lju=lu+lu=0+0=0. ! 2v=(a 5,0
2 2 2 2 (Oky + ko, —2ky +3ky, 2k; —ky) =(a, b, c).
1 Equating components gives the system
If —u=u, then _
2 ky =a 0 1
1 1 1 1 —2k; +3ky =b orAx=Db where A=|-2 3],
u=1u=(5+§ju=5u+5u=u+u=0. 2%y —ky =c 2 -1
Either way we get u = 0 which contradicts our a
assumption that we had exactly two elements. X = [ kl }, and b=|b|.
2
c

(e) False; the zero vector would be 0 = 0 + Ox which

does not have degree exactly 1. The system can be solved simultaneously by

0 1(2]3]0]|0

Section 4.2 reducing the matrix | -2 3 (2| 1[4 (0],
2 -1]1215(5|0
Exercise Set 4.2 1 0l2141010
o 3 which reducesto |0 1|2 |3[0|0/|. The
1. (a) This is a subspace of R”. o ololol1lo
(b) This is not a subspace of R3 since results can be read from the reduced matrix.
(a1, 1, D) +(ay, 1, 1) =(a; +a,, 2, 2) which (@) (2,2,2)="2u+2vis alinear combination of

is not in the set. uandv.

(¢) This is a subspace of R3. (b) (3,1,5)=4u+ 3vis alinear combination of

uandv.
.. 3 .
(d) This is not a subspace of R”, since for k # 1 (¢) (0, 4, 5) is not a linear combination of u and
k(a+c+1)# ka+kc+1, sok(a, b, c) is not V.

in the set.
(d) (0, 0,0)=0u + Ov is a linear combination of

(e) This is a subspace of R uandyv.

9. Similar to the process in Exercise 7, determining
whether the given matrices are linear
combinations of A, B, and C can be
accomplished by reducing the matrix

4 1 0] 6|0]|6]|-1

3. (a) Thisis a subspace of ;.

(b) This is a subspace of F;.

(c) This is not a subspace of P since 0o -1 2/-=8lolo! s
k(ag + a;x+ax* +ayx’) is not in the set 2 2 1|-1|0|3]| 7|
for all noninteger values of k. -2 3 4]-8]0(8] 1
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11.

1 0 0 1{0|1]|0
. 0 1 0| 2(0(2]|0
The matrix reduces to 00 113lol1lol
0 0 0| 0]O0]0]1
(6 -8 L -
(a) 1 - =1A+2B-3C is a linear combination of A, B, and C.
[0 0 L I
(b) 0 olF 0A+0B+0C is alinear combination of A, B, and C.
6 0 . . .
(c) 33 =1A+2B+1C is alinear combination of A, B, and C.
(d) B 5} is not a linear combination of A, B, and C.

71

Let b=(b,, by, b3) be an arbitrary vector in R

(a)

(b)

(¢)

2 00

Since det| 2 0 1|=-6=0, the system is consistent for all values of b;, b,, and b; so the given vectors
2 3 1

span R

If klvl +k2V2 +k3V3 =b, then (2k1 +4k2 +8k3, _kl +k2 —k3, 3](1 +2k2 +8k3) = (bl’ bz, b3) or

2ky +dky +8ky = by
_kl +k2 —k3 =b2.
3k1 + 2k2 +8k3 = b3

2 4 8
Since det| -1 1 -1|=0, the system is not consistent for all values of b, b,, and b5 so the given vectors
3 2 8

do not span R

If kyvy +kyvy +kyv3+kyvy =D, then
(Bky +2ky +Sk3 +ky, ky —3ky — 2k +4ky, 4k +5ky +9ks3 —ky) = (b, by, b3) or
3ky +2ky +5ky +ky =Db
ky —3ky —2k5 +4ky =D, .
4ky +5ky +9k; —ky = Dby

302 5 1 p 1 -3 2 4 b
Reducing the matrix | 1 -3 -2 4 b, | leads to o1 1 - ﬁbl _1_31]72
4 5 9 -1 b Ty 7
3 00 0 O ot ths

The system has a solution only if —%bl +%b2 +b3 =0 or 17b; =7b, +11b5. This restriction means that the

span of v, v,, V3, and v, is not all of R3, i.e., the given vectors do not span R3.
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(d) If kyvy +kyvy +k3vy +kyvy =D, then
(ky +3ky +4ks +3ky, 2k +4ky +3ks +3ky, 6k +ky + k3 +ky) = (b, by, b3y) Or
ky +3ky +4ks +3ky = by
2k +4ky +3ks +3ky =b, .
6ky +tky +ky +ky=0Dby

1 1 1 7
1 0 0 —§b1—§b2+§b3

1 3 4 3 p 39
i 16 _16 23y _ 5
The matrix 2 ;1 f f Zz reducesto [0 1 O 39 39 b +%5 b, 30 by |.
3 17 22, 17 2
00 1 55 55h-39h+35h
Thus, for any values of by, by, and bs, values of k;, k,, k3, and k, can be found. The given vectors span
3
R°.

13. Let p=ay+ax+ a2x2 be an arbitrary polynomial in P. If kp; +k,p, +k3ps; +k4py =P, then
(ky +3ky +5ky = 2ky) + (=ky +ky — kg — 2k )2+ (2k; + ks + 2k )x” = ay +ayx+ayx> or

L35 2 4 135 2 q
Reducing the matrix -1 1 -1 -2 a |leadsto |0 1 1 -1 %ao"“i“l
20 4 2 q 000 0 —La+3a+a,

. Lo 1 3 . -
The system has a solution only if —an +Eal +a, =0 or ag =3a; +2a,. This restriction means that the span of

P;» P>, P3, and p, isnotall of B, i.e., they do not span FA;.

-1 1 10 10 % 0
15. (a) Since det(A) =0, reduce the matrix | 3 -1 0 O|. The matrix reducesto | 1 % 0 |- The solution
2 4 -5 0 00 0 0
. 1 3 L . ..
setis x= —Et, y= —Et, z =t which is a line through the origin.
1 -2 30 1 -2 0 0
(b) Since det(A) =0, reduce the matrix | -3 6 9 0. The matrix reducesto |0 0 1 0]. The solution
-2 4 -6 0 0O 0 0 O
setis x =2t,y =t, z=0, which is a line through the origin.
(c) Since det(A) = —1 # 0, the system has only the trivial solution, i.e., the origin.
(d) Since det(A) = 8 # 0, the system has only the trivial solution, i.e., the origin.
1 -1 10 10 30
(e) Since det(A) =0, reduce the matrix |2 -1 4 0|. The matrix reducesto |0 1 2 0/|. The solution set
3 111 0 0 0 0O

is x = =3¢, y = —2t, z = t, which is a line through the origin.
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1 -3 10 1 -3 10
(f) Since det(A) =0, reduce the matrix |2 —6 2 0|. The matrix reducesto [0 0 0 O0/[. The solution set
3 -9 30 0 0 00

is x = 3y + z =0, which is a plane through the origin.
17. Let f=f(x) and g = g(x) be elements of the set. Then
b
frg=] (f()+g(0)dr

= jj F(x)dx + jj g(x)dx
=0

b b
and f + g is in the set. Let k be any scalar. Then f = I kf (x)dx = kj f(x)dx=k-0=0 so kf is in the set. Thus
a a

the set is a subspace of Cla, b].
True/False 4.2
(a) True; this is part of the definition of a subspace.
(b) True; since a vector space is a subset of itself.

(c) False; for instance, the set W in Example 4 contains the origin (zero vector), but is not a subspace of R?.

(d) False; R? is not a subset of R>.
(e) False; if b #0, i.e., the system is not homogeneous, then the solution set does not contain the zero vector.
(f) True; this is by the definition of the span of a set of vectors.

(g) True; by Theorem 4.2.2.

(h) False; consider the subspaces W, :{(x, y)|y = x} and W, :{(x, y)|y = —x} in R%. vi=( 1) isin W} and
vy =(1, =1 isin Wy, but v; +v, =(2,0) is notin W, UW, ={(x, y)|y =+x}.

(i) False;let vi =(1,0), v, =(0,1), u; =(-1,0), and u, =(0, —1). Then {v;, v,} and {u;, u,} both span R? but
{ug, uy} # {vy, vy }.

(j) True; the sum of two upper triangular matrices is upper triangular and the scalar multiple of an upper triangular
matrix is upper triangular.

(k) False; the spanof x — 1, (x— 1)2, and ()c—l)3 will only contain polynomials for which p(1) = 0, i.e., not all of F;.
Section 4.3
Exercise Set 4.3
1. (a) u, =-5uy, i.e., u, isa scalar multiple of u;.
(b) Since there are 3 vectors and 3 > 2, the set is linearly dependent by Theorem 4.3.3.

(¢) p, =2py, i.e., p, is a scalar multiple of p;.
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(d)
3. (a

(b)

()

(d)

B=-A,i.e., Bis ascalar multiple of A.

The equation k(3,8, 7, =3)+k,(1, 5,3, =)+ k3(2, -1, 2, 6) + k4 (1, 4, 0, 3) = (0, 0, 0, 0) generates the
homogeneous system.

3k +ky+2ky +ky=0

8k; +5ky —ky+4ky =0

31 21
. 8 5 -1 4 .. . .
Since det 7 3 2 0ol 128 # 0, the system has only the trivial solution and the vectors are linearly
-3 -1 6 3
independent.

The equation k(0, 0, 2, 2)+k,(3, 3,0, 0)+k3(1, 1, 0, =1) = (0, 0, 0, 0) generates the homogeneous system

3ky +hy =0

3ky +hy =0
2k, =0
2% —ky=0

The third equation gives k; =0, which gives k3 =0 in the fourth equation. k3 =0 gives k, =0 in the first
two equations. Since the system has only the trivial solution, the vectors are linearly independent.

The equation k(0, 3, =3, —6) +k,(=2, 0, 0, —=6) + k3(0, —4, =2, —=2) + k4(0, =8, 4, -4)=(0, 0, 0, 0)
generates the homogeneous system
=2k, =0

3k —4kz; -8k, =0
=3k —2k3+4ky =0"
—6k; —6ky —2k3 —4k, =0

0 -2 0 O

3 0 -4 -8
-3 0 -2 4
-6 -6 -2 4

independent.

Since det =480 0, the system has only the trivial solution and the vectors are linearly

The equation k;(3, 0, =3, 6) +k,(0, 2, 3, ) +k3(0, =2, =2, 0) + k4 (2,1, 2, 1) = (0, 0, 0, 0) generates the
homogeneous system
3k -2k, =0
2ky —2ky +ky =0
=3k +3ky —2k3 + 2k, =0

30 0 2
. 02 2 1 . . .
Since det| 33 o 27 36 # 0, the system has only the trivial solution and the vectors are linearly
6 1 0 1
independent.
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5. If the vectors lie in a plane, then they are linearly

dependent.

(a) The equation kyv| +k,v, +k3v; =0
generates the homogeneous system
2ky +6ky +2k3 =0
—2ky +ky =0.
4ky —4k; =0
2 6 2
Since det| -2 1 0|=-72#0, the
0 4 4
vectors are linearly independent, so they do
not lie in a plane.

(b) The equation kjv| +kyv, +k3v; =0
generates the homogeneous system
—6ky +3ky +4ky =0

Thky+2ky —ky=0.
2k +4ky +2ky =0

-6 3 4
Since det| 7 2 -1|=0, the vectors are
2 4 2

linearly dependent, so they do lie in a plane.

7. (a) The equation kjv| +k, vy +k3v3 =0

generates the homogeneous system
6ky +4k; =0
3k ~Tk; =0
ky+5ky +k3=0"
—ki +ky+3k3=0

06 40
. 30 -7 0
The matrix s 10 reduces to
-1'1 30
_1
1 0 3 0
2
0 1 3 0 . Since the system has a
0 0 0 0
0 0 0 0
nontrivial solution, the vectors are linearly
dependent.

(b) The solution of the system is k| = %t,

2
ky =——t, ky =t.
2 3 3

3
I==! V==V, —=V
70 T2
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The equation k;v| +k,v, +k3v; =0 generates
the homogeneous system

11
My ——ky ——k3 =0
1 ) 2 ) 3

1 1
— kg + My ——ky =0.
) 1 2 ) 3

1,1
=k ——ky + M3 =0
) 1 2 2 3

1 1
Moo
1 1|_ 3_2
det —? 71\, —5 —2(47\, 37\, 1)
-3 —7 M

= %(x —DA+1)2

ForA=1and A= —%, the determinant is zero

and the vectors form a linearly dependent set.

Let {v,, v;, ..., v,} be a (nonempty) subset of

S. If this set were linearly dependent, then there
would be a nonzero solution (k,, k,, ..., k) to
kv, +k,vy +---+k,v, =0. This can be
expanded to a nonzero solution of

kyvi+kyvy +---+ k. v, =0 by taking all other
coefficients as 0. This contradicts the linear

independence of S, so the subset must be linearly
independent.

If S is linearly dependent, then there is a nonzero
solution (k;, k,, ..., k,.) to

kyvi+kyvy +---+k, v, =0. Thus

(ky, ko, ..
to

klvl +k2V2 +"'+krVr +kr+1Vr+1 +"'+ann
=0

so the set {vy, v,, ..

., k,,0,0,...,0) is a nonzero solution

Ve Vg, Vb s

linearly dependent.

If {vy, v,, v3} were linearly dependent, there
would be a nonzero solution to
kv +kyvy +kyvy =0 with k3 #0 (since v,

and v, are linearly independent). Solving for
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19.

21.

23.

25.

. k . .

V3 gives v = -1 Vi ——2V2 which contradicts
ks = ks

that v; is notin span {v;, v,}. Thus,

{v], v, v3} is linearly independent.

(a) If v, v,, and v5 are placed with their

initial points at the origin, they will not lie in
the same plane, so they are linearly
independent.

(b) If v;, v,, and v are placed with their
initial points at the origin, they will lie in the
same plane, so they are linearly dependent.
Alternatively, note that v; +v, = v3 by
placing vy along the z-axis with its terminal

point at the origin.

The Wronskian is
X  Cosx

W(x) = 1 —sinx

= —Xxsin x—Ccos x.

W(0) = —cos 0 = —1, so the functions are linearly
independent.

1 x €
@ Wx=o 1 ¢|=¢
0 0 ¢
Since W(x)=e¢" is nonzero for all x, the
vectors are linearly independent.
1 x x2
) W)=|0o 1 2x=2
00 2
Since W(x) = 2 is nonzero for all x, the
vectors are linearly independent.
sinx  cosx XCOos X
W(x)=|cosx —sinx cosx—xsinx
—sinx —cosx —Xxcosx—2sinx
sinx CoSx XCOos X
=|cosx —sinx cOSx—xsSinx
0 0 —2sin x
— 9ginx sin x cqs X
cosx —sinx
=—2sin x(— sin? x —cos? X)
=2sinx

Since 2sin x is not identically zero, the vectors
are linearly independent, hence span a three-
dimensional subspace of F(—oo, o). Note that the
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determinant was simplified by adding the first
row to the third row.

True/False 4.3

(a)
(b)

(c)

(d)

(e)

(®

False; the set {0} is linearly dependent.

True

False; the set {v}, v,} in R? where vy =(0,1)
and v, =(0, 2) is linearly dependent.

True; suppose {kvy, kv,, kv3} were linearly
dependent, then there would be a nontrivial
solution to k; (kvy)+ky(kvy)+ky(kv3) =0
which would give a nontrivial solution to
kv +kyvy +kyvy =0.

True; consider the sets {v{, v}, {v}, v,, v3},
ceey {Vl, Vo, ..
dependent, then v, = kv; for some k and the

o V3o If {v, v, } is linearly

condition is met. If v, # kv, then there is some
2 <k < nfor which the set {vy, v,, ..., v;_} is
linearly independent but {v{, v,, ..., v, } is

linearly dependent. This means that there is a
nontrivial solution of

Cllvl +612V2 +---+ak_1vk_1 +61ka = 0 Wlth
a; #0 and the equation can be solved to give
v, as alinear combination of v, v,, ..,

Vi_1-

False; the set is

1 1{|l Of|1 O]|0 1]]0 1

0 O[1 o]0 1|1 Of|O0 1)

00
e

11 00 1 0 01
IR A R
_{0 0

00
so the set is linearly dependent.
True; the first polynomial has a nonzero constant
term, so it cannot be expressed as a linear
combination of the others, and since the two

others are not scalar multiples of one another, the
three polynomials are linearly independent.
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(h) False; the functions f; and f, are linearly dependent if there are scalars k; and k, such that
ki f1(x) + k5 f5(x) =0 for all real numbers x.

Section 4.4
Exercise Set 4.4

1. (a) Theset S ={uy, u,, uz} is not linearly independent; uy =2u; +u,.
(b) The set S ={u, uy} spans a plane in R3, not all of R>.

(¢c) Theset S={p;, p,} doesnot span P; x? is not a linear combination of p; and p,.

(d) Theset S ={A, B, C, D, E} is not linearly independent; E can be written as linear combination of A, B, C, and

D.
1 23
3. (a) Asin Example 3, it is sufficient to consider det| 0 2 3|=6=0.
0 0 3

Since this determinant is nonzero, the set of vectors is a basis for R3.

(3 2 1
(b) Itis sufficient to consider det| 1 5 4|=26=%0. Since this determinant is nonzero, the set of vectors is a
|4 6 8
basis for R>.
[ 2 4 0
(¢) Itis sufficient to consider det| -3 1 -7 |=0. Since this determinant is zero, the set of vectors is not
11 1
linearly independent.
(1 2 -1
(d) Itis sufficient to consider det| 6 4 2 |=0. Since this determinant is zero, the set of vectors is not
4 -1 5

linearly independent.

5. The equations ¢, B _2} +cy [_(; _(ﬂ +c3 [—lg :ﬂ +cy [_i (2)} = [8 8} and

c 306 +c 0 -1 +c 0 -8 +c Poj_ja b enerate the systems
13 —6|72=1 0] "3|-12 —4|7%|-1 2|7|c a|® y
3¢ +c4 =0 3¢ +cy=a
6C1 _C2 _8C3 = 0 and 6C1 _C2 _8C3 = b
3¢ —cy—12¢5 —c4, =0 3¢ —cy—12¢5 —c4=c
_6C1 _4C3 +2C4 = 0 _6C1 _4C3 +2C4 = d

89



Chapter 4: General Vector Spaces

which have the same coefficient matrix. Since

det

3.0 0 1

6 -1 -8 0 _

3 -1 —12 -1|7 48 # 0 the matrices
-6 0 -4 2

are linearly independent and also span M,,, so

they are a basis.

7. (a)

(b)

()]

9. (a)

(b)

Since S is the standard basis for R2,
wW)g=@G,-7.

Solve cjuy +c,u, =w, orin terms of

components, (2¢; +3c,, —4c; +8¢y) =(1, 1).

Equating components gives 2 43¢ =1
1 £ P g —4¢;+8¢y, =1°
. 2 31
The matrix |:_ 43 J reduces to
1o 2
28| Thus, (W)g =(i’ ij
01 28" 14

Solve cjuy +cou, =w, orin terms of
components, (¢}, ¢; +2¢,) =(a, b). Itis
clear that ¢; =a and solving a+2¢, =b

. b—
for ¢, gives ¢, =Ta. Thus,

bh—
Ws :(a’ 20)'

Solve ¢;v{ +c¢yV, +c3v3 =V, orin terms of

components,

(Cl + 2C2 +3C3, 2C2 +3C3, 3C3) = (2, _1, 3)

Equating components gives

¢ +2c)+3c5=2

2¢, +3c3 =—1 which can easily be

36’3 =3

solved by back-substitution to get ¢; =3,

¢, ==2, ¢3=1. Thus, (v)g =(3, -2, 1).

Solve ¢ v +c,V, +c3V3 = v, or in terms of
components,

(¢) —4cy +7c¢3,2¢) +5¢9 —8c3,3¢; + 605 +9¢3)
=(5,-12,3).

Equating components gives

90
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Cl _4C2 +7C3 = 5
2¢) +5¢5 —8cz =—12. The matrix
361 +6C2 +9C3 =3

1 -4 7 5

2 5 -8 -12| reduces to
13 6 9 3

1 0 0 =2

01 0 0

10 0 1 1

The solution of the system is ¢; =2,
¢y =0, cg=1and (v)g =(-2,0,1).

Solve ¢jAj +cyAy +c3A3 +c4 Ay = A. By
inspection, ¢3 =—1 and ¢4 =3. Thus it remains
¢ty =2
ctey =
solved by adding the equations to get ¢, =1,
from which ¢; =—1. Thus, (A)g¢ =(-1, 1, -1, 3).

to solve the system B which can be

SOlVlng CIAI +C2A2 +C3A3 +C4A4 = |:8 8:‘,

Z}, and

A+ Ay +c3A3 +c4 Ay = A gives the systems

a
ClAl +C2A2 +C3A3 +C4A4 = |:C

q =0 ¢ =a
C1+C2 :0 C1+C2 :b and
1 +cytey =0" ¢ +cy+es =c’
C1+C2+C3+C4:0 C1+C2+C3+C4:d
Cl =1
C1+C2 :0
C1+C2+C3 :1
C1+C2+C3+C4:0
10 00
. 1 100
It is easy to see that det =1#0, so
1 110
1 1 1 1

{A), Ay, A3, Ay} spans M,,. The third system
is easy to solve by inspection to get ¢; =1,

¢y =—1, ¢z =1, ¢4 =—1, thus,

A=A —A)y +A5—Ay.

Solving the systems ¢;p; +c¢,p; +c3p3 =0,

Py t Py 3Pz =a+bx+ cx?, and
Py + Py +c3p3 =P gives the systems
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17.

q =0 ¢ =a
ctey =0, ¢+ =b,and
cqte+e3=0 ¢ +cy+ez=c
q =7
) +cy =-1.
cteyte3=2
1 00
It is easy to see that det|1 1 0 |=1#0, so
111
{P1> P2, P3} spans P,. The third system is easy
to solve by inspection to get ¢; =7, ¢, =38,

¢3 =3, thus, p=T7p; —8p, +3p3.
From the diagram, j=u, and
1
u; =(cos30)i+(sin30°)j= ?i + Ej.
. 3.1 ..

Solving u; = 71 +Eu2 for i in terms of u;
and u, gives i—iu —Lu

2 \/g 1 \/5 2-
@ (V3,1) is V3i+j

2 1
\/§i+'=x/§(—u ——u j+u
J \/5 1 \/5 2 2
=2u;—-u, +u,
:2ll1

The x’y’-coordinates are (2, 0).
(b) (1, 0)is i which has x"y’-coordinates
{i _Lj
V3B
(¢) Since (0,1)=j=u,, the x’y’-coordinates
are (0, 1).

(d) (a, b)is ai+ bj.

ai+bj= a[[ f ]—kbuz
:%auﬁ[b—%juz

The x’y’-coordinates are (—a b——]

G
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Section 4.5

True/False 4.4

(a)

(b)

(d)

(e)

False; {vy, ..., v,;} must also be linearly

independent to be a basis.

False; the span of the set must also be V for the
set to be a basis.

True; a basis must span the vector space.

True; the standard basis is used for the

coordinate vectors in R”.
. 2 3 4
False; the set {1+x+x"+x" +x,

x+x2+x3+x4, x2+x3+x4, x3+x4, x4} is

a basis for Fj.

Section 4.5
Exercise Set 4.5
1 1 -1 0
1. The matrix |-2 -1 2 0| reduces to
-1 0 10
1 0 -1 0
0 1 0 O]. The solution of the system is
00 00O

x =t, xp =0, x3 =t, which can be written as
(-x]7 X2, .X3) :(t7 01 t) or (-xla X2, -x3) :t(la 0’ 1)

Thus, the solution space has dimension 1 and a
basisis (1, 0, 1).

The matrix {1 —4 3 -l

2 -8 6
1 43 -10
0 00
=4r—-3s+t,

00
which can be written as
(X1, X9, X3, X4) = (4r—3s+t,r, 5, 1) or

0 reduces to
-2 0

}. The solution of the system

is x Xy =1, X3=85, X4 =1,

(X, X3, X3, Xy)

=r(4,1,0,0)+s(-3,0,1 0)+¢(1, 0, 0, 1).
Thus, the solution space has dimension 3 and a
basisis (4, 1,0,0),(-3,0,1,0),(1,0,0, 1).
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2 130
5. Thematrix |1 0 5 0] reduces to
0110
1 000
0 1 0 0}, sothesystem has only the trivial
0010

solution, which has dimension 0 and no basis.

7. (a) Solving the equation for x gives

2 5 . .
X = g y —EZ, SO parametric equations are

ngr_gs, y=r, z=s, which can be

written in vector form as

2 5
(-xs Yy, Z)=(_r__s7 r, SJ
3 3
= r(%, 1, 0)+S[—§, 0, 1)-
3 3
A basis is (g, 1, Oj, (—2, 0, 1)-
3 3

(b) Solving the equation for x gives x =y, so
parametric equations are x =r, y=r, =,
which can be written in vector form as
x,y, 2=, r,s)=r,1,0)+s(0, 0, 1).

A basis is (1, 1, 0), (0,0, 1).

(¢) In vector form, the line is
(x,y,2)=Qt,—t,4t) =12, -1, 4).
A basisis (2, -1, 4).

(d) The vectors can be parametrized as a = r,
b=r+s,c=sor
(a,b,c)y=(r,r+s,5)=r(, 1, 0)+s(0, 1, 1).
Abasisis (1, 1,0), (0, 1, 1).

9. (a) The dimension is n, since a basis is the set

{A), Ay, ..

entry in A; is a; =1.

., A,;} where the only nonzero

(b) In a symmetric matrix, the elements above
the main diagonal determine the elements
below the main diagonal, so the entries on
and above the main diagonal determine all
the entries. There are

n(n+1)

n+(m-D+---+1= entries on or

above the main diagonal, so the space has

dimension n(n+1) .
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entries on

(c) Asin part (b), there are @

or above the main diagonal, so the space has

dimension M

(a) Let p; = p;(x) and p, = p,(x) be elements
of W. Then (p; + p,)1) = pi(D+p,(1)=0
SO p; +P, isin W.
(kp))M) =k(p;(1))=k-0=0 so kp; isin W.
Thus, Wis a subspace of P,.

(b), (¢) A basis for W is {~1+x, —x+ x>} so the
dimension is 2.

Let u; =(1,0,0,0), u, =(0, 1, 0, 0),
u;=(0,0,1,0), uy =(0, 0, 0, I). Then the set

{v], V5, uy, uy, uz, uy} clearly spans R*. The
equation
leads to the system

C1—3C2+k1 =0
2C1—4C2 +k3 =0'
—3C1 +6C2 +k4 = 0

1 -3 1.0 000
. |4 8 0 1 0 0 O

The matrix > 400 100 reduces
-3 6 0 0 0 1O

10 200 -10

01 -100 —% 0
“loo 010 %0

00 00 1 % 0

From the reduced matrix it is clear that u; is a
linear combination of v, and v, so it will not
be in the basis, and that {v;, v,, u,, uz} is
linearly independent so it is one possible basis.
Similarly, u, and either u, or us will produce

a linearly independent set. Thus, any two of the
vectors (0, 1, 0, 0), (0, 0, 1, 0), and (0, 0, 0, 1)
can be used.
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15. Let v3 =(a, b, ¢). The equation

€1V] + ¢V, +c3v3 =0 leads to the system
q +ac; =0

—2¢; +5¢5 +bcy =0.
3¢; =3¢y +cc3 =0

1 0 a O
The matrix | -2 5 b 0] reduces to
3 -3 ¢ 0
1 0 a 0
0 1  2a+ib 0] andthe
9 3
O 0 —§a+gb+c O

homogeneous system has only the trivial
solution if —%a +§b +c #0. Thus, adding any
vector v3 =(a, b, ¢) with9a —3b —5c¢ # 0 will

create a basis for R°.

True/False 4.5

(a)
(b)

(©)

(d)

(e)

®

(g

(h)

True; by definition.

True; any basis of R'7 will contain 17 linearly
independent vectors.

False; to span R”, at least 17 vectors are
required.

True; since the dimension for R’ is 5, then
linear independence is sufficient for 5 vectors to
be a basis.

True; since the dimension of R is 5, then
spanning is sufficient for 5 vectors to be a basis.

True; if the set contains n vectors, it is a basis,
while if it contains more than n vectors, it can be
reduced to a basis.

True; if the set contains n vectors, it is a basis,
while if it contains fewer than n vectors, it can be

enlarged to a basis.
True; the set
(ﬂ} form a

o tHo 1 ol

basis for M,,.
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(i) True; the set of n X n matrices has dimension

4.6

2
n?, while the set {1, A, A% AT } contains

n% +1 matrices.

(j) False; since P, has dimension three, then by

Theorem 4.5.6(c), the only three-dimensional
subspace of P, is P, itself.

Section 4.6

Exercise Set 4.6

1. (a) Since {u, u,} is the standard basis B for

R?, [w], {_ﬂ.

2 3/10
(b) {_ 4 38l0 J reduces to
1 02 -3 2
7 28 _|7
7 14 7

and

2 _3 1 S
] ]
7

1 0|10 Lo} 1
(c) L 2‘0 J reduces to {O | _%
1 0
Thus Pg_,¢=| ¢ ;|and
2 2

[wlg = Pp_,s[Wlp

BN

3. (a) Since S is the standard basis B for P,
4
(p)s =4, =3, D or [plg =|-3|.
1
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110|100 -1 1 0 0][-8
() |1 0 1|0 1 0] reducesto 1 1.0 0f) 7
Bl =P Bl¢ =
0 1 1{0 0 1 [Ble=FoelBls = 5 o 1 o] 6
ool 1 1 1 L0 0 0 1] 3
2 2 2 B
15
1 1 1
010 E _E E ThUS, _ -1
-1 1 1 -
_0 01 2 2 2 2
1 1 _1 -
22 2 15 -1
Pros=| & -4 Llana md 5=|"5 7
-1 1 1
2o 2 411 -1
[plg = Pp_,5[Plp 7. (a) 5 ‘ 3 _J reduces to
11 1 -
2 2 2 1 ol B 1 3 1
| 1 _1 1]l_ 102 ¢ Py_p= 0 2
2 2 2 2 2 ’
L1 il _0 -5 0 -5 0
L 2 2 2
o .
=| 2 (b) ; _i ‘; _ﬂ reduces to
-1 -
- 5 5
or (p)g =(0,2, -1, Lopo ‘g} 5o pB%B:[ 0 ‘g}.
s s _0 -2 -3 -2 -3
5. (a) From Theorem4.6.2, P;_,p=|0 2 3 2 4|1 0
0 0 3 (c) > —1lo 1 reduces to
where B is the standard basis for R>. Thus, . 1 olL 2 1 2
10 5 _| 10 5
I 2 3| 6 16 0 1|1 _1 so Pp_,p= 11
[Wlg =FPs_,pglwlg=|0 2 3|/ -1|=|10 L 5 5 5 5
0 0 3| 4 12

and w = (16, 10, 12). (Wl = Pe_5[Wlg

(b) The basis in Exercise 3(a) is the standard _ % % 3
3 L _1||-s
. 5 5
basis B for P, so [qlp =[qlg =| 0| and 17
4 _| 10
5 8
q=3+4x". 5
(Wlp =P, p[Wlp
(¢) From Theorem 4.6.2, 0o _S[_11
-1 1.0 0 - 2 10
1100 . e
Ps_ = 00 10 where E is the [
0 001 -7
standard basis for M,,.
Thus,
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3 1 -1(2 2 1
9. (a) 1 1 0|1 -1 2| reducesto
5 3 2|1 11
too|3 2 3
0102 -3 -7
00 1] 5 1 6
5
3 2 >
Ppsp =2 3 1|
5 1 6
(2 2 1|1 00
M) |1 -1 2{0 1 0] reducesto
1 1 1]/0 0 1
i 3 1 _5
1 00 5 2 >
_1 _1 3|so
010 > > >
00 1|-1 0 2
3 1 _5
2 2 2
P, =(_1 _1 3 here E is th
E—>B > > > where 1S c
-1 0 2

standard basis for R>.
(Wlp = Pp_plWlg

3 1 5
5 2 3|5
—|_1 _1 3| s
2 2 2
10 2|7

9
—| -9
=

[S][SS Y

D= =

95
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11. (a)

(b)

(c)

Section 4.6
(Wl =P p[Wlp
3 2 % 9
=l_» 3 _1||-9
2 =3 > s
5 1 6
[_1
2
=| 23
2
| 6
3 1 -1|1 0 0
1 1 0|0 1 0] reducesto
-5 3 2]0 0 1
i 1 1
1 0 0 1 7 2
1 1L _1
010 1 > 3 SO
00 1|12 1
1 1
s 3
P r=|_1 1L _1]/.
E—B 1 2 2
1 2 1
(Wl = Pp_p[Wlg
i 1 1
L2 25
=l_1 1 _1 8
! 2 2|l s
12 1
[_1
2
=| 23
2
| 6

The span of f; and f, is the set of all linear
combinations af; +bf, = asinx+bcosx

and this vector can be represented by (a, b).
Since g; =2f, +f, and g, =3f,, itis
sufficient to compute det [3 ?j =6. Since
this determinant is nonzero, g; and g,
form a basis for V.

Since B can be represented as {(1, 0), (0, 1)}
PB'—>B:|:21 (3)}
ﬁ (3) ‘é (ﬂ reduces to [1 0 % 0]
o 1|44
1
SO PB%B’:{_i ﬂ
6 3
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(d) [h]g= [_i} since B is the standard basis

for V.
Lo
[hlg = Pp_plhlp = [_i L] [_i
6 3
1 23
13. (a) Ppg=|2 5 3
1 0 8
(1 2 3|1 00
() (2 5 3|0 1 0f reducesto
|1 0 8]0 0 1
(1 0 0|40 16 9
0 1 0] 13 -5 -3]|so
10 0 1 5 =2 -1
—-40 16 9
Pi_p=| 13 -5 -3|.
5 =2 -1
(d) [W]B:PSﬁB[W]S
[(—40 16 9] 5
=| 13 -5 -3{-3
| 5 2 -1 1
[—239
= 71
| 30
[Wls = Pg_s[Wlp
[1 2 3][-239
=2 5 3 77
|1 0 8 30
F s
=|-3
L 1_
-
(e) [wlg=|-5
L O_
(Wlp = Ps_,p[Wls
[—40 16 9] 3
=| 13 -5 3| -5
| 5 2 -1 0
[—200
=| 64
| 25
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(e)
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b2y reduces to Lop3 5
2 313 4 0O 1|-1 =2
3 5
SO PBZ_>BI :|:_1 _2}
R reduces to bop25
3 412 3 0 1]-1 -3
2 5
SO PBI—>BZ =|:_1 _3:|
L 2)ro reduces to Lo-3 2
2 310 1 0 1] 2 -1
so Pg_, B = {_; _ﬂ where S is the

standard basis {(1, 0), (0, 1)} for R?. Since

w is the standard basis vector (0, 1) for R2,

on ]

(Wlp, = Pg p,[Wlp,

-3 2l

o reduces to Lop 4 -

3 4|0 1 0 113 1
4 -1

SO PS—)BZ =|:_3 l:l

4 -1|2 3
=t § L

(Wlp = Pg,,p [Wlp,

1 2]
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17. (a)

(b)

(3 1 -1]2 2 1
1 1 0|1 -1 2] reducesto
-5 3 211 1 1
1003 2 3
0102 -3 -1
10 0 5 1 6
5

3 2 >
BB, =2 -3 -3

5 1 6
(2 2 1|1 0 0
1 -1 210 1 O0f reducesto
1 1 1/0 0 1
i 3 1 _5
1 3 2 T3

_1 _1 31,
010 > > > SO
00 1|-1 0 2

3 1L _5

2 2 2
P. =_1 _1 3 here S is the
S—B 3 > 5 w

-1 0 2

standard basis for R>.

[W]Bl

[W]32 =

=Ps_p [Wls
3 1 _5
2 2 “2|-5
=_1 _1 3 8
2 T2 2
-1 0 27
[ 9
=| -9
| =5
Pg s [Wlp
3.2 39
=|_» 3 _1||-9
2 =3 > s
5 1 6
_1
2
=| 23
2
| 6
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19. (a)

Section 4.6
3 1 -1({1 0 O
1 1 0|0 1 0] reducesto
-5 -3 2|0 0 1
i 1 1
1 0 0] 1 3 3
-1 1L _1
0 1 0f-1 > 3 SO
00 1] 1 2
1 1
s 3
P. =_1 1 _1
S—B, 1 > 2
1 2 1

(Wlp, = Fs_,p,[Wls

— [u—

1 1
2 2|
;1 1| s
1225
2 -

From the diagram, it is clear that
[vi]g = (cos286, sin206).

From the diagram, the angle between the
positive y-axis and v, is

2 (g — 9) =m—280, so the angle between

v, and the positive x-axis is

—[n—ze—ﬁj —20-" and
2 2

[vols = (Cos[Zﬁ—gj, sin[ze_gjj

=(sin 26, —cos26)
Thus by Theorem 4.6.2,
p _ [cos 26  sin 29}
B=S5 71 5in20 —cos26
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21. If wis a vector in the space and [w]g is the
coordinate vector of w relative to B’, then
[wlp = P[w]p and [w]- =Q[w]g, so
[wlc = O(Plwlp) = OP[w]g . The transition
matrix from B’ to Cis QP. The transition matrix
from Cto B’ is (QP) ' =P lg7.

23. (a) By Theorem 4.6.2, P is the transition matrix
from B = {(1, 1, 0), (1,0, 2), (0,2, 1)} to S.

1 1. 0[1 00
() |1 0 2|0 1 0] reducesto

10 2 1|0 0 1

i 4 1 _2

1 00 5 5 5

1 _1 2

010 5 5 s
_2 2 1
0 0 1 5 5 5

Thus, P is the transition matrix from S to
. {[i 1211
55 5 5 55
434)
5'5°5
27. B must be the standard basis for R", since, in

particular [e;]p =e; for the standard basis

vectors e, €,, ..., €,.
True/False 4.6
(@) True
(b) True; by Theorem 4.6.1.
(¢) True
(d) True

(e) False; consider the bases S = {e|, e,, e5} and

B ={2e;, 3¢, 5e,} for R, then

030

Pg_,¢ =|0 0 5| whichis not a diagonal
2. 00

matrix.

(f) False; A would have to be invertible, not just
square.
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Section 4.7
Exercise Set 4.7
1. Row vectors: r; =[2 -1 0 1],
n=[357 -1, =11 4 2 7]
2 -1
Column vectors: ¢; =| 3|, ¢; =| 5|,
1 4
0 1
C3; = 7 , € = -1
2 7
1 3 =2 1 0 1
3. (a) 4 -6 10} reduces to {0 1 _J, SO
=20 | 1] | 3
10| (4] |-6]
11 2 -1 1010
() |1 0 1 Ofreducesto|0 1 1 O
2 13 2 0 0 0 1

so the system Ax = b is inconsistent and b is
not in the column space of A.

1 -1 1 5
(¢ |9 3 1 1| reducesto
11 11 -1
1 0 0 1
0 1 0 3|, so
00 1 1
i 1 -1] [1
1{=19|-3] 3|+|1
-1 1 1 1
1 -1 1 2
(d) 1 1 -1 0] reducesto
-1 -1 10
10 0 1] x
0 1 -1 -1}, sothesystem A|lx, |=b
10 0 0 0] X3
has the solution x; =1, x, =1-1, x3=t.
2 1] -1 1
Thus |0 |=| 1|+@-D| 1|+ -1].
0 -1 -1 1
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(e)

5. (a)

(b)

(]

1

1 2 0 1 4

012 13

1213 5 reduces to
o012 27

(1 0 0 0 =26

010 0 13 ©
0010 =70

10 0 0 1 4

(4 1 2 0 1]
3 0 1 2 1
5——261+132—71+43.
L7 0 1 2 2]
(1 -3 1 1 -3 1]
2 6 2} reduces to [O 0 0_, and

the solution of Ax =b is x; =1+3f, x, =t,

. 1 3
or in vector form, x = {O} +t[1}.

The general form of the solution of Ax =0 is

=

112 5
1 0 1 -2] reducesto
12 1 3 3]
(1 0 1 -2]
0 1 1 7], and the solution of
10 0 0 0]
Ax=bis xy =-2-t, x, =7—1t, x3=t, or
-2 -1
in vector form, x=| 7 |+¢|{—1|. The
0 1
general form of the solution of Ax = 0 is
-1
x=t|-1].
1
1 2 1 2 -1
2 | reduces to
-1 2 -1 -2 1
-6 3 6 3
(1 -2 1 2 -1
0O 0 0 0 O .
0 000 of and the solution of
0 00 0 O

Ax=bis x; =—1+2r—s-2t, x, =r,

(a)

7. (a)

Section 4.7

X3 =S5, X4 =t, orin vector form

-1 2 -1 -2
x=| Oer| Has| O4ef 9.
0 0 1 0
0 0 0 1
The general form of the solution of Ax =0 is
2 -1 -2
X=r ! +s 0 +1 0 .
0 1 0
0 0 1
1 2 -3 1 4
-2 b2 b= reduces to
-1 3 -1 2 3
| 4 -7 0 -5 -5
KRR
0 _4 3 1 .
5 5 5 | and the solution of
00 O 00
00 0 00

Ax=Dbis x =§+%s+%l,

X —Z+is—§t X3 =S8, X4 =t, orin
255 50 Ao ATn
6 A 1
5 5 5
A 4 _3
vector form, X=|35 [+s|5 |+¢]| 5
0 1 0
0 0 1
The general form of the solution of Ax = 0 is
7 1
5 5
4 _3
X=s|5|+t| "5
1 0
0 1
A basis for the row spaceis r; =[1 0 2],
r, =[0 0 1]. A basis for the column
1 2
spaceis ¢, =01, ¢, =|1].
0 0
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(b) A basis for the row space is
rn=[1 -3 0 0, pb=[0 1 0 O]

1
. . 0
A basis for the column space is ¢; = ol

0
-3
c 1

2 = ol

0

(c) A basis for the row space is
n=[1 2 4 5], p,=[0 1 =3 0],

r;=[0 0 1 3], i,=[0 0 0 1].
1

0
A basis for the column space is ¢; =| 0 |,

0

0

2 4 5
1 =3 0

¢, =01, e3=| 1|, ¢g=|-3|
0 0 1
0 0

(d) A basis for the row space is
n=[1 2 -1 5], nh=[0 1 4 3],
r;=[0 0 1 -7], i,=[0 0 O 1].

1
A basis for the column space is ¢; = ol
0
2 -1 5
CH = ! Ccy = 4 cy = 3
2~ ol 3= 10 4~ 7
0 0 1

9. (a) A basis for the row spaceis iy =[1 0 2],

r, =[0 0 1]. A basis for the column

1 2
spaceis ¢; =0, ¢; =|1].
0 0

SSM: Elementary Linear Algebra

(b) A basis for the row space is

(c)

(d)

. (a)

rn=[ -3 0 0, b=[0 1 0 0l

1
. . 0
A basis for the column space is ¢; = ol

0
-3
c 1

2= ol

0

A basis for the row space is
n=[1 2 4 5, rnp=[01 -3 0],

r;=[0 0 1 3], ;=0 0 0 1I.

1
0
A basis for the column space is ¢, =| 0 |,
0
0
2 4 5
1 -3 0
¢, =0, e5=| 1|, ¢4=|-3
0 0 1
0 0

A basis for the row space is
= 2 -1 5], nrb=[0 1 4 3],

;=0 0 1 7], i,=[0 0O O 1].

1
. . 0
A basis for the column space is ¢; = ol
0
2 -1 5
c = ! c 4 cy = 3
2~ ol 3= 10 4 = 7
0 0 1
1 1 4 -3
A row echelon formof |2 0 2 -2
2 -1 3 2
11 4 3
is|0 1 =5 =2/| Thus a basis for the
00 1 —%

subspace is (1, 1, -4, =3), (0, 1, =5, =2),

(0011}
2
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-1 1 -2 0
(b) Arowechelonformof | 3 3 6 0] is
90 0 3
1 -1 2 0
0 I 0 O} Thusa basis for the
o o1 -1

subspace is (1, -1, 2, 0), (0, 1, 0, 0),

(0, 0,1, —1]
6

(¢) A row echelon form of

S O =
SO = O
W N = O

SO =
O = =
—_ = O

. Thus a basis for the

=)
S = = O

0 1
subspace is (1, 1, 0, 0), (0, 1, 1, 1),
(0,0,1, 1), (0,0,0,1).
1 00
The row echelon formof Ais |0 1 0],
0 0O
so the general solution of the system Ax =0
0
isx=0,y=0,z=tor t{0|. Thus the null
1
space of A is the z-axis, and the column
0 1
space is the span of ¢, =| 1|, ¢; =0/,
0 0

which is all linear combinations of y and x,
i.e., the xy-plane.

15. (a)

(b) Reversing the reasoning in part (a), it is
0 00
clear that one such matrixis {0 1 0.
0 0 1

17. (a) If the null space of a matrix A is the given

line, then the equation Ax = 0 is equivalent

3 5 «x 0
to [ 0 O}[y} = [ O} and a general form

. |3a -5a
for A is [317 _sp

numbers, not both of which are zero.

} where a and b are real
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(b) det(A) =det(B) =5
A and B are invertible so the systems Ax = 0
and Bx = 0 have only the trivial solution.
That is, the null spaces of A and B are both
the origin.
The second row of C is a multiple of the
first and it is clear that if 3x + y = 0, then
(x, y) is in the null space of C, i.e., the null
space of C is the line 3x + y = 0.

The equation Dx = 0 has all x = [x} as
y

solutions, so the null space of D is the entire
xy-plane.

True/False 4.7

(a)
(b)
(c)

(d)

(e)

()

(g

(h)
(@
@

True; by the definition of column space.

False; the system Ax = b may not be consistent.
False; the column vectors of A that correspond to
the column vectors of R containing the leading

1’s form a basis for the column space of A.

False; the row vectors of A may be linearly
dependent if A is not in row echelon form.

3 1 3
6} and B—{O O}

have the same row space but different column
spaces.

False; the matrices A = B

True; elementary row operations do not change
the null space of a matrix.

True; elementary row operations do not change
the row space of a matrix.

False; see (e) for an example.
True; this is the contrapositive of Theorem 4.7.1.

False; assuming that A and B are both n X n
matrices, the row space of A will have n vectors
in its basis since being invertible means that A is
row equivalent to /,,. However, since B is

singular, it is not row equivalent to /,, soin

reduced row echelon form it has at least one row
of zeros. Thus the row space of B will have
fewer than »n vectors in its basis.
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Section 4.8
Exercise Set 4.8

1. The reduced row echelon form of A is

_6 _4
1 0 2 7
0 1 % % , sorank (A) = 2.
00 0 0
1 -3 =2
T _|2 1 3
A" = 4 5 9 and the reduced row
o 2 2
1 0 1
7. 10 1 1
echelon form of A" is 00 ol SO
0 0O

rank(A”) = rank(A) = 2.

. (a) Since rank (A) = 2, there are 2 leading
variables. Since nullity(A) =3 —2 =1, there
is 1 parameter.

(b) Since rank(A) = 1, there is 1 leading
variable. Since nullity(A) =3 — 1 = 2, there
are 2 parameters.

(c) Since rank(A) = 2, there are 2 leading
variables. Since nullity(A) =4 — 2 =2, there
are 2 parameters.

(d) Since rank(A) = 2, there are 2 leading
variables. Since nullity(A) =5 — 2 = 3, there
are 3 parameters.

(e) Since rank(A) = 3, there are 3 leading
variables. Since nullity(A) =5 — 3 = 2, there
are 2 parameters.

. (a) Since A is 4 X 4, rank(A) + nullity(A) = 4,
and the largest possible value of rank(A) is
4, so the smallest possible value of
nullity(A) is 0.

(b) Since A is 3 X 5, rank(A) + nullity(A) = 5,
and the largest possible value of rank(A) is
3, so the smallest possible value of
nullity(A) is 2.

(c) Since A is 5 x 3, rank(A) + nullity(A) = 3,
and the largest possible value of rank(A) is
3, so the smallest possible value of
nullity(A) is 0.
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. (a) Since rank(A) =rank[A|b], the system is

consistent, and since nullity(A) =3 -3 =0,
there are O parameters in the general
solution.

(b) Since rank(A) < rank[A|b}, the system is

inconsistent.

(¢) Since rank(A) = rank[A|b], the system is
consistent, and since nullity(A) =3 - 1=2,
there are 2 parameters in the general
solution.

(d) Since rank(A) = rank[A|b], the system is
consistent, and since nullity(A) =9 -2="7,
there are 7 parameters in the general
solution.

(e) Since rank(A) < rank[A|b}, the system is

inconsistent.

(f) Since rank(A = rank[A|b}, the system is

consistent, and since nullity(A) =4 -0 =4,
there are 4 parameters in the general
solution.

(g) Since rank(A) = rank[A|b], the system is

consistent, and since nullity(A) =2 -2 =0,
there are O parameters in the general

solution.
1 -3 b
1 -2 b
. The augmented matrixis ({1 1 b3 |, whichis
1 -4 b,
1 5 bs
1 0 3b,-2p
0 1 by —b
row equivalentto (0 0 b3 —4b, +3b; |. Thus,
0 0 by+by—2h
0 0 bs—8b, +7h
the system is consistent if and only if
3b —4b, +bs =0
—2b +b, +by =0
b, —8b, +bs =0

which has the general solution by =r, by =5,
by =-3r+4s, by =2r—s, by =—Tr+38s.
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11. No, since rank(A) + nullity(A) = 3 and nullity(A)
= 1, the row space and column space must both
be 2-dimensional, i.e., planes in 3-space.

13. Therankis 2 if r =2 and s = 1. Since the third
column will always have a nonzero entry, the
rank will never be 1.

17. (a) The number of leading 1’s is at most 3,
since a matrix cannot have more leading 1’s
than rows.

(b) The number of parameters is at most 5,
since the solution cannot have more
parameters than A has columns.

(¢) The number of leading 1’s is at most 3,
since the row space of A has the same
dimension as the column space, which is at
most 3.

(d) The number of parameters is at most 3 since
the solution cannot have more parameters
than A has columns.

0 1 1 2
19. Let A_[O 0} and B—{z 4}. Then

rank(A) = rank(B) = 1, but since A% = {O O}

00
2_| 5 10
and B —[10 20},

rank(A2) =0 # rank(B>) =1.
True/False 4.8

(a) False; the row vectors are not necessarily
linearly independent, and if they are not, then
neither are the column vectors, since
dim(row space) = dim(column space).

(b) True; if the row vectors are linearly independent
then nullity(A) = 0 and rank(A) = n = the number
of rows. But, since rank(A) + nullity(A) = the
number of columns, A must be square.

(c) False; the nullity of a nonzero m X n matrix is at
most n — 1.

(d) False; if the added column is linearly dependent

on the previous columns, adding it does not
affect the rank.
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®
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(h)

@

1.

3.
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True; if the rows are linearly dependent, then the
rank is at least 1 less than the number of rows, so
since the matrix is square, its nullity is at least 1.

False; if the nullity of A is zero, then Ax = b is
consistent for every vector b.

False; the dimension of the row space is always
equal to the dimension of the column space.

False; rank(A) = rank(AT) for all matrices.

True; the row space and null space cannot both
have dimension 1 since
dim(row space) + dim(null space) = 3.

False; a vector w in W need not be orthogonal
to every vector in V; the relationship is that vt

is a subspace of wt.

Section 4.9

Exercise Set 4.9

(a) Since A has size 3 X 2, the domain of T, is

R? and the codomain of T, is R3.

(b) Since A has size 2 x 3, the domain of T, is

R? and the codomain of T, is R2.

(c) Since A has size 3 x 3, the domain of T, is

R? and the codomain of T, is R3.

(d) Since A has size 1 X 6, the domain of T, is

RS and the codomain of T, is R.

The domain of Tis R? and the codomain of T'is
R3

1,-2)=(1-2,—-2),3(1))=(-1,2,3)

(a) The transformation is linear, with domain

R? and codomain RZ.

(b) The transformation is nonlinear, with

domain R? and codomain R°.

(¢) The transformation is linear, with domain

R? and codomain R°.
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7.

11.

(d) The transformation is nonlinear, with

domain R* and codomain R>.

(a) Tis a matrix transformation;
0 00
T, = .
A {0 0 0}
(b) Tis not a matrix transformation since
7(0,0,0)#0.

(¢) Tis a matrix transformation;
3 4 0
T, = .
A {2 0 —5}

(d) Tis not a matrix transformation, since for
k#1,

T(k(x, y, 2)) = (k*y?, k2)
#kT(x, y, 2)
= (ky?, ko).

(e) Tis not a matrix transformation, since
7(0,0,0)=(-1,0) = 0.

35 -1
By inspection, T=|4 -1 1.
3 2 -1

For (x, v, 2) = (-1, 2, 4),
w =3-1D)+5(2)-4=3
Wy, =4(-)-(2)+4=-2
wy =3-1D+2(2)—-(4)=-3
soT(-1,2,4)=(3,-2,-3).
3 5 —1|-1 3
Also, |4 -1 1| 2({=|-2].
3 2 -1 4 -3

1
(a) The matrix is -bo .
1 3
1 -1
(7 2 -1 1
(b) The matrixis | 0 1 1 0].
-1 0 0 0

o eNeNeNel
N eleBeNe]

0
0
(¢) The matrix is | 0
0
0

13.

15.

17.

104

00 01
10 00
(d) The matrixis [0 O 1 Of.
01 0O
1 0 -10

(a)

(b)

(a)

(b)

(c)

(a)

(b)

(c)

SSM: Elementary Linear Algebra

-1 1][-1 5
=l 1))l
T(-1,4)= (~(-1) +4,4) = (5.4)

(2 -1 1] 2 0

Arx=0 1 1 1]|=|=2

0 0 0J|-3 0

72, 1,-3) = 22) = (1) + (=3), 1 + (-3), 0)
=(0, -2, 0)

1 0 0} 2 2
01 0
10 0 -1 3 -3
The result is (2, =5, =3).

1 0 o] 2] [2
0 -1 0}f|-5({=|5
10 0 1] 3 3
The result is (2, 5, 3).

-1 0 o] 2 -2
0 1 0f|-5[=|-5
00 1 3 3

The result is (-2, -5, 3).

0 ol[-27] [-2]
10

—_
Il
—_

1
0
|10 0 0] 3 0
The result is (=2, 1, 0).

(1 0 o][-2] [-2
0 0 Of 1|=| 0
0 0 1] 3 3

The result is (=2, 0, 3).

o O O
S = O
—_ O O
—
I

[0
1
K

The result is (0, 1, 3).
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1 0 0 2 o 0 2
3
19. (a) [0 cos30° —sin30°| 1]|=|0 % _% 1
0 sin30° cos30° || 2| |5 L1 A3 2
L 2 2
-2
32
= 2
1+2\/§
L 2
The result is (_2’ E, 1+2\/§j.
2 2
. 1L 9 L
cos45° 0 sin45° || -2 2 V2|2
(b) 0 1 0 1|1=] 0 1 0 1
—sin45° 0 cos45°|| 2 L o L{ 2
IR
0
= 1
22
The result is (0, 1, 2\/5)
c0s90° —sin90° 0][-2] [0 -1 0][-2
(¢) |sin90° cos90° O Ij=|1 0 0 1
0 0 I{ 2] |0 0 1) 2
[ -1
=2
| 2
The resultis (-1, -2, 2).
1 0 0 2 ro 0 2
3
21. (@) [0 cos(=30°) —sin(=30°) || 1[=]0 % 1
0 sin(=30°) cos(-30°) 2 0 -1 Bl 2
L 2 2
[ -2
\/§+2
= 2
—1+2.3
L 2

The result is (_2, \B’L 2, ﬂj
2 2
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cos(<45%) 0 sin-459 2] |5 0 “FH -2
(b) 0 1 0 =0 1 o0 1
—sin(—45°) 0 cos(—45°) || 2 Zf 0 ﬁ 2
2\2
=| 1
|0
The result is (_2\/5, 1, 0).
cos(=90°) —sin(=90°) 0][-27 [0 1 0][-2
(¢) |sin(=90°) cos(-90° 0|l 1|=[-1 0 Of 1
0 0 1 2] oo 1] 2
(1
=(2
2
The result is (1, 2, 2).
v (2,20 _(2 2 1)_
25, — =22 |2 2 " l=(a,b
M V2ep 333700
cos 180°=-1, sin 180°=0
The matrix is
2
(3) a-co+en (3)3F)a-cn-1o (3)
2
Bt @ a-cnen (3
2
2)Ha-cm-20 (2)(L)a-m+2©0 () a-cm+en

29. (a) The result is twice the orthogonal projection of x on the x-axis.

(b) The result is twice the reflection of x about the x-axis.

31. Since cos26 =cosZ @ —sinZ @ and sin 20=2 sin Hcos 0, the matrix can be written as [

has the effect of rotating x through the angle 26.

a-cor+(2)o
Ba-co-R)o

SSM: Elementary Linear Algebra

s@-1 ¢ 3O
_| 4 4 2
= 3@ $@-1 O
5@ @ -1
-1 8 4

9 9 9
= 8 _1 4

9 9 9

4 4 _7

L 9 9 9

cos28 —sin260

sin 26 cos2€} which

33. The result of the transformation is rotation through the angle &followed by translation by x. It is not a matrix

transformation since 7(0) =x, # 0.

35. The image of the line under the operator T is the line in R"” which has vector representation X = T(xq)+1tT(v),

unless T is the zero operator in which case the image is 0.

106



SSM: Elementary Linear Algebra

True/False 4.9
(a) False;if A is 2 X 3, then the domain of 7, is
R
(b) False; if A is m X n, then the codomain of T, is
R™.

(c¢) False; T(0) = 0 is not a sufficient condition. For
instance if T: R" — R! is given by T(v) =]

then 7(0) = 0, but 7T is not a matrix
transformation.

(d) True

(e) False; every matrix transformation will have this
property by the homogeneity property.

(f) True; the only matrix transformation with this
property is the zero transformation (consider
x=y=#0).

(g) False; since b# 0, then 7(0)=0+b=b #0, so
T cannot be a matrix operator.

(h) False; there is no angle @for which

cos6=sin0=l.
2

(i) True; when a = 1 it is the matrix for reflection
about the x-axis and when a = —1 it is the matrix
for reflection about the y-axis.

Section 4.10

Exercise Set 4.10

1. The standard matrix for Tp o7, is

2 =3 3|1 =2 0
BA=|5 0 1{|4 1 3
|6 1 7]|5 4
5 -1 21
=10 -8 4|
145 3 25
The standard matrix for T oTp is
1 -2 o2 -3 3
AB=|4 1 3|5 0 1
15 2 4jl6 17
-8 -3 1
=|-5 -15 -8]|.
|44 —11 45

107

3. (@

(b)

(c)

5. (a)

(b)

(c)

Section 4.10

The standard matrix for 7} is ‘} 1} and

the standard matrix for 7, is B g}

The standard matrix for 7, o7] is
3001 1 |3 3
2 411 -1| |6 =2f
The standard matrix for 7; o7, is
I 1||3 0] |5 4
1 —1[2 4| |1 -4
T (15 (x, x9)) = (5x) +4xy, x; —4x7)
T2 (Ti (xl, .XZ )) = (3x1 +3.X'2, 6x1 _2XZ)

The standard matrix for a rotation of 90° is
c0s90° —sin90° 0 -1
Lin 90°  cos 900} - {1 0} and the

standard matrix for reflection about the line

=xis 0 1
YEEE L o)

0 10 -1 (1 O

1 ojJl1 o] [0 -1
The standard matrix for orthogonal

projection on the y-axis is ‘:8

standard matrix for a contraction with factor

1
L9
k:%i{2 1].
0 3
1 0{0 0}{0 0}
- 1

The standard matrix for reflection about the

ﬂ and the

X-axis is ‘: é ﬂ and the standard matrix

for a dilation with factor k = 3 is {3 0]

R
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-1 0 0
7. (a) The standard matrix for reflection about the yz-planeis | 0 1 0| and the standard matrix for orthogonal
0 0 1
1 00
projection on the xz-planeis |0 0 0].
0 0 1
1 0 0f)]-1 0 O -1 00
0 0 00 10|=0O00O0
0 0 1], 0 0 1 0 0 1
. 1 oo L
cos45° 0 sin45° 2 V2
(b) The standard matrix for a rotation of 45° about the y-axis is 0 1 0 = 0 1 0| and
—sin45° 0 cos45° -1 o L
V2 V2
V20 0
the standard matrix for a dilation with factor k:\/z is| 0 2 o0
0 0 2
1 1
V20 ollm O GE 1 o0
0 V2 0| 0 1 0f=lo +2 0
L L -1 0 1
0 0 V2f-5 0 5
1 00
(¢) The standard matrix for orthogonal projection on the xy-planeis |0 1 0| and the standard matrix for
000
-1 0 0
reflection about the yz-planeis | 0 1 0].
0 0 1
-1 0 o|[t 0 0] [-1 0 0
0 1 00 1 Oj={ 0 1 O
0 0 10 0 O 0 0O

9. (a) [Tl]le) 8} and [T, ]= ﬂ

0

K

00
[Tl][T2]=[T2][Tl]={0 0} s0 Ty oTy =Ty oT;.
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(b) From Example 1, [T oT}]= {cos(ﬁl +6,) —sin(6 + 92)}

sin(6 +6,) cos(f +6,)
[T T, 1= [T} ][T5 ]
_ [cos@ ~—sing, |[cosd, —sin6,
| sing  cos 6J{sin 6, cos 6’2}
_[cos6 cos@, —sin G sin@, —cos sin6, —sin b, cos b,
- | sin 6§ cos@, +cosf sin@, —siné sin b, +cosb cos (92}
_ _cos(ﬁl +6,) —sin(6,+6,)
| sin(6+6,)  cos(6 + 62)}
= [T2 °T1]
Thus T} o T, =T, oT;.

10 cosf -—siné
(c) [T1]=L) 0} and [T2]=Lin€ cose}'

(T11Ty] = 1 0}[00&9 —sinﬂ}

|10 0| sin@ cos@
_[cos® —sin@
Lo 0 }
cosf —sin@|| 1 0
[Tz][Tl]:_sinﬂ cos&}[O O}
[cos@® 0
=_sin€ O}

Lo #T;°T
11. (a) Not one-to-one because the second row (column) is all 0’s, so the determinant is 0.
(b) One-to-one because the determinant is —1.

(¢) One-to-one because the determinant is —1.

(d) One-to-one because the determinant is k% #0.
(e) One-to-one because the determinant is 1.

(f) One-to-one because the determinant is —1.

(g) One-to-one because the determinant is K #0.

13. (a) [T]=[_i ﬂ

det[T]=1+2=3#0, so T is one-to-one.

T

T_l(wl’ wy) =Gw1 —EWQ, lwl +lw2J

W= W[~
W= W

3 3 3
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(4 -6
) [71=| 3}
det[T] =12 - 12 =0, so T is not one-to-one.
[0 -1
© I71=| ) 0}

det[T]=0—-1=-1#0, so T is one-to-one.
-1,_ 110 1}_| 0 -1
T4 oL

T~ wy, wy) = (=wy, —w))

@ - 3 o

det[T] = 3(0) — (-=5)(0) = 0, so T is not one-to-one.

15. (a) The inverse is (another) reflection about the x-axis in R>.

(b) The inverse is rotation through the angle —g in R%.

. . . 1.
(c) The inverse is contraction by a factor of 3 in R

(d) The inverse is (another) reflection about the yz-plane in R>.

(e) The inverse is dilation by a factor of 5 in R

17. Let u=(x, y), v=(x,, ¥,), and k be a scalar.

(@) T(u+v)=T(x;+x5, y+ )
=20 +x)+ (1 +y2), (x +x2) = (¥ +¥2))
= (2x +y)+(2x + y3), (3 = y) +(x2 = ¥2))
=T)+T(v)
T(ka) =T (kx, ky;)
= (2kxy +kyy, kxy —kyy)
=kQ2x;+y1, 51—y
=kT(u)
T is a matrix operator.

(b) T(ku) =T (kx;, ky)

= (kx; +1, kyp)
T is not a matrix operator, which can also be shown by considering 7(u + v).
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(© TW+v)=T(x+xy, yy+¥)
= +y2, Y1t y2)
=T()+T(v)

T(kw) =T (kx;, ky;)
= (kyy, ky;)
=k(y» 1)
= kT (u)

T is a matrix operator.

d) Ta+v)=T(x +x5, Y1 +¥5)
:(\/3 Xt X, \3/)’1+J’2)
# (P +3x. v +30)

T is not a matrix operator, which can also be shown by considering 7T(ku).

19. Let u=(x, y1, 71), V=1(%, ¥5, 2p), and k be a scalar.

(@) T+v)=T(x +xy, y+¥3, 2 +2)
=(0,0)
=T()+T(v)
T(ku) =T (kx, ky;, kz7)
=(0,0)
=k(0, 0)
=kT(u)
T is a matrix transformation.

() Ta+Vv)=T(x+x9, Y1 +Y7, 71 +22)
= (30 +x) —4(y; +¥2), 20 +x0) —5(z) + 22))
=((3x; =4y +(Bxy —4y,), 2x; =571) +(2xy =525))
=T)+T(v)
T(ku) =T (kx, ky, kz;)
= 3k —4ky,, 2kx; —5kz;)
=k(3x -4y, 2x =5z))
=kT(u)
T is a matrix operator.

v [ 0
oo S 2

o[ U ot 9 21
i

23. (@) Ty(e))=(-1,2,4),T,(e;)=(3,1,5), and T4(e3)=(0, 2, -3)

00
0 1
1 0

(e

(=)

111
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(b) T,(e;+e,+e3) (b) True; use ¢; =c, =1 to get the additivity
=(=1+43+0,2+1+2,4+5-3) property and ¢; =k, ¢, =0 to get the
=(2,5,6) homogeneity property.

(¢) T,(7e5)=7(0, 2, -3)=(0, 14, -21) (¢) True; if T is a one-to-one matrix transformation

with matrix A, then Ax = 0 has only the trivial
25. (a) Yes; if u and v are distinct vectors in the solution. Thatis 7T(x—y)=0=A(x-y)=0
domain of 7; which is one-to-one, then = X =Y, so there are no such distinct vectors.

T,(u) and 7(v) are distinct. If 7;(u) and
T,(v) are in the domain of 7, which is also
one-to-one, then T, (7 (w)) and T, (T;(v)) (e) False; the zero transformation is one example.

(d) False; the zero transformation is one example.

are distinct. Thus 7, o7, is one-to-one. (f) False; the zero transformation is one example.

(b) Yes;if T;(x, y)=(x, y, 0) and Section 4.11

T,(x, y, 2) =(x, y), then T; is one-to-one .
2 y. )= ! Exercise Set 4.11
but 7, is not one-to-one and the

composition 7, o7j is the identity 1. (a) Reflection about the line y = —x maps (1, 0)

transformation on R> which is one-to-one. t0(0,-1)and (0, ) to (1, 0), so the

However, when 7] is not one-to-one and T, standard matrix is { (i _(ﬂ
is one-to-one, the composition T, o7} is not
one-to-one, since 7j(u) =7(v) for some (b) Reflection through the origin maps (1, 0) to
distinct vectors u and v in the domain of T (—1,0) and (0, 1) to (0, —1), so the standard
and consequently 75 (7;(w)) =15 (T} (v)) for matrix is {_1 0]
those same vectors. 0 -1

27. (a) The product of any m X n matrix and the (¢) Orthogonal projection on the x-axis maps
n x 1 matrix of all zeros (the zero vector in (1,0) to (1, 0) and (0, 1) to (0, 0), so the
R") is the m x 1 matrix of all zero, which is standard matrix is B 8}

the zero vector in R™.

_ o (d) Orthogonal projection on the y-axis maps
(b) One example is T(x;, xy) = (%] +x3, x1%3) (1, 0) to (0, 0) and (0, 1) to (0, 1), so the

29. (a) The range of T must be a proper subset of
R", i.e., not all of R". Since det(A) =0,

standard matrix is {8 ﬂ

3. (a) A reflection through the xy-plane maps

there is some b; in R" such that Ax=b,
(1,0,0)to (1, 0, 0), (0, 1, 0) to (0, 1, 0), and

is inconsistent, hence b, is not in the range (0,0, 1) to (0, 0, —1), so the standard matrix
of T. 10 0
is{0 1 O0f

(b) T must map infinitely many vectors to 0. 00 -1

True/False 4.10
(b) A reflection through the xz-plane maps
(1,0,0) to (1, 0, 0), (0, 1, 0) to (0, -1, 0),

(a) False; for example T: R* 5 R? given by
and (0, 0, 1) to (0, 0, 1), so the standard

T(x, xp) = ()cl2 +x§, X1X,) is not a matrix 1 0 0
transformation, although matrixis |0 =1 0.
7(0) = T(0, 0) = (0, 0) = 0. 0 0 1
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(c) A reflection through the yz-plane maps (b) The geometric effect is expansion by a
(1,0,0) to (-1, 0, 0), (0, 1, 0) to (0, 1, 0), factor of 5 in the y-direction and reflection
and (0, 0, 1) to (0, 0, 1), so the standard about the x-axis.

-1 0 0
matrixis | 0 1 0 (¢) The geometric effect is shearing by a factor

00 1 ' of 4 in the x-direction.
1 0]|+ o] |1 0
5. (a) Rotation of 90° about the z-axis maps 13. (a) 0 5} 2 =|2

(1,0,0) to0 (0, 1, 0), (0, 1,0) to (-1, 0, 0), - 0 11 105
and (0, 0, 1) to (0, 0, 1), so the standard )

0 -1 0 (b 1 0}[1 0}{1 o}
matrixis [1 0 0. |12 1]|0 5 25

0 0 1 )

© cos180° —sinl180°(||0 1

(b) Rotation of 90° about the x-axis maps | sin180°  cos180°|| 1 0O
(1,0,0) to (1,0, 0), (0, 1, 0) to (0, 0, 1), and [-1 o]fo 1
(0,0, 1) to (0, —1, 0), so the standard matrix 1o =1ll1 o

1 0 O 0 -1
is|0 0 -1} =11 o
01 0
-1

(c) Rotation of 90° about the y-axis maps 15. (a) Since {0 1} ={0 1}, the inverse
(1,0, 0) 0 (0,0, ~1), (0, 1,0) to (0, 1, 0), ho o
and (0, 0, 1) to (1, 0, 0), so the standard transformation is reflection about y = x.

0 0 1 |
matrixis | 0 1 0. . ko] |1 o
=|k
10 0 (b) SinceforO<k<1, ‘:0 J {0 J and
-1 1 0
7|73 OO0} (=3 01y -3 B l(j :{0 1},theinverse
) 0 1]|0 0’| 0 1}|0 0/ *
[_3 0170 0 -3 olh 3 transformation is an expansion along the
o -0k -
The image is a rectangle with vertices at (0, 0), 1 07" =1 o
(-3,0), (0, 1), and (-3, 1). (¢) Since [ } =[ } and
y 0 1 0 1
i -1
A 1 0 |1 0 .
: I—; o {0 _J —[0 _J the inverse

transformation is a reflection about the same
coordinate axis.

-1
(d) Sincek;tO,‘:l k} ZI:I _k} and

9. (a) Shear by a factor of k = 4 in the y-direction
(1 0

; 0 1 0o 1
has matrix 4 J. L
[ 1 0} 3 { 1 0} .
= , the inverse
(b) Shear by a factor of k = -2 in the x-direction k1 -k 1
1 =2 transformation is a shear (in the opposite
has matrix 0 J' direction) along the same axis.

11. (a) The geometric effect is expansion by a
factor of 3 in the x-direction.
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23. (a) Tomap (x,y, 2) to (x + kz, ¥y + kz, z), the

. t
17. The line y = 2x can be represented by ‘: 2J. 10 &

19. (a)

) I 3| t| _|t+6r| |7t
0 12| |0+2r] |2t
The image is x = 7¢, y = 2t, and using

t=lx, this is the line y =%x.
7 7

o o ][]

standard matrixis |0 1 k|.
00 1

(b) Shear in the xz-direction with factor £ maps
(x,y,2) to (x + ky, y, z + ky). The standard
1 & 0
matrixis [0 1 0.
0 k£ 1

Shear in the yz-direction with factor £k maps
(x,y,2)to (x, y + kx, z + kx).

The image is x = £, y = ¢t which is the line 1 00

y=x. The standard matrixis |k 1 0].
kK 0 1

0 1] ¢ 2t
© |1 oofl2)”
4 t True/False 4.11
The image is x = 2¢t, y = t, which is the line
1 (a) False; the image will be a parallelogram, but it
y= E)ﬂ will not necessarily be a square.

@ o a2

The image is x = —t, y = 2¢, which is the line
y=-2x.

(b)

True; an invertible matrix operator can be
expressed as a product of elementary matrices,
each of which has geometric effect among those
listed.

(¢) True; by Theorem 4.11.3.
[ 3
cos60° —sin60°|| % _% t 1 o' M1 o
© | e 0 = (d) True; =
sin60°  cos60° || 2¢ N ) ; _ 10
S 0 -1 0 -1
_[1243, -1 o] [-10 o 17" o 1
2 = , and = .
NG 0 1 0 1 10 1 0
3+2t
L 2
The image is x = 1-23 ;) y= 3+2 ; (e) False; E ﬂ maps the unit square to the
2 7 2 -
2 parallelogram with vertices (0, 0), (1, 1), (1, —1),
and using 7 = 12283 x, this is the line and (2, 0) which is not a reflection about a line.
= \/5 -:/2_ xory= —# X. (f) False; [ 21 _ﬂ maps the unit square to the
1-243

3 1)x 3x+y x
{6 J[y} ) [6X+2y} ) {y}
Thus, the image (x/, y) satisfies y"=2x
for every (x, y) in the plane.

(b) No, since the matrix is not invertible.

(®

parallelogram with vertices (0, 0), (1, 2), (-2, 1),
and (-1, 3) which is not a shear in either the x-
or y-direction.

True; this is an expansion by a factor of 3 in the
y-direction.

Section 4.12

Exercise Set 4.12

1.
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(b) A is not a stochastic matrix since the sums of

9 .
the entries in each column are not 1. $0 §= 17 The steady-state vector is

(c) A is a stochastic matrix. %(%) %
q = = .
9 9
(d) A is not a stochastic matrix because the third 17 17
column is not a probability vector due to the
negative entry. 9. Each column of P is a probability vector and
3 1 1
3. x. = Px 105 0605 [0.55 8 2 6
TR0 05 04]/05] 045 p?= % % % , S0 P is a regular stochastic
<o = Px, = 0.5 0.6(0.55| ]0.545 % é g
27771705 04]/045] 0455

matrix. The system (/ — P)q =0 is

o = Py, —| 05 0.6][0.545]_[0.5455 PR
377727105 041[0455]]0.4545 2 2 e 0
< = py. —| 05 0.6][0.5455] _[0.54545 Ty 2 T3||92|T 8~
4777105 0404545 ] ] 0.45455 -+ 0 1%
<, = Py = 0.5455 0.5454 || 0.5 The reduced row echelon form of I — P is
4 07104545 04546 0.5 o _4
3
_| 054545 0 1 =4/, sothe general solution of the
0.45455 3
00 0

5. (a) P isaregular stochastic matrix. ) 4 )
systemis ¢, =—s, g =—S, g3 =s. Since q
(b) P is not a regular stochastic matrix, since the 3 . 3
) P must be a probability vector,
entry in row 1, column 2 of P will be O for

11 3
allk>1. =g +qy,+q3=—s5, 0 s=—.
3 11
(c) P is aregular stochastic matrix since % (%) 4
11
21 1
P = {245 Z} The steady-state vector is q 3 (“) -
25 5 3 3

—_

—_
—
—_

7. Since P is a stochastic matrix with all positive

entries, P is a regular stochastic matrix. 11. (a) Theentry 0.2= py; represents the

The system (I — P)q = 0 is probability that something in state 1 stays in
) state 1.
T 75| [0
_% % 9> 0/ (b) The entry 0.1= p|, represents the
- 3 ) probability that something in state 2 moves
T 3 0 1 =8 0o to state 1.
reduces to 9 so the
-3 29 0 00 - ar
4 3 © 02 0.1(1] |02
. 8 . 0.8 09]/0] |08
general solution is ¢; =—s, ¢, =s. Since q L L
9 The probability is 0.8.
must be a probability vector 1=¢; +¢q, = %s 02 011705 0.15
@ o8 09] _0.5} B [0.85}
The probability is 0.85.
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13. (a) Let state 1 be good air. The transition matrix is P :[

_[0.93
~10.07

15.

2|1
(b)PO

(093 0.77][1
~10.07 0.23]|0

The probability is 0.93 that the air will be good.

0
1

¢ P

[0.922 0.858

10.078 0.142

Il

_0.858}

~10.142

The probability is 0.142 that the air will be bad.

0.2
o 32

0.95 0.55][0.2] _
0.05 045)[08]

[0.63
1037

The probability is 0.63 that the air will be good.

Let state 1 be living in the city. Then the transition matrix is P = [

Xg = Fgg} (in thousands).

0.95
0.05

0.55
0.45]

0.95 0.03
0.05 0.97

(@) Px, =| 095 003][1007_[9575
071005 097 25| |29.25
P2y 095 0.031°[100] _[91.84
071005 097 | 25| |33.16
Py 095 0.03[100 _[88.243
071005 097 | 25| |36.757
Py [0.95 0.037'[100 _[84.933
071005 097 | 25| |40.067
i 095 0.03T[100 _[81.889
070005 097] | 25] [43.111
Year 1 2 3 4 5
City 95,750 | 91,840 | 88,243 | 84,933 | 81,889
Suburbs | 29,250 | 33,160 | 36,757 | 40,067 | 43,111
o _ae | 005 003 ]_[0O
(b) The system (I — P)q=0is {_0-05 0-03}[%}—‘:0}

SSM: Elementary Linear Algebra

}. The initial state vector is

The reduced row echelon form of / — P is Ll) _8'6} so the general solution is ¢ =0.6s, g, =s. Since

l=q +g, =165, s= % =0.625 and the steady-state vector is g = ‘:

0.6(0.625) | | 0.375
0.625 '

0.625

Over the long term, the population of 125,000 will be distributed with 0.375(125,000) = 46,875 in the city
and 0.625(125,000) = 78,125 in the suburbs.
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1 1 3 1 3 1
0 5 5 Column 3: 1_§"E=§
17. The transition matrixis P=| £ 3 1] _
5 10 5 7 1 1
% % % 100 10 5
|1 3 1
p= 5 10 2
1 3 3
23 19 11 23 T 7o
17 |70 30 30|[1] |700 10 5 10l
2 |17 7 29 —| 17 The system (I — P)q = 0 is
@ P 8 S0 20 50 8 50 S LT
43 27 1 43 T
100 100 5 100 1(1) 170 ? @ |0
G 23 Y510 2| 2|70
The probability is —. 1 _3 1llas 0
100 L7 10 5 10

) The reduced row echelon form of 7 — P is
(b) The system (I — P)q=01is

10 -1
% _% _% a 0 0 1 -1|, sothe general solution is ¢, = s,
-4 7 _1 = 00 O
5 10 752|790 - _
_1 _1 4|lqs 0 qr =S5, gz =s. Since 1=¢q; +q, +q3 =35,
L 10 5 |
The reduced row echelon form of / — P is | 3
[ _46 s =— and the steady-state vector is q =| & |.
10 —57 3 y q=|3
0 1 _% , so the general solution is %
10 0 0
46 66 21. Since q is the steady-state vector for P, Pq = q,
ql = ES’ q2 = ES’ q3 =g. hence
150 . Pq=P""(Pg)= P lq= P2 (Pg)=--=q
Since 1=, +q, +43 = 75 T 150 and and P¥q=q for every positive integer .
the steady-state vector is
46 ( 47 ) 46 True/False 4.12
47\159 159
q=|% ( 47 ) _| 22 (@) True; the sum of the entries is 1 and all entries
47\159 531 are nonnegative.
a7 | |4
159 15 (b) True; the column vectors are probability vectors
2
028931 I35 and {0.2 1} _ [0.84 0.2}
(c) 120q=120| 0.4151 |=|50 08 0) [0.16 08
0.2956 35

(c) True; this is part of the definition of a transition

Over the long term, the probability that a car ;
matrix.

ends up at location 1 is about 0.2893,
location 2 is about 0.4151, and location 3 is
about 0.2956. Thus the vector 120q gives
the long term distribution of 120 cars. The
locations should have 35, 50, and 35 parking (e)
spaces, respectively.

(d) False; the steady-state vector is a solution which
is also a probability vector.

True

Chapter 4 Supplementary Exercises

7 1 1
19. Column 1: 1-————+ -1
oM 010 s L @ usv=0G+1,-2454+(2)=(43,2)
3 3 1 (-Du=((-1)3,0,0)=(-3,0,0)
Column2: 1-———=—
10 5 10
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(b) Vis closed under addition because addition
in V is component-wise addition of real
numbers and the real numbers are closed
under addition. Similarly, V is closed under
scalar multiplication because the real
numbers are closed under multiplication.

(¢) Axioms 1-5 hold in V because they hold in
3
R’.

(d) Axiom 7:

k(u+v)=k(u +v, uy +v,, uz +v3)
= (k(u; +v)), 0, 0)
= (kuy, 0, 0)+(kv;, 0, 0)
=ku+kv

Axiom 8:

(k+m)u=((k+muy, 0,0)
= (kuy, 0, 0)+ (muyy, 0, 0)

=ku+mu
Axiom 9: k(mu) = k(muy, 0, 0)
= (kmuy, 0, 0)
= (km)u

(e) Forany uw=(u, uy, u3) with u,, u3 #0,
lu= (lul, 0, 0) z (I/tl, U, M3) =u.

—

1 K
. The coefficient matrix is A=| 1 1] and
) 1

det(A) =—(s —1)2(s +2), sofors#1,-2,A1s

invertible and the solution space is the origin.
111

If s=1,then A= , which reduced to

111
111

I 11
0 0 0] so the solution space will require 2
000

parameters, i.e., it is a plane through the origin.

1 1 =2
Ifs=-2,then A=| 1 -2 1|, which
-2 1 1
1 0 -1
reducesto |0 1 -1/, so the solution space
00 O

will require 1 parameter, i.e., it will be a line
through the origin.

7. A must be an invertible matrix for Avy,

Av,, ..., Av, to be linearly independent.
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9. (a)

(b)

(c)

11. (a)

(b)

SSM: Elementary Linear Algebra

S —= O

1 1 101
A=|0 0| reducesto |0 1 O}, so
|1 1 0 0O

rank(A) = 2 and nullity(A) = 1.

10 10
01 0 1
A= 1010 reduces to
10 1.0 1
10 10
01 0 1
000 o so rank(A) = 2 and
00 0O

nullity(A) = 2.

The row vectors r; will satisfy
it 7is odd
r; = {rl 1. 1'1.s © . Thus, the reduced row
r, if i is even
echelon form will have 2 nonzero rows. Its
rank will be 2 and its nullity will be n — 2.

If p; and p, are in the set, then

(p1+ P)(=x) = pi(=x)+ pp(—x)
= p1(0)+ py(x)
=(p1+p2)¥)

so the set is closed under addition.
Also

(kp)(=x) = k(p(=x)) = k(p;(x)) = (kp)(x)
so kp; is in the set for any scalar k, and the
set is a subspace of F,, the subspace

consisting of all even polynomials. A basis

4

is {1, x2, x*, ..., x>™) where 2m =n if n is

even and 2m =n — 1 if n is odd.

If p; and p, are in the set, then

(p1 + P2)0) = p;(0)+ p,(0)=0, so

P + P, isin the set. Also,

(kpy)(0) = k(py(0)) =k(0) =0, so kp; isin
the set. Thus, the set is a subspace of P,,
the subspace consisting of polynomials with

constant term 0. A basis is

3

2
{x, x7, x7, ..., x"}.
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13. (a) Theentry a;,i> j, below the main diagonal is determined by the a; entry above the main diagonal. A

1 0 0/|{0O 1 O0]|O0 O 1|0 O O||0 O O[]0 O O
basisis <[0 O O|,{1 O O, |0 O Of,{O0 1 O,|]O0 O 1[,{0 O O
0 0 0|0 O O 1 0 0/ {0 O O[|0O 1 OO0 O 1
. . 0ifi=j . .. .
(b) In a skew-symmetric matrix, W= g if i j Thus, the entries below the main diagonal are determined
Ji

0 10 0 0 1//0 O O

by the entries above the main diagonal. A basisis 4{-1 0 0{,] 0 0 0[,|0 0 1

0 0 O0||-1 0 0]]0 -1 O

15. Every 3 x 3,4 x4, and 5 X 5 submatrix will have determinant 0, so the rank can be at most 2. For i < 5 and j < 6,

0 g oA . .. .
det {a i6 } =—0;g0s; SO the rank is 2 if any of these products is nonzero, i.e., if the matrix has 2 nonzero
5j 6

entries other than asg. If exactly one entry in the last column is nonzero, the matrix will have rank 1, while if all
entries are zero, the rank will be 0. Thus, the possible ranks are 0, 1, or 2.

119



Chapter 5

Eigenvalues and Eigenvectors

5. (a) [7”__83 x‘iJL’ZHg}

Section 5.1
Exercise Set 5.1
4 0 1|1 5
1. Ax=(2 3 2{/2|=|10|=5x
1 0 4|1 5

x corresponds to the eigenvalue A = 5.

A-3 0

3. (a) det[ 3 A4l

:|=(7L—3)(7\,+1)

=A% —20-3
The characteristic equation is

A2 —2A—-3=0.

A-10 9
(b) det[ o x+2}—(7»—10)(7u+2)+36

=A% -8L+16
The characteristic equation is
A2 —8A+16=0.

A3 a2
© de| J—x 12

The characteristic equation is A2 -12=0.

(A+2 7 ]
(d) det_ O k_z}_(x+2)(x—2)+7

=22 +3

The characteristic equation is A2 +3=0.

A 0 a2
(e) det_O }J—k

The characteristic equation is A% =0.

[A-1 0 _ 2.2
® det_ 0 K—l}_(k D7 =A"-2A+1
The characteristic equation is

A2 —2h+1=0.

120

(b)

(c)

_ . 0 0 xl _ 0
h=3ives {—8 ‘JLJ - {0}
_1
Since 00 reduces to ! 2], the
-8 4 0 0

.. 1
general solution is x; =—s, X, =S5, or
2

1 1 1
{xl}: 2% |=5]2 |, so | 2| is a basis for
X s 1 1

the eigenspace corresponding to A = 3.

o [4 0[x]_[0] o
A =—1 gives {—8 O}LJ_{O} Since

-4 0 10
8 0} reduces to ‘: 0 0} the general

solutionis x; =0, x, =s, or

N } = [0} = s{o}, S0 [0} is a basis for the
| X s 1 1

eigenspace corresponding to A = —1.
[A-10 9 x| |0
| -4 A+2][x | |O
. -6 9||x|_|0
o[ )
- -3
Since 6 9 reduces to ! 2|, the
-4 6 0 0

general solution is x; :ES’ Xy =S, or

X 3 3 3
L=12" |=5|2 , SO | 2| is a basis for
X2 s 1 1
the eigenspace corresponding to A = 4.
;\4 -3 X1 _ 0
-4 7\, X h 0

e N MEH
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(d)

(e)

®

J - 1 -
Since 12 3 reduces to V12 |,
-4 12 0O 0

the general solution is x; =
Nip)

X 3 3 3
or{l}=x/5 =s| V12|, so |12 | isa
X s 1 1
basis for the eigenspace corresponding to

A=412.
A =—J12 gives

R MRl
Since {_\/ﬁ -3
-4 12

3

s, Xp =8,

} reduces to

1 2
{ J12 }, the general solution is
0 0

X =———=S, Xy =S, or

J12
s __3 __3
}:{ \/E:l, so{ \/ﬁ} is
1 1

-3
Bl
.XZ s

a basis for the eigenspace corresponding to

A =12

There are no eigenspaces since there are no
real eigenvalues.

7\, 0 xl _ 0

0 7\4 Xy h 0

_ . 0 0 xl _ 0
A =0 gives {0 O}LJ = [O}
Clearly, every vector in R*isa solution, so
[(1)} [ﬂ is a basis for the eigenspace

corresponding to A = 0.
7\,—1 0 X1 _ 0
0 7L_1 Xy h 0
_ . 00 X1 _ 0
o) 2}
Clearly, every vector in R*isa solution, so
Ll)} [ﬂ is a basis for the eigenspace

corresponding to A = 1.
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7. (a)

(b)

(¢

(a)

(e)

®

9. (a)

Section 5.1

The eigenvalues satisfy

A —6A% +11A=6=0 or

(A= DA =2)(A—3) =0, so the eigenvalues
are A=1, 2, 3.

The eigenvalues satisfy A> =21 =0 or
7»(7»+\/§)(7»—\/§) =0, so the eigenvalues

are A=0, —\/5, V2.

The eigenvalues satisfy A3 +80 2 +A+8=0

or (A+ 8)(7»2 +1) =0, so the only (real)
eigenvalue is A = 8.

The eigenvalues satisfy A> —A% —A-2=0
or (A— 2)(%2 +A+1)=0, so the only (real
eigenvalue is A = 2.

The eigenvalues satisfy
A —602+12L-8=0 or (A —2)> =0, so
the only eigenvalue is A = 2.

The eigenvalues satisfy

A3 —2A% —150+36 =0 or

A+dH\- 3)2 =0, so the eigenvalues are
A=-4,3.

A0 2 0
A -1 0
ety 1 a+2 0
0 0 0 A-l
A0 =2
—(=Ddet| -1 A -1
0 -1 A+2

=A=D{MAA+2)=1]-2(1-0)}
= -DA>+202 -A—-2)

R S )
The characteristic equation is
A A7 -3 A2 =0,
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A+2 0 0 -4 0 0
(b) det 04 7“32 x?rz (7) =(A—10)det| 0 A+2 7 |-9det| 0 A+2 7
0 o i, 0 -1 A-2 0 -1 A-2

=(A=10)A+2)[A+2)(A=2) + 7= 9(=D)[(A+2)(A—=2)+ 7]
= (M2 —8A—20+36)(A> —4+7)
=\ —8L+16)(A% +3)
=A% -8 +19A% — 240+ 48
The characteristic equation is A -8 +19A% — 241 +48 =0.

A0 2 0 X 0
Y | 0 |[x|_|0
O S T W S ol
0 0 0 A-1f|x, 0
1 0 =2 0|l x 0
L -1 1 -1 Of|x|_|0
A =1 gives 0 -1 3 0|yl |0
0 0 0 0]x 0
1 0 -2 0 1 0 -2 0
. - 1 -1 0 01 -3 0 ..
Since 1 30 reduces to 00 o0 ol the general solution is x; =2s, x, =3s, x3 =5,
0O 0 00O 00 00
X 2s 2 0 2 0
Xy =t or Y || 3 =s 3 +1 0 , SO 3 , 0 is a basis for the eigenspace corresponding to A = 1.
X3 K 1 0 1 0
.X4 0 1 0 1
-2 0 =2 0flx 0
. -1 2 -1 0}|x 0
A==2gives| o 1 o olly|T|o
0 0 0 -3]|x 0
-2 0 =2 0 1 010
. -2 - 0 0100 ..
Since . 0 reduces to 000 1 the general solution is x; =—s, x, =0, x3 =5,
0O 0 0 -3 00 0O

-1 0 =2 0]xn
-1 -1 -1 0| x

x| —s -1 -1

X 0 0 0] . . . .

x4 =0 or = =s| ([so| q|is2 basis for the eigenspace corresponding to A = —2.
0 0

-1 1 0 X3 |:
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-1 0 =2 0 15. If a line is invariant under A, then it can be
) 1 -1 =1 o0 expressed in terms of an eigenvector of A.
Since 0 -1 1 0 reduces to e
0 0 0 =2 (a) det(M —A) = ‘ __2 - 1‘
_é (: %1 8 =(h=HA-1)+2
00 _0 it the general solution is =A2—50L+6
00 00 =0-30-2)
N A-4 1 ][x]_[0
iclz_zs’ Xy =S, X3=3S, Xy =0 or | -2 r—1 y - 0
qo|=2s) |2 2 —1 1[x]_[o
A =3 gives = |
Y22 Sl=s ! , SO ! is a basis £ [ 2 2}[ } [0}
3 ° 1 1 (-1 1 1 -1
E 0 0 0 :2 2} reduces to [ 0 —O}’ so a general
for the eigenspace corresponding to A = 1. s_olution is x = y. The line y = x is invariant
(A-10 9 0 0 N[x] [0] under A. A = 2 gives ‘:_3 ﬂ[x} = [8}
B | Tt A2 00 |ln| j0 B Y
0 0 A+2 7 X3 0 —2 1 can be reduced to 2 -l , soa
L 0 0 -1 A-2fx]| (0] 21 0 0
FT7 Fan general solution is 2x = y. The line y = 2x is
_Z 2 8 8 Y 8 invariant under A.
=4 gives | 20217
00 6 —7|x 0 b deti -1 _,2
00 -1 2|x]| 0] (b) detM —A)=| — ,|=A"+1
-6 9 0 0 Since the characteristic equation A2 +1=0
Since -4 6 0 reduces (o has no real solutions, there are no lines that
0 0 =7 are invariant under A.
00 -1 2
1 _% 00 (c) det(M—A)= ‘7” 0 2 ‘ (A -2)%
0 0 1 0 the general solution is 3 T x
S i H
0 000 Y
. 0 3| «x 0
xlzgs, X =35, x3=0, x4 =0 or A =2 gives [O O}LJ_[O}
;Cl % s % % Since {8 _(3)} reduces to [8 (ﬂ, the
x2 =| S |=s| 1|, so || isabasis for general solution is y = 0, and the line y = 0 is
3 8 8 8 invariant under A.
X4
the eigenspace corresponding to A = 4. 23. We have that Ax = Ax.

. . . . A_l(Ax) = Ix =X, but also

13. Since A is upper triangular, the eigenvalues of A |
Al Aax) = a7 ) = ma™! Alx=—x

are the diagonal entries: 1 , 0, 2. Thus the (4%) (Ax) =MA"x) so X A X

1. . . .
9 9 1 1 Thus — is an eigenvalue of A ! with
eigenvalues of A7 are 17 =1, (Ej =—, A

corresponding eigenvector X.
0° =0, and 2° =512.
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25.

We have that Ax = Ax.

Since s is a scalar, (sA)x = s(Ax) = s(AX) = (sA)x
so sA is an eigenvalue of sA with corresponding
eigenvector X.

True/False 5.1

(a)

(b)

()

(d)

(e)

®

(2

False; the vector x must be nonzero to be an
eigenvector—if x = 0, then Ax = Ax for all A.

False; if A is an eigenvalue of A, then
det(Af — A) =0, so (A — A)x = 0 has nontrivial
solutions.

True; since p(0) = 0% +1# 0, A =01is not an
eigenvalue of A and A is invertible by Theorem
5.1.5.

False; the eigenspace corresponding to A
contains the vector x = 0, which is not an
eigenvector of A.

True; if O is an eigenvalue of A, then 02 =0is
an eigenvalue of A2, so A% is singular.

False; the reduced row echelon form of an
invertible n X n matrix A is I, which has only

one eigenvalue, A = 1, whereas A can have
eigenvalues that are not 1. For instance, the

matrix A= I:Z _ﬂ has the eigenvalues A = 3

and A =-1.

False; if O is an eigenvalue of A, then A is
singular so the set of column vectors of A cannot
be linearly independent.

Section 5.2

Exercise Set 5.2

1.

Since the determinant is a similarity invariant
and det(A) =2 — 3 =—1 while

det(B) =—2 — 0 =-2, A and B are not similar
matrices.

1 00
3. Areducesto |0 1 O] while B reduces to
0 0 1
1 20
0 0 1], sothey have different ranks. Since
000

rank is a similarity invariant, A and B are not
similar matrices.

124

11.

SSM: Elementary Linear Algebra

Since the geometric multiplicity of an eigenvalue
is less than or equal to its algebraic multiplicity,
the eigenspace for A = 0 can have dimension 1 or
2, the eigenspace for A = 1 has dimension 1, and

the eigenspace for A = 2 can have dimension 1,
2,0r 3.

Since the matrix is lower triangular, with 2s on
the diagonal, the only eigenvalue is A = 2.
_? g}, which has rank 1,

hence nullity 1. Thus, the matrix has only 1
distinct eigenvector and is not diagonalizable.

For A =2, 2I—A=[

Since the matrix is lower triangular with
diagonal entries of 3, 2, and 2, the eigenvalues
are 3 and 2, where 2 has algebraic multiplicity 2.

0 0 0
ForA=3,3I-A={0 1 0| which has rank
0 -1 1

2, hence nullity 1, so the eigenspace
corresponding to A = 3 has dimension 1.

-1 00
ForA=2,2I-A=| 0 0 O] which hasrank
0 -1 0

2, hence nullity 1, so the eigenspace
corresponding to A = 2 has dimension 1.
The matrix is not diagonalizable, since it has
only 2 distinct eigenvectors.

Since the matrix is upper triangular with
diagonal entries 2, 2, 3, and 3, the eigenvalues
are 2 and 3 each with algebraic multiplicity 2.

01 0 -1

0 0 -1 1 )
ForA=2, 2I-A= 00 -1 -2 which has

00 0 -1

rank 3, hence nullity 1, so the eigenspace
corresponding to A = 2 has dimension 1.

11 0 -1

01 -1 1 .
ForA=3,3/-A= 00 0 -2 which has

00 0 O

rank 3, hence nullity 1, so the eigenspace
corresponding to A = 3 has dimension 1.

The matrix is not diagonalizable since it has only
2 distinct eigenvectors. Note that showing that
the geometric multiplicity of either eigenvalue is
less than its algebraic multiplicity is sufficient to
show that the matrix is not diagonalizable.
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13. A has eigenvalues A; =1 and A, =—1 (the
diagonal entries, since A is triangular).

_ . ;\4—1 O xl _ 0
(M—A)x—Ols‘:_6 7¥+JL2}_{O]

_ . 0 0 X1 _ 0
el 21

. 00 1 -1
Since reduces to 3|, the general
-6 2 0O 0

1 X 1

. . _1 _ 1| _ 3
solution is x; = 3 s, Xy =S, or =5 s

Xz 1

1

and p; =| 3
1
corresponding to A; =1.
. -2 0 x 0
SR

. -2
Since { 6

} is a basis for the eigenspace

0 1
0} reduces to { 0 0

1

solutionis x; =0, x, =s or {xl } = S‘:O} and

X2
0]. . .
p; = | is a basis for the eigenspace

corresponding to A, =—

Thus, P=[p; p,l= ﬁ (j diagonalizes A.
[ 301 o]% 0
w3 A1

N 0}

L0 Ay

[1 0]

_0 _1_

15. A has eigenvalues A; =2 and A, =3 (the
diagonal entries, since A is triangular).
M-A)x=0 is

A-2 0 2 || x 0
0 A-3 0 =10]|.
0 0 A-3]lx 0
0 0 2|x 0
A =2 gives [0 -1
0 0 -1} x; 0

0} , the general
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17.

Section 5.2

o o0 2 010
Since |0 -1 0| reducesto |0 O 1/, the
0 0 -1 0 0O
general solution is x; =5, x, =0, x3 =0 or
X1 1 1
Xy |=5|0| and p; =| 0] is a basis for the
)C3 0 0

eigenspace corresponding to A; =2
10 2)x| [0
Ay =3 gives [0 O O]|x, |=|0| which has
0 0 Olx3| |O

general solution x; =-2s, x, =, x3=s, Or

x -2 0 [—2 0
Xy |=s| O|+¢t/1], and p,=| O], p3=|1
X3 1 0 | 1 0
is a basis for the eigenspace corresponding to
1 20
Ay =3. Thus P=[p; p, p3l={0 O 1
0O 10
dlagonahzes A.
1 0 2{2 0 21 -2 0
P'AP={0 0 1|0 3 o0f0 0 1
|10 1 0JJO O 3]0 10
A, 0 0
=0 A, O
00 2,
2 0 0
=10 3 0
|10 0 3
A+l 4 2
detMl —A)=| 3 A-4 0
3 -1 A-3

= x> —6x% +11x—6
=(x-D(x-2)(x-3)
The eigenvalues are A; =1, A, =2, and A3 =3,
each with algebraic multiplicity 1. Since each
eigenvalue must have nonzero geometric
multiplicity, the geometric multiplicity of each
eigenvalue is also 1 and A is diagonalizable.
M-A)x=0 is
A+1 -4 2 X1 0
3 A=4 0 ||x]|=|0]
3 -1 A=-3]| x3 0
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2 —4
Since |3 -3
3 -1

2 4 2[x] To
M=1gives |3 -3 0|l x |=|0].
0

1

0

3 -1 2]|x| |0

2 1 -1
0| reducesto | 0
-2 0 0

general solution is x; =5, X, =5, X3 ==, or

xl 1

1

Xy |=s|1| and p; =| 1] is a basis for the

)C3 1

1

eigenspace corresponding to A; =1.

Ay =2 gives
3 4
Since |3 -2
3 -1

.. 2
the general solution is x =§s, X)=§, X3=95

3 4 2][x] [o
3 2 0fx|=|0]
3 -1 -1)|x ] [0
2 10 -2
0| reducesto | 1 -1/
-1 10 0

or x; =2t, x, =3t, x3=23t whichis

xl 2

2

Xy |=t| 3| and p, =|3 | is a basis for the

.X3 3

3

eigenspace corresponding to A, =2.

4 -4 2[x] [o
Ay=3gives [3 -1 O x, |=|0].
3 -1 0] x5 [O
4 4 2 10 -3
Since |3 -1 O reducesto |9 | —3]|,
4
3 -1 0 00 0
. 1 3
general solution is x; =—5, Xy =—5, X3==
4 4
xl _1
X =t, xp =3t, x3 =4t whichis | x, |=¢|3
)C3 _4

1
and p; =|3
4

is a basis for the eigenspace

corresponding to A3y =3.

Thus P =[p,

P2 P3l=

[
W W N
AW =

-1, the
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diagonalizes A and

M 000 100
PlaAP=0 A, 0 |=|0 2 0.
0 0 XAl [0 0 3

. Since A is triangular with diagonal entries of 0,

0, 1, the eigenvalues are A; =0 (with algebraic

multiplicity 2) and A, =1.

A, =1 must also have geometric multiplicity 1.
A0 0 ||x 0

AM-A)x=0is| 0 X 0 ||x|=|0]
-3 0 A-l]|x3 0
00 0]x] [o
A =0gives| 0 0 Of x |=[0]
-3 0 -1} x3 0
00 0 101
Since | 0 0 O|reducesto|g o ¢} a
-3 0 -1 0 0 0
.. 1
general solution is x; = —5 F, Xy =t, X3=r Or

X =S, X, =t, x3=-3s whichis

X1 1 0
X |=s| O|+¢| 1|. Thus A; =0 has
X3 -3 0
geometric multiplicity 2, and A is diagonalizable.
1 0
p;=| 0|, pp =| 1| are a basis for the
-3 0

eigenspace corresponding to A; =0

1 0 Offx| [0
Apy=lgives| 0 1 0} x,|=|0].
0

-3 0 0| x5
1 00 1 00
Since| 0 1 O|reducesto|{0 1 0}, a
-3 00 0 0O
general solutionis x; =0, x, =0, x3=s or

X1 0 0
Xy |=5/0| and p; =| 0] is a basis for the
X3 1 1_

eigenspace corresponding to A, =1.

100
Thus P=[p; p, p3l=| 0 1 O
-3 0 1
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21.

diagonalizes A and

M 0 07 o o0 o0
Plap=l0 A 0]=[0 0 0
0 0 A [0 0 1

Since A is triangular with entries —2, -2, 3, and 3
on the diagonal, the eigenvalues are A; =—2 and

Ay =3, both with algebraic multiplicity 2.
(M -A)x=0 is

A+2 0 0 0 x| 0
0 A+2 -5 5 Xl 0
0 0 A-3 0 X3 0
0 0 0 A-3 X4 0
00 0 O0fx 0
A 0 0 =5 5|x|_|0
A =-2 gives 00 - 0|yl ol
00 0 5] x 0
00 0 O
. 00 -5 5
Since 00 -5 0 reduces to
00 0 -5
0010
00 01 a general solution is x; = s
000 0% =95
00 00
X 1 0
)Cz 0 1
X =t, x3=0, x4,=0 or i =5 0 +1t ol
)C4 O O
Thus A; = -2 has geometric multiplicity 2, and
1 0
|9 |1 are a basis for the
0 0
eigenspace corresponding to A; =—2.
50 0 0}lx 0
_ . 05 =5 5|x|_|0
Ay, =3 gives 00 00|x||of
00 0 0] xy 0
50 00
. 05 -5 5
Since 00 00 reduces to
00 0O
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10 0
0 1 =11 a general solution is x; =0
00 oof"8 1=5
100 00
)C2=S—l, X3 =9, )C4=l, or
_x1 0
Xz — 1 +t -1
.X'3 1
_)C4 0 1
Thus A, =3 has geometric multiplicity 2, and
0 0
1 -1 .
p3 = at Py = 0 are a basis for the
0 1

eigenspace corresponding to A, =3.

Since the geometric and algebraic multiplicities
are equal for both eigenvalues, A is

diagonalizable.
1 00 O
01 1 -1
P=lpr P2 P3 P4l=y o |
000 1
diagonalizes A, and
A 0 0 o0
1,510 & 0 O
PAP= 0 0 & O
|0 0 0 A,
2 0 0 0
10 =200
10 030
| 0 0 0 3
A+l =7 1
detAl-A)=] 0 A-1 O
0 -15 A+2
=23 +202 -1 -2

=A+2)(A+D(A-1)
Thus, the eigenvalues of A are A; =-2,
Ay =-1, and Ay =1.

M-A)x=0 is
A+1 -7 1 X 0
0 A-1 0 ||lx|=|0]
0 -15 A+2]|x| |0
-1 -7 1 X1 0
AM=-2gives| 0 -3 0} x[=|0
0 -15 0]/x;| |0



Chapter 5: Eigenvalues and Eigenvectors

-1 -7 1 1 0 -1
Since | 0 -3 Ofreducesto|{0 1 O}, a
0 -15 0 00 O
general solution is x; =5, x, =0, x3 =3, or
X 1 1
xy |=s[0/|, so p; =|0] is a basis for the
)C3 1 1

eigenspace corresponding to A; =—2.

0 -7 1 X1 0
Ay=—1gives |0 -2 0 x |=|0|
0 -15 1) x| |0

0o -7 1 010
Since |0 -2 0] reducesto |0 0 11, a

000

0.

0 -15 1
general solution is x; =5, x, =0, x3 =0, or
X 1 1
Xy |=s[0| so p, =| 0] is a basis for the
)C3 O 0

eigenspace corresponding to A, =—1.

2 7 1[x] Jo
Ay =1 gives |0 0 0f x 0].
0

0 -15 3| x3
2 71 1o -1
Since | 0 0 O] reducesto | 1 _% , a
0 -15 3 00 0

.. 1
general solution is x; :§s, Xy :gs, X3=s5 Or

xl 1
X =t, Xy =t, x3 =5t whichis | x, |=¢|1]| so
.X'3 5

1
p3 =| 1| is a basis for the eigenspace
5

corresponding to Ay =1.

P=[p; p, p3l=

—_— O =
S O =

1
1 | diagonalizes A,
5
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andD:P_lAP
(0 =5 1|[-1 7 -1][1 1 1
=1 4 -1/l 0 1 o0ll0 0 1
0 1 0]015—2105
(A, 0 0
=0 A, O
10 0 Ay
2 00
=l 0 -10
L0 0 1
" 0 o
Al _ppllp~l_p 0 (_1)11 0 pl
0 o 1!
[—2048 0 0
=P 0 -1 o|P!
0 01
-1 10,237 —2047
=l 0 1 0

0 10,245 -2048

A=3 1 0
25. det(AM—A)=| 1 A=2 1
0 I A-3
=A% —8A2 +190—12
=(A-D(A-3)(A-4)
The eigenvalues of A are A; =1, A, =3, and
Ay =4.
M —-A)x=0 is
A=-3 1 0 || x 0
I A=2 1 |x|=[0]
0 I A-3]x 0

-2 1 0]lx 0
AM=1lgives| 1 -1 1{=x|=|0]
0

0 1 _2 )C3
-2 1 0 1 0 -1
Since | 1 -1 1| reducesto |0 1 -2, a
0o 1 =2 00 O
general solutionis x; =5, x; =25, x3=s or
xl 1 1
Xy |=s|2| and p; =| 2| is a basis for the
.X'3 1 1

eigenspace corresponding to A; =1.
01 0l x 0

Ay=3gives |1 1 1| x |=|0]
0 1 0f x3 0
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217.

010 1 01
Since |1 1 1| reducesto|0 1 O], the
010 000
general solution is x; =5, x, =0, x3=—s or
X1 1 1
xy|=s| 0| and p, =| 0| is a basis for the
X3 -1 -1
eigenspace corresponding to A, =3.
1 1 0flx 0
Ay=4gives |1 2 1| x 0.
01 1] x 0
1 10 1 0 -1
Since |1 2 1| reducesto |0 1 1§, a
011 00 O
general solution is x; =5, X, =—s, X3 ==, Or
X1 1 1
Xy |=s|—1| and p3 =| —1| is a basis for the
)C3 1 1
eigenspace corresponding to Az =4.
1 1 1
Thus P=[p; p, p3l={2 0 -1
1 -1 1
diagonalizes A and
A 00 1 00
PlAP=D=[0 %, 0|=|0 3 0]
0 0 Az 0 0 4
1 1 1
6 3 6
—1 _ 1 _l
Pr=l7 0 =3
1 _1 1
3 3 3
A" =pp"p7!
n 1 1
1 1 1j]I" 0 0y 3 %
- 1 _1
LR A
- niyfl _1 1
0 0 4 3 T3 3

Using the result in Exercise 20 of Section 5.1,
el —-b -b
one possibility is P = [a A a- 7»2} where

1

M =§[a+d+\/(a—d)2 +4bc} and
1

Ay :E[a—kd—\/(a—d)z +4bc]
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31. If A is diagonalizable, then P~'AP = D. For the

same P, P lakp
= P'A(PPTHAPPT)A--- (PP AP
with k factors of A
=P 'AP)PAP)---(PT'AP)

k factors of P~'AP

=pk
Since D is a diagonal matrix, so is Dk, so A¥ is
also diagonalizable.

. (a) The dimension of the eigenspace

corresponding to an eigenvalue is the
geometric multiplicity of the eigenvalue,
which must be less than or equal to the
algebraic multiplicity of the eigenvalue.
Thus, for A = 1, the dimension is 1; for

A =3, the dimension is 1 or 2; for A = 4, the
dimension is 1, 2, or 3.

(b) If A is diagonalizable then each eigenvalue
has the same algebraic and geometric
multiplicity. Thus the dimensions of the
eigenspaces are:

A = 1: dimension 1
A = 3: dimension 2
A =4: dimension 3

(¢) Since only A =4 can have an eigenspace
with dimension 3, the eigenvalue must be 4.

True/False 5.2

(@) True;use P =1

(b) True; since A is similar to B, B = Pl_lAPl for

some invertible matrix F. Since B is similar to
C C= PZ_IBPZ for some invertible matrix P,.
Then C = P;'BP,

=P (R'AR)P,

= (P 'ATHARP)

= (B Py AR Py).
Since the product of invertible matrices is

invertible, P = K P, is invertible and A is similar
to C.

True; since B = P_IAP, then

B l'=P7'aPy ' =P7'A7'P 50 A7! and B!
are similar.
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(d) False; a matrix P that diagonalizes A is not
unique—it depends on the order of the
eigenvalues in the diagonal matrix D and the
choice of basis for each eigenspace.

(e) True;if Plap= D, then
PlaTlp=P7'AP) ' =D, s0 A7l isalso
diagonalizable.

® True; DT =P~ 'AP)T = PT AT (P7HYT | 50 AT
is also diagonalizable.

(g) True; if A is n X n and has n linearly independent
eigenvectors, then the geometric multiplicity of
each eigenvalue must be equal to its algebraic
multiplicity, hence A is diagonalizable.

(h) True; if every eigenvalue of A has algebraic
multiplicity 1, then every eigenvalue also has
geometric multiplicity 1. Since the algebraic and
geometric multiplicities are the same for each
eigenvalue, A is diagonalizable.

Section 5.3
Exercise Set 5.3
Lou=(2-i 4, 1+i)=Q+i, —4i, 1-i)
Re(u) = (Re(2 - i), Re(4i), Re(1 +i)) =(2,0, 1)
Im(u) = (Im(2 — i), Im(4i), Im(1 +i)) = (-1, 4, 1)
hull =2 +14if? + I+
2 2 2
= \/(\/22 2) (a2 )+ (2 e?)
=5+16+2
=23
5. If ix—3v=u, then ix=3v+u, and
X = l(3v+ﬁ) =—i(3v+u).
i
x=—i3(+i, 2—i, 4)+(3—-4i, 2+i, —6i))
=—i((3+3i, 6-3i, 12)+ (3+4i, 2—1i, 6i))
=—i(6+7i, 8—4i, 12+6i)
=(7-6i, —4-8i, 6-12i)
— | -5 4 50 4
7. A=|— _— _|=
L—i 1+51] {2+i 1—51}

Re(-5i))  Re(4)

0 4
Re(A) = ‘:Re(z—i) Re(l+5i):| - ‘:2 1:|
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Im(-5) Im@4) | _[-5 0
tm(4) = {Im(2 —i) Im(1+ SiJ - {—1 5}
det(A) = —5i(1+5i) — 4(2—i)
=-5i+25-8+4i
=17-i
tr(A) = —5i + (1 + 5i) = 1

u-v=_(3, 2, 3) (4, —2i, 1+i)
= i(4) +2i(=2i) +3(1+1)
= 4i +2i(2i)+3(1—i)
=4i—4+3-3i
=—1+i

u-w=(, 2 3)-(2—1i, 2i, 5+3i)
= i(2—i)+2i(2i) +3(5+3i)
= i(2+1)+2i(=2i) +3(5 = 3i)
=2i—1+4+15-9i
=18-7i

vew = (4, =20, 1+i)-(2—i, 2i, 5+3i)
=42 —i)=2i(2i) + (1+)(5+3i)
=42 +1) — 2i(=2i) + (1+1)(5—3i)
=8+4i—4+5+2i+3
=12+6i

vou = 4(=i) = 2i(=2i) + (1 +i)(3)
=—4i—4+3+3i
=—1-i

=u-v
u-(v+w)=(, 2i,3)-(6-1i, 0, 6+4i)
=i(6+1i)+2i(0)+3(6—4i)
=6i—1+18—-12i
=17-6i
=(-1+)+1A8-7i)
=u-v+u-w
kw-v)=2i(-1+i)=-2i-2=-2-2i
(ku)-v =(2i(i, 2i, 3))-(4, —2i, 1+1i)
=(-2, -4, 6i)-(4, —2i,1+10)
—2(4)—4Qi)+6i(1-1i)
—8—-8i+6i+6
=-2-2i
=k(a-v)

u-v=_(», 2i,3)-(4, 2i,1-i)
=i(4)+2i(-20)+3(1+10)
=4i+4+3+3i
=T7+7i

wu=u-w)=u-w=18-7i

(u-v)—-w-u=7+7i—-(18-7i)
=—11+14i
=—11-14i
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15. tf(A)=4+0=4

17.

19.

det(A) =4(0) - 1(=5)=5
The characteristic equation of A is

A? —4LA+5=0, which has solutions A = 2 + .
_ . 7\,—4 5 xl _ 0
a5 S]]
I —2-i 5 x]_[o
M=2 zglves[ y 2_1}[@}_{0]
- l

. 2—-1 5 1 2+
Since [ 1 2_11 reduces to {0 0 }, a
general solution is x; =(2—1)s, x, =s or
{xl } = s[z_l} SO X| = [2_1 is a basis for the

Xy 1 1
eigenspace corresponding to A; =2—i.

X, =X = [21H} is a basis for the eigenspace
corresponding to A, =A; =2+i.
tr(A)=5+3=38

det(A) =53) - 1(=2) =17
The characteristic equation of A is

A2 —8L+17 =0 which has solutions A = 4 + i.

a s A5 2 |lx | |0
(M-A)x=0 is [ ) 7\_4{@}-[&.
_ .. =1-i 2 (|X|_|0
M=4-i glves[ . I_JLJ—[O}.

. -1-i 2 I =1+
Since [ 1 l—z} reduces to [O 0 }, a
general solution is x; =(1—i)s, x, =s or
[xl } = s[l_l} SO Xq = F—l} is a basis for the

.X2 1 1
eigenspace corresponding to A; =4—i.

X, =X = [1?} is a basis for the eigenspace
corresponding to A, =A; =4 +i.

Here a = b = 1. The angle from the positive x-

axis to the ray that joins the origin to the point
. (1) =

1,1)is ¢=tan H2l=Z,
(. Dis g (1) 4

A=l nl =12 +17 =2
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21. Herea=1, b= —/3. The angle from the
positive x-axis to the ray that joins the origin to

the point (1, _\/5) is ¢=tan"! [ﬁj:—g
1
M =(1-i3[=V1+3 =2

23. w(A)=-1+7=6
det(A) =-1(7) - 4(-5) =13
The characteristic equation of A is

A2 —6A+13 =0 which has solutions A = 3 + 2i.
For A =3 —2i,det(Al —A)x=01is

4-2i 5 x| |0 Since
4 —4-2i|| x ol
4-2i 5 1 1+4;
2
{ 4 —4—21} reduces to L) 0 }, a

.. 1
general solution is x; = (—1—51') S, Xy =5 Or

x3 =(=2-0t, x, =2t whichis

{xl}:t[_z_l} SO x:{_z_l} is a basis for
.X'2 2 2

the eigenspace corresponding to A = 3 — 2i.

Re(x) = [_ﬂ and Im(x) = [_(ﬂ

Thus A= PCP~! where P= {’;

o]

25. r(A)=8+2=10
det(A) = 8(2) — (-3)(6) =34
The characteristic equation of A is
A% =101 +34 =0 which has solutions
A=5%3i
ForA=5-3i,(M-A)x=0is

-3-3i -6 ||x|_|0

3 3-3i|| x, o)
—3-3 6 reduces to L= a
3 3-3i 0o o0/

general solution is x; =(=1+i)s, x, =s or

{xl}:s[l_l}, SO x:[l_l} is a basis for the
.X'2 _l —1

eigenspace corresponding to A = 5 — 3.

Re(x) = [_ﬂ and Im(x) = [_(ﬂ

_(ﬂ and

Since [
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1 1 =1 Section 5.4
Thus, A=PCP™ " where P = 1 o0 and
Exercise Set 5.4
C= 5 3
135 1. (a) The coefficient matrix for the system is
A= 1 4
27. (@) u-v=(2i1i,30)-3 6i, k) 12 3
= 2i(=0)+i(=60) +3i(k) det(M — A) =A% =4k —5= (A =5)(A+1)
=2+6+3ik The eigenvalues of A are A; =5 and
=8+3ik N =1
p— p— 2 -
Ifu-v=0,then 3ik =-8 ork:—gzgi A-1 -4 [x 0
l — = 1 =
(M—-A)x=0is [ _2 7“_3}{)52} [0}

so k =§i.
3

(b) u-v=(k, k, 1+i)-(1, =1, 1-i)

_ . 4 —4 X _ 0
sl 121

. 4 4 1 -1
=k()+k(-D+A+DA+0) Since {_2 2} reduces to [O 0} a
=(1+i)?
2 general solutionis x; =s, xy =s, or
=2i
Thus, there is no complex scalar k for which | s 1 and p, = 1 s a basis for the
u-v=0. Xy 1 1
True/False 5.3 eigenspace corresponding to A; =5.
7\/ -1 oi - —4 xl _ 0
(a) False; non-real complex eigenvalues occur in 2 =1 aves -2 4| x, ol

conjugate pairs, so there must be an even

number. Since a real 5 X 5 matrix will have 5 Since {_3 :ﬂ reduces to [(1) 3} a

eigenvalues, at least one must be real.

general solution is x; =25, x, =5 or

characteristic equation of a 2 X 2 matrix A.

(b) True; &> —Tr(A)A+det(A) =0 is the . 5 5
1 . . . .
{ } =[ } and p, =[ J is a basis for

29)

(c) False; if A is a matrix with real entries and
complex eigenvalues and k is a real scalar,
k#0, 1, then kA has the same eigenvalues as A
with the same algebraic multiplicities but

1

the eigenspace corresponding to A, =—1.

Thus P =[p, pz]:[i _ﬂ diagonalizes

0 A 0 -1

tr(kA) = ktr(A) # tr(A). Aand P-AP =D = |:7“1 0 } _ [5 0}.

(d) True; complex eigenvalues and eigenvectors
occur in conjugate pairs.

(e) False; real symmetric matrices have real
eigenvalues.

or uj =5u,
(f) False; this is only true if the eigenvalues of A Uy ==ty
satisfy [A|=1. C165x
u=
| cpe™
solution
=2
Y 1

132

The substitutions y = Pu and y’ = Pu’ give

0 -1

the “diagonal system” u’ = Du = {5 O}u

which has the solution

. Then y = Pu gives the

T 5x Sx —X
ce cie”” —2cHe
—X 5x —-X
C2€ Cle + C2€
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(b)

3. (a)

the solution of the system is
_ S5x —x
VI =ce —2c5e

yp = clesx +cpe "

The initial conditions give ¢ =26=0
¢ +cy=0

which has the solution ¢; =¢, =0, so the

solution satisfying the given initial

»=0

¥ =0°

conditions is

The coefficient matrix for the system is

4 0 1
A=-2 1 0]
-2 0 1

detM —A) =A> —60% +11A—6
=(A=-DA=-2)(A-3)
The eigenvalues of A are A; =1, A, =2,

and A3 =3.

M-A)x=0is

A-4 0 —l}xl 0

2 A-1 0 ||x|=|0

2 0 A-1]|x; 0
1

30 -1x] Jo
M=lgives| 2 0 0 x|=0]
2 0 0

-3 0 -1 1 00
Since| 2 0 O] reducesto |0 0 1|,
2 0 0 0 0 O
the general solutionis x; =0, x, =,
X 0 0
x3=0o0r|x|=s/1|and p;=|1]|isa
)C3 O 0

basis for the eigenspace corresponding to

2 0 -1 x 0
Ary=2gives| 2 1 O}l x |=[0]
20 1 X3 0

0
Since | 2 1 0] reducesto
2 0 1

1o 4
0 1 -1/ the general solution is
00 O
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XIZ_ES, Xy =98, X3=§ Or x1=—t,

xl —1

Xy =2t, x3 =2t whichis | x, |=¢| 2
)C3 2

—1]

and p, =| 2| is a basis for the eigenspace
2_
corresponding to A, =2.

Az =3 gives

-1 0
Since | 2 2 0| reduces to
2 0 2

1
—1|, the general solution is x; = s,

SO =
S = O

.xl 1
Xy =—S, X3=—s§ or | x, [=s|—1| and
.X'3 -1
1
p3 =| —1/| is a basis for the eigenspace
-1

corresponding to Ay =3.

Thus P=[p; p, p3l=|1 2 -1
0o 2 -1
diagonalizes A and
M 0 0110 o0
P'ap=D=|0 %X, 0|=]0 2 Of
0 0 2] [0 03
The substitutions y = Pu and y’ = Pu

4

give
the “diagonal system”

1 00 u =u
0 |u or u5 =2u, which

u' =Du= 2
0 3 us = 3uz

Cle
has the solution u = 0262)‘ . Theny = Pu

C3e3x

gives the solution
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0 -1 1} ae
y=|1 2 —1| ce™
_0 2 -1 c3e3x

_C2€2X + C3€3X

=| ™ +2cye” — 36>

2eye?t —cye

and the solution of the system is
yl = _C2€2X +C3€3x

Yy =cet + 2c2(32x —c3e3x.

y3 = 2c2(32x —c3e3x

(b) The initial conditions give
—cy +c3 =-1
¢ +2cy) —c5=1
2¢y —c3=0
which has the solution ¢; =1, ¢, =1,
¢3 =2, so the solution satisfying the given
v = er _ 263):
initial conditions is y, = e — 26> +2¢°*.
y3 = 22 +2¢3*

5. Lety =f{x) be a solution of y’=ay. Then for
g(x)= f(x)e™™ we have

g = f(e™ + f(x)(—ae™™)

=af (x)e ™ —af (x)e”™
=0

Hence g(x)= f(x)e ™ =c wherecisa

constant or f(x) =ce™.

7. If yy=y and y, =y’, then
vy =y"=y"+6y =y, +6y; which yields the

system
Y=Y
Y2 =06y+ ¥,

The coefficient matrix of this system is

01
a=lo 1}
detM — A) =12 —A—6=(A=3)(A+2)
The eigenvalues of A are A; =3 and A, =-2.

_ . 7\. -1 X1 _ 0
(M-A)x=0 is [—6 K_JLCJ—[O}.
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_ . 3 -1 X1 _ 0
sl 21

_ _1
Since 3 -1 reduces to ! 3|, the
-6 2 0 0

.. 1
general solutionis x; =—s, x, =§ or x; =1,
3

xy =3t which is {jﬂ:t[ﬂ, SO Py :B} isa

basis for the eigenspace corresponding to
7\,1 = 3

o[22 —[x]_[0]
Ay =—2 gives {—6 —3:||:X2:|_‘:O:l. Since

-2 -1 11
reduces to 2 |, the general
-6 -3 0 0

L 1
solution is x =—Es, Xy =S or X =t,

Xy ==2t which is [2} :t[_ﬂ SO P, :|:_21}

is a basis for the eigenspace corresponding to

1 1
Ay ==2. Thus P =|[p, p2]=[3 _2}

diagonalizes A and
-1 MO 3.0
P AP=D= = .
[ 0 KJ [0 -2

The substitutions y = Pu and y’ = Pu’ give the

“diagonal system” u’= Du = B _g}u or

uj =3u,
ué =—2u,
3x
. . Cle
which has the solution u = { _ZXZI. Then
C2€

y = Pu gives the solution

REEE! cle3x 3 clesx + cze_zx
v [3 _2} {cze_zx:l - Lcleh —2cye7 2" :l
Thus y, = y = c;e>* +cye > is the solution of
the original differential equation.

9. Use the substitutions y; =y, y, =y =y and
y3 =y"=y5. This gives the system

0 10
A=10 0 1
6 -11 6
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detM — A) =13 —6A% +11A—6
=(A=-DA-2)(A-3)

The eigenvalues of A are A; =1, A, =2, and

Ay =3.

A -1 0 J[x] Jo
AM-A)x=01is| 0 A -1 ||x|=|0]
-6 11 A-6]|x;| (O
1 -1 0]lx 0]
M=1lgves| 0 1 —1{x|=|0]
-6 11 5] x3 0]
1 -1 0 1 0 -1
Since | 0 1 -1{reducesto|{0 1 -1}|,
-6 11 -5 00 O
the general solutionis x; =5, x, =5, X3 =S5 or
X 1 1
Xy |=s|1]| so p; =|1| is abasis for the
)C3 1 1
eigenspace corresponding to 7»1 =1.
2
Ay =2 gives | 0 —1 x2 =
-6 11 —4 || x3
1o -1
Since 2 0 reduces to ‘1‘
0 2 -1 0 1 =5
00 O
. 1
the general solution is x =Zs, Xy =Es,
X3 =S or xy =t, x, =2t, x3 =4t whichis
X1 1 1
Xy |=t| 2| so pp, =| 2| is a basis for the
X3 4 4
eigenspace corresponding to A, =2.
3 -1 0lx] [o
Ay=3gives| 0 3 —1|lx(=|0].
-6 11 3]/ x | [0
341 0 10—
Since | 0 3 —1|reducesto | | _% ,
-6 11 -3 00 0
. 1
the general solution is x; :§s, Xy :§s,

X3=s or x; =t, x, =3t, x3=9¢ whichis
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X1 1 1
Xy |=t| 3| so p3 =|3| is a basis for the
.X'3 9 9
eigenspace corresponding to Az = 3.
111
Thus P=[p; p, p3l=|1 2 3
1 49
diagonalizes A and
M 0 0 1 00
PlAP=D={0 X, 0|=l0 2 0
0 0 As 0 0 3
The substitutions y = Pu and y’ = Pu’ give the
1 00
“diagonal system” w'=Du=(0 2 0|u or
0 0 3

Mll =u
uy =2u, which has the solution u = Cze
uy =3uy

Then y = Pu gives the solution
1
y=|1
1

3x

e + et +ese

= clex + 2c2(32x + 3C3€3x

_clex + 46262x + 9c3e3x

Thus y; = y = cj¢* +cpe>* + ¢3¢ is the

solution of the original differential equation.

True/False 5.4

(a)

(b)

(c)
(d)

(e)

False; just as not every system Ax =b has a
solution, not every system of differential
equations has a solution.

False; x and y may differ by any constant vector
b.

True

True; if A is a square matrix with distinct real
eigenvalues, it is diagonalizable.

False; consider the case where A is
diagonalizable but not diagonal. Then A is
similar to a diagonal matrix P which can be used
to solve the system y’ = Ay, but the systems

y’ = Ay and u’ = Pu do not have the same
solutions.
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Chapter 5 Supplementary Exercises

A—cosf  sind
1. @) detM-4)= —sin@ A—cosé
=22 —(2cosOA+1
Thus the characteristic equation of A is
A% - (2cos @)L +1=0. For this equation
b? —4ac = 4cos”> 0 —4 = 4(cos” 6-1).
Since0< 8 <, cos? @ <1 hence

b* —4dac < 0, so the matrix has no real
eigenvalues or eigenvectors.

(b) The matrix rotates vectors in R? through
the angle 6. Since 0 < < T, no vector is
transformed into a vector with the same or
opposite direction.

d, 0 0
3. (a) If D= 0 d:z 0 then

0 0 - d,

Jd 0 0

(b) If A is a diagonalizable matrix with
nonnegative eigenvalues, there is a matrix P

such that P"'AP=D and

A 0 - 0
D= 0 7? . | is a diagonal
0O 0 - A

n
matrix with nonnegative entries on the main
diagonal. By part (a) there is a matrix S

such that 512 =D. Let §= PSlP_l, then
§% =(pS,P~H(PS,P")
= psip!

= pDP”!
= A

(c) Ahaseigenvalues A =11, =4, A3 =9

1
with corresponding eigenvectors x; =| 0 |,
0

SSM: Elementary Linear Algebra

I 11
Thus P={0 1 2| diagonalizes A, and
00 2
1 00
P'AP=D=[0 4 0
0 0 9
1 00
If $={0 2 0}, then Sf =D.
0 0 3
S=Ps; P!
11 1]t o o]l -1 3
=0 1 2{0 2 0|0 1 -1
|10 0 2]|0 0 3]lo o %
[1 1 0]
=0 2 1
10 0 3]
§?= A, asrequired.
-3 6| .2
9. det(\M A)—‘_1 7»—2‘_% 5k

11.
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The characteristic equation of A is A2 —5h= 0,
hence A —54=0 or A% =5A.

el 13T

1 2 5 10
eese o3 22 %)
oo 9[22
oo O[5 )

Suppose that Ax = Ax for some nonzero

X Cl.xl+C2x2 +'~-+cnxn

X . Xy teyXxy +e+c, X
x=|"2|. Since Ax=| I"17"272, n*n

Xn Cl.xl+C2x2 +'~-+cnxn
then either xy =x, =---=x,,

A=c +cy+--+c, =tr(A) ornot all the x; are
equal and A must be 0.
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13.

15.

If A is a k X k nilpotent matrix where A" =0,
then det(Al — A") = det(Al) =A* and A" has
characteristic polynomial Ak =0, sothe
eigenvalues of A" are all 0. Butif A, is an
eigenvalue of A, then A{ is an eigenvalue of

A", so all the eigenvalues of A must also be 0.

0 10
The matrix P=| 1 -1 1| will diagonalize A
-1 11
00
and P'"AP=D=|0 1 , thus
00 —1
A=PDP!
0 10]o 0o o]! 3 -3
=l 1 -1 1[0 1 of[1 0 O
-1 1 1Jlo0 0 -1fjp L 1
- 2 2

Il
1
|
p— p—
| |
R= D= S
| |
D= = O
|

137
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If A is an eigenvalue of A, the A will be an

eigenvalue of A3 corresponding to the same
eigenvector, i.e., if Ax; = le, then

A3xl = 7»3x1. Since A® = A, the eigenvalues

must satisfy A% = and the only possibilities are
—1,0,and 1.
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Inner Product Spaces

Section 6.1

Exercise Set 6.1

L (@ (uv)=13+1-2=5
() (kv, w)=(3v, w)=9-0+6-(-)=—6

(©) <u+v, W>=<ll, w>+<v, W>
=1-0+1-(=D+3-0+2-(-1)
=-3

vl = \/<V, V> =32 +22 =13

d@, v)=u-vl|
=[l=2, -

= (22 +(-1)?
=5

®  lu-kivl=]1, D33, 2)
= (-8, -9

=(=8)? +(=5)
=89

(u, v)=3#+(-2)(5) =2
(v,u)=4(3)+5(-2)=2

(d)

(e

~

() (u+v, w)=((7,3), (-1 6))
=7(-1)+3(6)
=11
(u, w)+(v, w)
=(3(=D +(=2)(6)) + (4= +5(6))
=-15+26
=11

© (u,v+w)=(3-2), (3 11)
=33)+(-2)11)
=-13
<ll, V> +<ll, W>
=B +(=2)(5)) + (B(=1) +(=2)(6))
=2-15
=-13

138

(d) (ku, v)=((-12,8), (4, 5))
—12(4) +8(5)

-8

k(u, v)=-4(2)=-8

(u, kv) =((3, - 2), (-16, —20))
3(=16) +(-2)(—20)
-8

(e (0, v)=((0,0), (4, 5))=0(4)+0(5) =0
((4,5), (0, 0)) =4(0)+5(0) =0

{v.0)

5. LetA:ﬁ ﬂ.Then AT:F I}A S0

11

53
AT A= A2 = .

(a) (u, V> =vI AT Au

ol 2
o]

=—4-1
=5

() (v, w)=w' A" Av
5 371
o )3 3]
-1
s o]

=3-2
=1

(c) (u +v, w) = WTATA(u +v)

i 1
o o]

34
-7
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@ (v, v)=v'ATAv

5 3|-1
el I

3 12 1 1
2 o]

=2-1

=1
vl = (v, v) =+1=1

H

<V—W, V—W>=(V—W)TATA(V—W)

(e) V—w={

o

-1
0 if]
=-1+2
=1

dv, w)=|v-w]

=J(v-w, v—w) 15.

NI
1

® lv-wl* =, w)? =12 =1

ro [ 3 4-1 3] [1 13
7@ wv=l 8[ 1 1}[10 2}

(u, v)=t@ v)=1+2=3

r_ [1 =34 6| _[4 -18
®) wv=, 5_{0 8}_[8 52}

(u, v)=tr v)=4+52=56

r [30
9. (a) A _[0 )

For u={ul} and v={vl},
up V2

(u, V> =vl AT Au

-t iy 4]

=[9 4v2]{u1:|

Up
= 9M1V1 + 4M2V2

}=A, 50 ATA=A2=L) .

139

. (a)

9 0} 17.

Section 6.1

(1) (u, v)=9(-3)(1)+4(2)(7) = -27+56 =29

\/g 0 , since
0 5

The matrix is A= {

30
AT A= A2 = .

2 0
b) The matrix is A = , since
(b) 1X 1 {0 \/E}

AT A = A? {4 0}.

0 6
@ [al=(A 4)
—J( 22 +52 432 162
=74
(b) ||All=0 by inspection.
6 -1
(a) A—B—{8 _2}
d(A, B)=||A-B|
=/(A-B, A-B)
=62 +(-1)? +82 +(=2)°
=105
3 3
w s3]
d(A, B)=]A-B|
=J(A-B, A-B)
=32 432 4(=5)2 +(-2)°
=41
(p.q)

= p(=Dg(=1)+ p(0)q(0) + p(Hg(1) + p(2)q(2)
=(-2)(2)+(0)D) +(2)(2) +(10)(5)
=—-4+0+4+50

=50

ol =+(p. p)
= LpEDP +[pO)F +[pMF +[pP
= \/(—2)2 +0%+2%2+10°
=108

=643
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19. u-v=(-3,-3)

(@ d, v)=[u-v|
= (u—v, u—v)

=3+ (-3’

5%

(b) d(u, v)=|lu—vl
= (u—v,u—v)

=/3(=3)% +2(=3)°
=45
=35

ro 1 =1 2] [ 2 -
© 4 A{z 3}{—1 3}_[—1 13}

(u—v,u—v)=(u—v)TATA(u—v)

-3 -3 3 53]

=[-3 -36] [:ﬂ

=9+108
=117
d, V) =[ju-v|
= (u—v,u—v)
=117

=3J13

2 2
/2 1 , 1 5 L. . 1, 1 5 x“ 0y .
21. (a) Foru=(x,y), ={(u, =, —x"+— and the unit circle is ,|—x“+—y° =1 or —+-—=1 which
(a) @ ), Jull = (u, u) ,}4 T ,/4 ) BT

is the ellipse shown.

y
4

4]

4

140
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2
B 3 2 _ [ 2.2 T N I x
(b) Foru=(x,y), [lu|=(u, u)"* =4/2x" + y° and the unit circle is y/2x° +y~ =1 or =

ellipse shown.
y

M
A

25. ||u + V||2 + ||u - V||2

=(u+v,u+v)+(u-v,u-v)
:iu, u+v)+(v,u+v)+(wu-v)—(v,u-v)

u, u>+<u, v>+<v, u>+<v, v>+<u, u)—(u, v)—(v, u>+<v, v)

0 1
27. Let V—[_l 0}, then

(V, V)y=0(0)+(D(=D +(=1)(1) +(0)(0)
=-2<0
so Axiom 4 fails.

29. @) (p. q)=ﬁ1(1—x+x2 + 523 ) (=302 )dx

1
= J.—l (x— 4x? 4450 +2x* —15%° )dx

1
_(xz 453 4 2% 5x6]
=l =

by
2 3 5 2

-1

() (p.q)= Iil(x—5x3)(2 +8x%)dx

1
= j_l (2x=2x> —40x7)dx

1
_(2 2 20x6j
[ 2
2 3

-1

True/False 6.1

(a) True; with w; =w, =1, the weighted Euclidean inner product is the dot product on R

141

2

Section 6.1

2
yT —1 which is the
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(b) False; for example, using the dot product on R?
withu = (0, —1) and v = (0, 5),
(u, v) =0(0)—1(5) =-5.

(¢) True; first apply Axiom 1, then Axiom 2.
(d) True; applying Axiom 3, Axiom 1, then Axiom 3
and Axiom 1 again gives (ku, kv> = k(u, kv)
 k{jov,u)
=k(k)(v, u)
= k> (u, V>.
(e) False; for example, using the dot product on R?
withu = (1,0)and v = (0, 1),
(u, V> =1(0)+0(1) =0, i.e.,uand v are
orthogonal.

() True; if 0=|v|* =(v, v), then v =0 by Axiom
4.

(g) False; the matrix A must be invertible, otherwise
there is a nontrivial solution X, to the system

Ax =0 and <XO, XO>=AXO -Axy =0-0=0, but

Section 6.2

Exercise Set 6.2

1 (@) [u]=y1®+=3)% =410
Ivl=v2*+4* =320
(u, v) =1(2)+(-3)(4)=-10
(w,v)  -10 10 1

llllvl~ Viov20 V200 2

() [ull=v(1*+0> =1
Iv|=v3%+8% =73

(u, v)=(-D3)+08) =-3

cosf =

lalllvl 73

© [ull=vE=D?+52+22 =30

Ivll = 22 +4% +(-9)% =101

142

(a)

(e)

®

3. (a)

(b)

SSM: Elementary Linear Algebra

(u, v) = (=D(2)+5(4)+2(-9) =0

0s@

lhall =

Ivll=

:(u, V>_ 0

= = 0
lallivl /30101

Va2 +12 +8% =81 =9
V12402 +(=3)2 =410

(u, v) =4(D)+1(0)+8(-3) =20

osé

lhull =

Ivll=

(u, v) 20

lallvl 9v10
V2402 +12 402 =2

32+ (232 +(-3)2 +(3)°
V36
6

(u, v) =1(=3)+0(=3) +1(-3) + 0(-3) =6

lhall =

Ivll=

(u, V> -6 1

vl 6v2 V2

22+ 2472 4 (-)? =455

V42 +0% +0% +0% = 4

(u, v) =2(4)+1(0)+7(0) + (~1)(0) = 8

cos@

lal =

1Bl =

(A, B

(uv) 8 2

lallvl~ 4455 55
(4. 4)
\/22 +62+12 +(—3)2
J50
5\2

J(B, B) =32 +22+12+0% =14
) =2(3)+6(2)+1(1)+(-3)(0) =19
(A, B) 19 19

9= = =
lAllBl - 52314 1077

lal =

1Bl =

(4, 4)
V22 +4% 4 (D)2 + 32
J30

(B, B)

JE32 412 442 422

V30
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(A, B)=2(-3)+4() +(-D(4)+3(2) =0
(AB) 0

lallsl 30

5. (p,q)=10)+(-DQ2)+2() =0

7. 0=(u, w)=2()+k(2)+6(3) =20+2k
Thus k =-10 and u = (2, —10, 6).
0=(v, w)=1D)+5(2)+33)=1+19
Thus, I =-19 and v = (-19, 5, 3).
(u, v)=2(-19)-10(5)+6(3) =70 £ 0
Thus, there are no scalars such that the vectors are mutually orthogonal.

9. (@) (u, v)=2()+1(7)+3k =9+3k

u and v are orthogonal for k = 3.
) {(u, v)=k(k)+k(5)+1(6) = k* +5k +6
k% +5k+6=(k+2)(k+3)
u and v are orthogonal for k = -2, -3.
1. (a) [(u, v)|=[3(4)+2(-D|=[10]=10

ulllv] = V32 + 2242 + (<12
SNENT
=+/221
=149

) [(u,v)|=|-32)+1-D+03)| =|-7|=7

lalllvl = V=32 + 12 +0% 22 + (<1)? + 32
_Jiovia

=+/140
=11.8

© |(u, v)|=|-4(8)+2(-4) +1(-2)| = | 42| = 42

lullivl = =% +22 412 8% + (42 + (-2
NN

=J1764
=42
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@) [(u, V)| =0(=1)+(2)(=1)+2(1) +1(D)
=3
=5
llllvl = 02 +(=2)2 + 22 + 12 (=12 + (=1)2 + 12 +12

=94

=6

13. (u, w1> =0 by inspection.
(u, w2> =-1D+1(-1)+03)+2(0)=-2

Since u is not orthogonal to w,, it is not orthogonal to the subspace.

15. (a) W+ will have dimension 1. A normal to the plane isu = (1, -2, -3), so W will consist of all scalar

multiples of u or ma = (¢, —2¢, —37) so parametric equations for Wt are x = t,y=-2t,z=-3t

(b) The line contains the vector u = (2, =5, 4), thus W is the plane through the origin with normal u, or
2x—5y+4z=0.

(c) The intersection of the planes is the line x + z = 0 in the xz plane (y = 0) which can be parametrized as

(x,y,2)=(,0,-1t) or«1,0,-1). W is the plane with normal (1,0, -1) orx —z=0.

17. u—v|? =(u-v,u-v)
=<u, ll—V>—<V, ll—V>
=(u, u)—(u, v)— (v, u)+(v, v)
=ul? ~0—0+|v|
=2
Thus [u—v]=~/2.

19. span{uj, u,,...,u,.}=ku +ku, +---+ku, where ki, k,, ..., k, are arbitrary scalars. Let
ve spanfuy, u,, ..., u,}.
(w, V> = (w, kg +kyu, +---+krur>
:kl <W, u1>+k2<w, 112>++kr <W, llr>
=0+0+---+0
=0
Thus if w is orthogonal to each vector u;, u,, ..., u,, then w must be orthogonal to every vector in

span{uy, u,, ..., u,}.

21. Suppose that v is orthogonal to every basis vector. Then, as in exercise 19, v is orthogonal to the span of the set of
basis vectors, which is all of W, hence v is in W= If v is not orthogonal to every basis vector, then v clearly

cannot be in WL. Thus W consists of all vectors orthogonal to every basis vector.
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—

27. Using the figure in the text, AB=v+u and

31.

5
BC = v—u. Use the Euclidean inner product on

R? and note that ||| =||v].-

(45, 5¢) = (v, v-u)
= (v, V)= {v, )+ {u, v)~(u, u)
= [IvI? =l
=0

Thus AB and BC are orthogonal, so the angle
at B is a right angle.

(a) W is the line through the origin which is

perpendicular to y = x. Thus W is the line
y=-x.

(b) W is the plane through the origin which is

perpendicular to the y-axis. Thus, W is the
xz-plane.

(o) W is the line through the origin which is

perpendicular to the yz-plane. Thus w s
the x-axis.

True/False 6.2

(a)

(b)
()]

(d)

(e)

®

False; if u is orthogonal to every vector of a

subspace W, then u is in wt.
True; WAW: = {0}.

True; for any vector w in W,
<u+v, W> =<u, w>+<v, W> =0, sou+visin

wt.
True; for any vector w in W,
(ku, w) = k(u, W> =k(0)=0, so kuisin wt.

False; if u and v are orthogonal |<u, V>| =|o/=0.

False; if u and v are orthogonal,
la+ vI* = ull* +[Iv]* thus
|2

2
lha -+ vl = Vlhal” w1 # fall + v

145

Section 6.3

Exercise Set 6.3

1. (@) ((0,1),(2,0)=0+0=0

The set is orthogonal.

o (FEHEE

The set is orthogonal.

o (FwEE

1

The set is not orthogonal.

(@ ((0,0),(0,1))=0+0=0

The set is orthogonal.

1

The set is not orthogonal.

) <(z,_z,1j,(z, 1
3 3°3)\ 3’3

«é 21)(12 2

3 33)\3°3°3

<(2 1 2] (1 22

33 3)\3°3°3

The set is orthogonal.

)
)

gl

Section 6.3

350
s

=-1
£0

2 24220
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11
170707 07_7_ :0 O OZO
«© <( 3 \E\/E» o
(1, 0,0),(0,0,1))=0+0+0=0

1

<(0, % %j 0, 0, 1)>=o+o+E

=L¢0

V2

The set is not orthogonal.

o (dd-3H4)

Wi
0

The set is orthogonal.

5. @ ||,,1(x)||=\/(§j2+(—§)2+(§)2

(p1(x), py(x)) =

(4

9
0
_2(1)_2(2) 12
<p1(x)’p3(x)>_3[3j (3j+3(3j
2
9
0
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2(1Y),1(2) 2(2
<p2(-x)7 p3(x)> =§(§j+§(§j—§(§j

®) [p|=V12 =1

1Y (1Y
ol +( )
1 1
= —+—
2 2
i
=1
[psa] =12 =1

(py(x), Py () =1(0)+0(1)+0(1) = 0
(p1(x), p3(x)) =1(0)+0(0)+0(1) =0

1 1
s =00)+—=0)+—=(1
(py(x), p3(x) <)+ﬁ< )+ﬁ()
1

=—=%0

V2

The set is not an orthonormal set.

7. (@) ((-1,2),(6,3)=—-6+6=0

l-1 2| =D 22 =5

(—1,2)_(—1,2)_( 1 2]

2] 5 U
6. 3 =62 +3% = a5 =345
63 _63
6. 3] 375
:[L L]
3J5 35
=[i Lj
55

The vectors [—L, ij and (i, Lj
NCENG NG
are an orthonormal set.
(b) ((1,0,-1),(2,0,2)=2+0-2=0
((1,0,-1),(0,5,0)=0+0+0=0
((2,0,2),(0,5,0)=0+0+0=0

I, 0. =1 =12 +0% +(-1)2 =42
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)

! ,o,_Lj

NG

@Q—D:@Q—D:(
la,0,-n] V2
l2. 0,2)|=v2% +0% +2% =8 =22
(2,0,2) _(2,0,2)
l2.0.2] 242
:[L 0.2
W27 22
_[L 0 Lj
V27 2
|0, 5,0)|=V0? +5% +0% =5
0.5.0 _©0.50_ o
|0, 5, 0 5 o
The vectors ( E 0, \/1,

%’ "7

orthonormal set.

~
()
N’
/N
W |
| —
UIID—‘
~—
|
N | =
o | =
S
~—
N

! ], and (0, 1, 0) are an

3

“\2s

_3

5
(é’é’é)__jl(l 11
b3 S
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|
Nul —_
Nul —_
Q
Il
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=
N | —
N~
(3]
+
N\
N | =
N—
[\*)
+
=)

_ L
“\2
1
V2
(-33:9) =£(_1 1 0]
=350 122
=(_L 1 0]
2720
3.4 -2 &) (& ()
— =, == =4l =1 | = + ==
33 3 3 3 3
_ |6
Vo
_6
3
(553 _i(l 1 _gj
Wl,l _zm 6133 3
3°3° 73
=(L 1 _ij
6 V6 6
The vectors (— L Lj
NEMNCANG
FE)mEw R
NN RN
an orthonormal set.
2 2
9. ||v1||=J(_§j +(ij +0?
5 5
9 16
= |[—+—
25 25
=1
=1
2
4 3 2
=/ 2] +[2] +o
V.| J(s) +(5j i
_[is o
25 25
N
=1
[vs] = V0 +0% +1% =1
12 12
<V1,V2>——2—5+2—5 0=0
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<v1, V3> =0+0+0=0 linearly independent. Since S contains 4
linearly independent orthogonal vectors in
(v, v3)=040+0=0

R4, it must be an orthogonal basis for R*.

=(1,-1,2
@ u=( ) (b) ||V1||2=12+(_2)2+32+(_4)2:30

5 [voff =22 412 + (4% +(=3)> =30
43 1
(u, v2)=§—§+0=§ [vs]? = (=32 +42 +12 +(=2)% =30
(u,v;)=040+2=2 [valf =42 +3%+22 412 =30

(w,v))=-1-4+9-28=-24

Thus, (1, -1, 2) =—Zv1 +1v2 +2v;3.
>0 (u, vy)=-2+2-12-21=-33

(b) u=G3,-7,4) (w, v3)=3+8+3-14=0
(u, vl):—g_%+ :_3?7 (w, v4)=—4+6+6+7=15
u="2y 122, 0 04 By
(v,)=2-2po=2 30 T30 2730 0
> 2 : =—£V1—£V2+0V3+1V4
(u,v3)=0+0+4=4 5710 2
37 9
Thus, (3, =7, 4) == ¥, = Va +4vs, 1B, @ (w ul>:_+o+§zﬂ
2 10 8
1 3 5 <W u >=_+0—_=__
C u=|-, —-——, — .U,
© (7’ 7’7) 3 33
5 1
3 12 15 3 <W u >:_+0__:_
, =4 () =— e » U3
. ) 35 35 35 7 38 31
L A B Thus, W =—u; ——u, ——uy
{u. v2) 35 35 35 7 3° 3
5.5
(ll,V3>=0+0+—:— ® (w.u __i_l_L_i_i:O
135773 5 o)==
s ("“")Z“ AN 1,22 5
77177 700777 (W, uy) 6+\5+«5 -
1 4 14 1
1. (@) (v}, vy)=2-2-12+12=0 (woug) =t 4
(vi. v3)=-3-8+3+8=0 V66 \5/% \/ﬁ 66
(v, v4)=4-6+6-4=0 Thus, w:0u1+%u2+ﬁu3_
(v, v3)=—6+4-4+6=0
(V5. v4)=8+3-8-3=0
(v3,v4)==1241242-2=0

Thus, since § ={vy, v,, v3, v4} is a set of

nonzero orthogonal vectors in R4, Sis
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15. (a) ||v1||2 =12 +12+1%+1° =4
Vol =2 412+ (D% +(-1% =4
[V =12 + (=D +12 +(-1)> = 4
(x, vj)=1+2+0-2=1
(X, vp)=1+2+0+2=5
(x, v3)=1-2+0+2=1

roj x—lv +§V +lv
PIOJy PR 2 4 3

_(1111)(55 5 5](1 11 1)
=l = = === - - =, =, =, —=
474°474) (474 47 4) 4 44 4
:(Z >3 _ij
4’4 4 4
M) |vi|f =0? +12 +(4 +(-1? =18
[voff =32 +52 +12 412 =36
[vs]? =12 +0% +12 4 (~4)% =18
(X, v)=0+2+0+2=4
(x, v5)=3+10+0-2=11

(X, v3)=1+0+0+8=9
11

2
9
NEERCREINE R NTRINERRRN
9 9 9 36 36 36 36 2 2

:(H 7 _1 _éj
1274 127 12

17. @) (x, v1)=0+i8+0+_:_

1 4
X, V3)=——=4+0+0+—==—=
&vs)= OO S T T
.
NTRS
=(0,3,_2,_zj{l,z,;i}(i,a;_@)
187 18" 18 37373) 18" 718" 18
:(EE_L _Hj
1867 18" 18
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1 1 v 1,-3) 1 3
() (x,v))==+1+0-==1 ! [ j
bev)=g 14073 L o R TR TR T
(x, v2)=l+1+0+——2 _ V2
o 7l
(X, v3)==—=14+0+—=0 :(% %)
projyx =1v; +2v, +0v; 410
5
(L4 ey e
SERRERE P03
22 2 2 =[ﬁ, ?j
19. (a) From Exercise 14(a), Mt
= omiyx=(2, 2, 11) s __
272 ",
Wy = X—proij:(_l, l, 1, _1} T q; 1 *
2 2 ~1t
(b) From Exercise 15(a),
Projyy X = (Z’ 5 - 3 - 5 J’ 50 (b) First, transforrr.l the given basis into an
44 4 4 orthogonal basis {v;, v,}.
W, = X— Proj x—( 333 3} vi=u =(1,0)
2 — AT WA= =77 s T T |
daa [vi=V12 +02 =1
21. (a) First, transform the given basis into an <u2, V1>
orthogonal basis {v;, v,}. 2= v "
vi=u =(1,-3) :
[vi =12 +=3* =+i0 12
=3,-5-30
Vy =uy = <u2’ Vl) Vi =(0,-5)
v
” 1" "V2"= [02+(_5)2 -5
=(2.2) __(1’ =3 The orthonormal basis is
2 6 o _
ao (29 T
12 4) vy _(0,-5)
=l — =(0, - D).
o S T
al=(2) +(3)
5 5
_ fi&0
25
_ 410
5

The orthonormal basis is
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23. First, transform the given basis into an orthogonal basis {v{, v,, v3, v4}.
Vi=n :(0, 2, 1, O)

[vi] =V0* +2% +12 +0% =45
(“2’V1>V
vl

~ (1, -1,0, 0)—%(0, 2.1,0)
— (1 -1,0, 0)+[o, , o)
=(1 12 Oj
o
2 2
||v2||=\/12+(—1j +(2j N ECRED)
5s) (s 25 5

(u3, V1> (“3’ V2>

Vl -
WlF vl

Vo =up — 1

(NN
W N

bl

V3 =u3—

V2

:(17 27 0’ _1)_

27 10’

_ 2
N2
_Jio
T2
V4=ll4—<u4’ V1>Vl_<u47 V2>V2_<U4, V3>V3
[vF vl [vs
14040-1
~ (10,0, 1)—0+0+0+0v1—1+0+0+0(1,_l, z’ 0)—2+ + [l,l,—l,—l)
2 55 3 2’2

5 2

:(1’ 0’ 07 1)_[55 _l’ ls O\J_(_is _is ls l\J
6 6 3 10 10 5 5

S RO RG]
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The orthonormal basis is q; = Vi MZKO, 2 1 j’

G 55

\# (1 —§,§0):( 5 _ 1 2 Oj
T [ J30' V30T VR0)

V3 _(%’%’_1 _1)=[ [ 2 j
Bl o NN TN TN
qzuzmérﬁﬁ{l_L_g“i)
vl + Vis'VisT isT s

25. First, transform the given basis into an orthogonal basis {v, v,, v3}.
vi=uy =((LL1D
[vill= (v vi)
_iT2+3
=6
(uy, vi)

2
v

S,1,0- W00

Vo =up —

1

1
=(LLO-=(111
( ) 2( )

:( 1_1j
27 2

[val=y(va: v2)

N | =

(u3, V1> <“3’ Vz)

V3 =Uz — 1= V2
v, [v2[*
1
1+0+0 2+0+0[1 1 1)
=1,0,0)-———1L, 1L, )-2—rxo| = = ——
( ) 5 ( ) 5 >3 >

:(17 0’ O)—[l’ ls lj_(ls ls _lj
6 6 6 6 6 6

= (g’ _l’ Oj
33

152
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|V3|= <V3 V3

2
2 2
= 2 —— 3(0
2] (4] a0
4 2
= |—+=
9 9
_ﬁ
K
The orthonormal basis is
v (L1 [LLL)
Yl Ve Ve Ve Ve
v, (3 é):(ii
[ B A
_ v :(g’_é’o):(i b
o T I WA
27. Let W =spanf{u;, u,}.
Vl =ll1 =(1, 1, 1)
VZZUZ_wVI
[vi
2+0-1
=2,0,-)————1, 1,1
( 12+12+12(

111
=(2,0, - 222
( )( 33)

[2 ! _ij
3733

{v{, v, } is an orthogonal basis for W.

[vi =N12 412 +1% =3

CEEEE

Section 6.3

W} = projy w
= w, V21> v+
vl

_1+2+43 37373
= 3 V1+ 0
9(5 1

=21, 1, D‘ﬁ[g

15
13 31 20
(14 147 7)

=W-Ww,

3

=(1,23
( )(14147

(L 3 l}
147 1477

1 -1
S
Since det(A) =3 + 2 =5#0, A is invertible,
so it has a QR-decomposition.
Let u; =(1, 2) and u, =(-1, 3).
Apply the Gram-Schmidt process with
normalization to u; and u,.

Vl =ll1 = (1, 2)

o= 2 =5

Vo =1y ——<u2’ V21> Vi
vl

(-1, 3)— -1+6

-1 3)-(, 2)
(=21

[val =2 +17 =5

CENERER
5 5745

p)

29. (a)

{,2)

V1

o =
e
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The QR-decomposition of A is

B ‘;}[ql qz]F“l’O‘“) éﬂ;:}ﬂ

|5 “%’PB Ji

2 1 :

5 w5
1 2]
(b) A=|0 1
14_

By inspection, the column vectors of A are
linearly independent, so A has a
OR-decomposition. Let u; =(1, 0, 1) and
u, =(2,1, 4).

Apply the Gram-Schmidt process with
normalization to u; and u,.

Vi=n :(1, 0, 1)
v = 2 +02+12 =2
V2 :ll2 _<112’—‘;1>V1
[vil
-2 0
=2,1,49-@3,0,3
=(-L11)

Vol = VD2 +12 +12 =43
_ v _@0 D:(L 0 Lj
TR W2

2 1 4
(u,, q2>:_f+£+£ NE)

The QR-decomposition of A is

2 (@) (u. a)
0 1|= B 2> 4 }
[1 J o qz]{ 0 (uq)
o1
A NN
o Bllo 3
NN
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11
(¢ A=|-2 1
2 1

By inspection, the column vectors of A are
linearly independent, so A has a
QR-decomposition.

Let u; =(1,-2,2) and u, =(1, 1, 1).
Apply the Gram-Schmidt process with
normalization to u; and u,.

Vl =ll1 =(1, —2, 2)

[vi[|=v12 +(=2)* +2% =3

(uy, vy)

2
v

—(L1 1)_1—2+2

Vo =up — Vi

1,-2,2)

_ 234
“\ 81
234
9
q :L:M:G 2 2]
v 3 37 33
P
q
2 v
(g,u,z)
_\9" 9709
V234
9
=[ 8 11 7 j
V2347 2347 234
1 4 4
<Ul,q1>=§+§+§=3
12 2 1
() =373+373
(g, ) = 8 1 7
V234 234 234
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The QR-decomposition of A is

[—21 i]:[qi qz]vul"h) (“27(11)}

11 0 <u2’q2>
1 8
3oV 1
-2 _11 3
T3 234 [O @]
2 7 3
3

\S]

1 0
d A=|0 1 1
1 2

=)

Section 6.3

Since det(A) =—4 # 0, A is invertible, so it has a QR-decomposition. Let u; =(1, 0, 1), u, =(0, 1, 2), and

Apply the Gram-Schmidt process with normalization to u;, u,, and uj.

uy =(2, 1,0).
Vi=n :(1, 0, 1)
v = Z+0>+12 =42
_ —<112’—V21>v1=(0,1,2)—0+0+2
i 2

[va| =D +12 412 =43
o (wvi) _(‘lssVz)V

1
WlF vl

=(2,1,0)—

1, 0,H—-

11
=(2.1,0)~(1,0, 1)+(__, 1 _j
333

1,0,1)=(,1,2)-(L0,D)=(-L1L1)

24+0+0 —2+1+0
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<U3, q1>:i+0+0:\/§

V2
12
<u27 q2>:0+$+£:\/§

<U3, q2> = _i'f—L'FO =——
V3 3 3
<U3, q3>:i‘|‘i‘|‘0:i
6 vo o
The QR-decomposition of A is

1 0 2 (w, q) (u.q) (“&qﬁ
01 1|=[qy 4q; q;] 0 (“2’(12> (“3s(I2>
(

1 20 0 0 u3,q3>
0 R S
ﬁﬁ@ﬁf@

_ 1 2] 0 3 ——=

| F % Vi |

1 L _1yo0o o <

2 B d
1 2 1
e A=|1 1 1
0 3 1

Since det(A) = —1 # 0, A is invertible, so it has a QR-decomposition.
Letu;=(1,1,0), uy =(2,1,3), and uz =(1, 1, ).

Apply the Gram-Schmidt process with normalization to u;, u,, and uj.
Vi=n :(1, 1, 0)

[vi| = V12 +12 +0% =2

Vo =y ——<u2’ V21> Vi
i

2+1+0(L 1,0)

=(2,1,3)—

33
:27173__5_5
( ) [2 2 Oj
(L-L)
22
2
vyl = 1 +—l +3% = o
=[] +(-

[\

2
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(“3’ V1> (“3’ V2>

V3 =u3— B V- D) \D)
v [v2]
1_1,13
a1, -0y g 2720 (l,_l,3j
v o\2 2
3 3 18
=LL)-L1L0—| >, -2 °
(1L D=C )(19 1919)
:[_i 3 L)
19719719
3 3V (1Y 11
bl=(-5) (5] (%) V=7
—L—(1’10)=LL0)
Vvl V2 22
q \P) (% _é’s)z[ﬁ 3 V2 3«5}
S 2 AN TR OV TN TN
g =2 (-5 139119)_(_ 3003 1 j
v ﬁ NTENTENT)
11
=y —10=+2
(ug, qp) 2+ 2+
2 1 3
= 4 40=—
(uy. qp) =+ 5t0=5
11
=y —1+0=+2
(u3. q;) =+ =+

(45, 42) V2 V2 32 32

SN TN TN TR T
3 3 1 1

s )= 5 75 75 " o

121 (u.q) (u.q) (u3q)
11 1{=[lqy q» a3l 0 (uy,q3) (u3,q5)
1 N2 3 3

N NIT) Ji9 V2 V2 V2
N O N - W | PSR/ T R V)
NN TR T NZEENIT)
2 1 ||lo o -L
S TR T 715
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(f) A= B = [Cl Cy C3]

—_ O = O
—_

1
1
1
1

By inspection, ¢3 —¢; = 2¢,, so the column

vectors of A are not linearly independent
and A does not have a QR-decomposition.

31. The diagonal entries of R are <ul-, ql-> for

. \4 .
i=1,2,..,n where q; = is the

[vil
normalization of a vector v; that is the result of
applying the Gram-Schmidt process to

{u;, u,, ..., u,}. Thus, v; is u; minus a linear
combination of the vectors vy, v,, ..., V;_;, SO
u;, =v; +kyvy +kyvy +---+k;_yv;,_;. Thus,

(ui, vi>=<vi, vi> and

Vi
(i, qp) = {wi =ty vis i) =[vi[-
i1/~ ||V i

Since each vector v; is nonzero, each diagonal
entry of R is nonzero.

33. First transform the basis
S=1{py, p2. P3} =1L x, xz} into an orthogonal

basis {v{, v,, V3}.

vi=p =1
1
[vilP = (v, V1>=I012dx:x|%) =1
[vifl=vi=1
1
1 1 1
(P2, V1>=I0x-1dx:5x20 -~
1
Vo =Py~ <p2’ n) Vp=x —%(l) 5+
vil”
vl _<V2a V2>

j(__m j
b3

1

12

0

SSM: Elementary Linear Algebra

1 1
ol = o=
1
L) 1 1
<p3’V1>=.[ox 1d)c=§x30=g
(3. Vz)—jéxz [—%erjdx
= g(—%x2+x3jdx
1
=(_lx3 +lx3j
4 0
_1
12
V3 =P3 _<p39 V1>V1 _<p3, V2>V2
2 2
Pl
2 3 15( 1
=X ——(1)—_(__+xj
1 ﬁ 9
:xz_l_l_l_x
3 2
_l—x+x2
6
vl = (vs. v)

o\36 3 3

=[ix_l 2+ix3_1x4+1x5j
36 6 9 20 5 ),
_

180

Il i =2

The orthonormal basis is

q =

qr =

158

v 1
vl v
\P)

vl

_1
2+x

ﬁ
-4
=3(=1+2x)
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V3
3 =77
Iv3]
1 2
_ g—x-i—x
_1
65
= 6\6(%—)&}- xzj
=/51-6x+6x?)
True/False 6.3

(a)

(b)

(c)

(d)

(e)
®

False; for example, the vectors (1, 2) and (-1, 3)

in R? are linearly independent but not
orthogonal.

False; the vectors must be nonzero for this to be
true.

True; a nontrivial subspace of R® will have a
basis, which can be transformed into an
orthonormal basis with respect to the Euclidean
inner product.

True; a nonzero finite-dimensional inner product
space will have finite basis which can be
transformed into an orthonormal basis with
respect to the inner product via the Gram-
Schmidt process with normalization.

False; projy,x is a vector in W.

True; every invertible n X n matrix has a
OR-decomposition.

Section 6.4

Exercise Set 6.4

1.

(a A=
1 2 4 ! 21 25
T,_ _
A A_[—l 3 5} 2 _{25 35}
4
2
r [ 1 2 4] T|_[20
Ab_[—l 3 5} 1_[20}

5
The associated normal system is

ERdMEH

NI\ T
w

o ow ok

159

Section 6.4

2 -1 0
312
®) A= -1 4 5
1 2 4
[2 3 -1 1 i _i (2)
ATa=l-1 1 4 2
02 5 4)|F 20
L 1 2 4
15 -1 5
=|-1 22 30
| 5 30 45
2 3 -1 17 T
T 0
A'b=|-1 1 4 2 1= 9
02 5 4 ) 13
The associated normal system is
15 -1 S5||xn -1

-1 22 30||x |=| 9
5 30 45)|x; | |13

11
v, [1 -1 -1 . | [3 -2
N e RS

7
o [1 -1 -1 [14
S R R

The associated normal system is

BRI HER]

32 14 reduces to Lo SO
2 6 -7 0 1 %’

L 1
the least squares solution is x; =35, X, =7

1 o201 L9t
®m ATa=l o 1 1 22
420 |t b0
L 11 -1
7 4 -6
=l 4 3 -3
6 3 6
1 2 (6)18
ATb=| 0 1 o|=| 12
-1 =2 0 ~1fj5] [

The associated normal system is



Chapter 6: Inner Product Spaces

(7 4 —6][x] [18

4 3 3|x|=|12
-6 -3 6]|x| |9

7 4 -6 18

4 3 -3 12| reducesto
-6 -3 6 -9
(10 0 12

0 1 0 -3 so theleast squares
00 1 9

solution is x; =12, x, =3, x3=9.

5. (a) e=b—-Ax

77 [ 1 15
= O - —1 1 l
=7 |1 2|L2
. 7_ %
=l o|-|_2
2
__7_ __4
_l_
2
=l 9
2
__3_

T |1 -1 -1
Ae{l 1 2}

orthogonal to the column space of A.

L O MW

6 1 0 -1
12
0 2 1 =2
(b) e=b—-Ax= ol 11 1 o —;
3 1 1 -1
(6] [3
10| |3
19 9
|13 0
[ 3
13
| o
| 3
1 2 _g 0
Ale=| 0 1 1 1 0 =|0]|, soeis
-1 -2 0 3 0

orthogonal to the column space of A.

_|0 SO e is
=lol

160

7. (a)

(b)

SSM: Elementary Linear Algebra

21
2 4 2 24 8
ATA{ }42{ }
T B 8 6
3
. [2 4 2] 12
=15 AL

The associated normal system is
24 8| x| _|12
8 6|lx,| | 8/
1 0o L
248 12 reduces to 10 , SO
8 6 8 01 ¢
5
RS

the least squares solution is x; = —,

1
Xy :g or x:[lg()].
5

The error vector is

e=b-Ax
371 [2 1L
=20 4 2
1] |2 1[5
7
31 |5
=|2|-|14
5
L1 1
[ 8
5
=|_4
5
| 0

so the least squares error is

= o[ - B =t

3
T, |1 -2 3 |14 42
4 A‘L -6 9} S_LZ 126}
1 -2 3 1] 4
T = - =
A b{:& -6 9} 0 [12}
The associated normal system is
14 42 x| [ 4]
42 126]|xy | |12

1442 4 reduces to L3 % SO
42 126 12 00 ol

1
-2
3
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(©)

the least squares solutions are x;

2

=%—3t,
7

Xy =t or X=|:7:|+l|:_3:| for ¢ a real
0 1

number. The error vector is

e=b-Ax=|0|-

Il
=)
|
|
RN [=NEN[ENENT(}

|
= A

[ 1
-2
1 [ 3

—_—

The least squares error is

3

-6

9

+
~

lell = \/

_L

ATA=

]

49
42.

=[-1

ATp =

| 4
-1
3
2

(56

2
1
3

—_— O
SN

-1 4
11 10
10 14

2 0 7

—

1 1| 0=

3 1]

—_ W N

14

The associated normal system is

-1

-1

0
K

S =

5 -1
11
4 10
(5 -1
11
4 10

1
0

41 x
10
14
4 -7
10
14 7

Xy | =
.X3_ 7

14

[ RN\ N

7

reduces to

, so the least squares

. 7
solutions are x; =———1f, X, =——1,
6 6

161

9. (a) Let A=

X3 =t or Xx=

number.

o N o

The error vector is

e=b—-Ax

1

AN W

)
6

D oww b
N

AN A @

—_ = W

—_ W N

+

S o O

-1

1

The least squares error is

Section 6.4

+t|—1| for tareal

_ |24
4

_7 /.
2

—_— e — DN

ATA=| 1

[ -

O =

7

[

6

o

_®
6

—_— = DN

j

—_— = O =
|
—_

det(ATA) =3#0, so the column vectors of
A are linearly independent and the column

space of A, W, is the subspace of rR*

spanned by vy, v,, and vj.

3

(AT Ayt =|2

2

-2
2
-1

2

-1

5

3
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projyu = A(AT Ay ATu

2 1 =2 3_2221116
=i?_é—22—110113
5
_11—12_15_2_10_16
(7
12
19
5

projyu=(7, 2,9,5)

1 =2 -3
1 -1 -1
(b) LetA—3 o1
0 1 3
11 30 273
Ala=|2 -1 2 1|} -
Y
L 0 1 3
(11 -9 -1
=9 10 8
-1 8 20

det(AT A)=10#0 so the column vectors of A are linearly independent and the column space of A, W, is the
subspace of R spanned by vy, v,, and vj.

68 8 _31
5 5 5
Tav-1_| 86 219 _79
(ATA) = 5 10 10
31 _79 29
5 10 10
projyu = A(AT Ay ATu
1 -2 3] 68 8 _31
P=230% 5 <t 1 3 07
:1_1_1&&_ﬁ_2_1_210
3 2 1 5 10 10 2
0o 1 3||-% - 23T L3),
L 5 10 10
[_12
5
_4
_| 75
12
5
16
L 5
proj U_E—E _i 2 E)
W 57 555
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11. (a)

(b)

13. (a)

-1 -1

2.0 3
ATA= 11 1
31 1

WD W
(el S

-1 4
11 10
10 14

Il
|
—_

N

det(AT A) =0, so A does not have linearly

independent column vectors.

ATA=l-1 1 0 =5

[ 21 -2 20]
-2 27 -17
20 -17 23

det(AT A) =0, so A does not have linearly

independent column vectors.

W = the xz-plane is two-dimensional and
one basis for Wis {w;, w,} where

wl = (17 0’ 0)7 W2 = (07 0’ 1)

—_ W N

10
Thus A=[0 0] and ATz[

0 1
10
ATA:B 8 (ﬂo oz[
0 1

[P]= A(AT Ay~ AT

1 00
0 0 1

SO = OO~ OO

S OO —~ OO — O

- o O

1 00
00

1
0

B0 o 0 o
B 0 1/[o 0 1

|

!

i
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(b) W = the yz-plane is two-dimensional and

one basis for Wis {w;, w,} where
w; =(0,1,0) and w, =(0, 0, 1).

00
Thus A=| 1 0|and a7 =|9 1 ©F
01 00 1

00
r.. o110 1o
=g o W1 o 1]

[P1=AcA” 7t AT

9% o0 1o
B 0 1Jl0 0 1
010
00 1

S OO O = O O~

O = O RO O = O

—_ O O

If x = s and y =7, then a point on the plane is
(s, t,-5s+ 3 =s(1,0,-5)+ 10, 1, 3).

w; =(,0,-5) and w, =(0, 1, 3) are a
basis for W.

10
A=| 0 l,AT:B 0 _5},
-5 3

10
ATA:B ? _:ﬂ 0 1=[ 26 _15}
-5 3

det(AT A) =35, (AT A)! = E{

[P]= AAT Ayt AT
B é ? 110 1571 0 -5
__53351526 01 3

p |10 15ry 0 -5
e
-5 3
[10 15 -5
=—|15 26 3
-5 3 34
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X 1_10 15 =51 xp

(© [P]] yo :E 15 26 3|y
20 =5 3 34|z

| [10x +15y9 =520

=— 15X0 +26y0 +3Z0

35| sy + 3y, + 342,

10x5+15y7—5z,
35
_ | 15xy+26y,+3z,
B 35
=5x9+3y9+342,
35

b} k)

2x9—3¥9—29 15x%9+26yy+3z9 —5xy+3y +34z0j
7 35 35 '

The orthogonal projection is (

(d) The orthogonal projection of Fy(l, —2, 4) on Wis

[2(1)—3(—2)—4 15(1) +26(=2) +3(4) —5(1)+3(—2)+34(4)j :[_ 8 5 _5]
7 ’ 35 ’ 35 77 1)

2 2 2
The distance between Fy(l, =2, 4) and Wis d :J[l—[—gn +(—2—(—% j +(4—£j :ﬁ_
I5)-3(-2)+4] 15 335
J2 4322 V3T

17. By inspection, when ¢ = 1, the point (¢, ¢, f) = (1, 1, 1) is on line /. When s = 1, the point (s, 2s — 1, 1) = (1, 1, 1) is
on line m. Thus since ||P - Q" >0, these are the values of s and ¢ that minimize the distance between the lines.

Using Theorem 3.3.4, the distance is

19. If A has linearly independent column vectors, then AT A is invertible and the least squares solution of Ax = b is

the solution of A’ Ax = ATb, but since b is orthogonal to the column space of A, Alp = 0, so x is a solution of

AT Ax=0. Thus, x = 0 since AT A is invertible.

21. AT will have linearly independent column vectors, and the column space of AT is the row space of A. Thus, the
standard matrix for the orthogonal projection of R" onto the row space of A is
[P]= AT[(AT)TAT]—I(AT)T — AT(AAT)_IA.

True/False 6.4
(a) True; AT A is an n x n matrix.
(b) False; only square matrices have inverses, but AT A can be invertible when A is not a square matrix.

(¢) True; if A is invertible, so is AT, so the product AT A is also invertible.
(d) True

(e) False; the system AT Ax = ATp may be consistent.

) True
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(g) False; the least squares solution may involve a

parameter.

(h) True; if A has linearly independent column
vectors, then AT A is invertible, so

ATAx=A"b hasa unique solution.

Section 6.5
Exercise Set 6.5
1 0
1. M=|1 1,MT:B i 21}
1 2
{1 1 i ?_[3 3
01 2 | 2 3 5
5 -3
M g
¢ 15 9[ } {3 3}

vi=M M)y 'MTy
1 s 31 (2)
6|3 3|01 2 Z

{3

The desired line is y = —%+%x.

NN D=

) 1 2 4
1 » x 1 3 9
3. M= 2 2=
1 5 2| |1 525
>l 11 6 36
1 .X4 .X'4
0
=10
~| 48
-76
(11 1 1 ii g
M'M=|2 3 5 61l 5 os
49 25 36)), o 5
4 16 74
=116 74 376
|74 376 2018
1989 —1116 135
MTmy ' =—| 1116 649 -80

135 -80 10

165
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ClO 2
vi=|a =M M)y MTy=| 5
(lz —3

The desired quadraticis y =2+5x— 3x2.

. The two column vectors of M are linearly

independent if and only neither is a nonzero
multiple of the other. Since all the entries in the
first column are equal, the columns are linearly
independent if and only if the second column has
at least two different entries, i.e., if and only if at

least two of the numbers x;, x,, ..., x,, are
distinct.

. With the substitution X = l, the problem
X

becomes to find a line of the formy=a+5b - X

that best fits the data points (1, 7), (%, 3),

L)

11 7
1
M=l 3| y=|3],
1 1
! 6
11
1 11 3 3
Ty = 1L 2
M M‘L 1 L} 3 —[1 ﬂ},
36l 1] 12 36
6
1 1| 41 54
MMy =—
( ) 42[ 54 108}
a 3
— _ T 12,7 _| 21
7
P . 5 48
The line in terms of X is y=i+7X, so the
required curve is —+ﬁ
4 ETRET

y
101
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True/False 6.5
(a) False; there is only a unique least squares
straight line fit if the data points do not lie on a

vertical line.

(b) True; if the points are not collinear, there is no
solution to the system.

(c) False; the sum d12 +a722 +---+d,% is minimized,

not the individual terms d;.

(d) True
Section 6.6
Exercise Set 6.6

1. Withfix)=1+x:

2 2
ag =ljo”(1+x)dx =l(x+x_]
V4 V4 7

2r
=242

0

1 27
a =;j0 (1+ x) cos kx dx

2 2
:lj ”coskxdx+lf ﬂxcoskxdx
790 70

1 2
=—sinkx|] +0
krm

=0

0

by =L [* (14 x)sinkxd
k_ﬁfo X)Sin X

2 2
=lj ”sinkxd“lj " xsin kxdx
770 770

2 2

=——ocoskx| ——

19/4 0 k
__2
k

(a) 00:2+27[, 01:(12:0, b1:—2, b2:_1

Thus f(x) :%(2+27z)—25inx—sin2x

=(1+7)—2sin x—sin 2x.

(b) ag=ay=a,=0

b, =—% 50 by sinkx=—2(smkxj.

k
sin2x sin nx
+
n

f(x) z(1+7r)—2(sinx+
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3. (a) The space W of continuous functions of the
form a+be* over [0, 1] is spanned by
vi=1and v, =¢".

Let gy =v; =1.

] = [ 12dx=1

(v, g1>=‘[éexdx=e)€|z) =e-1

82=V2 ——<V2’ gl) 1
Jeal”
it
=e 1 )
=l-e+e*
e

=j;(1—e+e")2dx

1
= IO (1—26+e2 +2e* —2ee* +62X)dx
1 1
=(x—26x+62x+26x —2e*H +562xj

0

= —§+2e—le2
2 2

——-e3-0)

g, and g, are an orthogonal basis for W.

The least squares approximation of x is the
orthogonal projection of x on W,

7g ’g
:<x ;) 1+<x §>g2
™ e

1 1 21
<x, g1>=IOde=Ex .

Projy x

1
2
1
<x, g2> = on(l—e+ex)dx
31

==———¢
2 2
1
=—3-e
L6-0
1 13_

; 2 2 X
rojyx=2()+—2—— _(l—e+e”)
P 060

1

1
=———(I-e+e*
2 l—e( )
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(b) Let f; = x and f, = projy f;, then the mean

5. (a)

square error is ||f1 -, ||2 . Recall that

f, —projy £, =f; —f, and f, are orthogonal.

I~ = (£ 1. fl f,)
=(f,. £, —f,)—(f,, f; -1,)
=(f, fi-f,)
=(f. f)-(f. £)

=l (5 £2)
Now decompose f, in terms of g; and g,
from part (a).

i —f2||2
-l gy L) o

e e
2
=||f1||2 _<fls g1> _<fls g2>

I

1

2 1) X 1
f = d = = —
I = fyar=] -3

2 2
(3  (36-9)
—11-e)3-e)
1 3—e
=t
3 4 21-e)
_i 2-2e+1+e
12 2l-e)
13 l+e

12 2(1-e)

Thus,

1
Il =12
1

The space W of continuous functions of the
form a; +a1x+a2x2 over [-1, 1] is
spanned by v; =1, v, =x, and v3 = X2

Let gl :Vl =1.

e = [ 2dx=f' =2

1
<v2 g1>=ﬁlxdx—lx2 B =0
&= <V2,g21>g1_ 25X
e

Section 6.5

1 5 2
<V3, g1>=.|._1x dx=§

<V3, g2> = ﬁlx3dx =ix4 1_1 =0
g3 =vs _<V3s gl)gl <V3 gz)g
e Jeol
=x? —%(1)—0
=3+

{81, 8>, g3} is an orthogonal basis for W.

The least squares approximation of

f, =sinzx is the orthogonal projection of

fi on W,
(fi.g)  (f.2)

<f1s g;)

projyfy =-———-g +-——"g, +
e e
1

[ 1
f.g)= de=—1
< 1 gl) I_ISIHEX ”COSﬂ'X

-1

<fls gz>= ﬁlxsinnxdx:%

<f1, g3> =El(—%+x2jsinﬁxdx =0

2
. 3
projy f; =0g; + —x+0g3 =—Xx
H b2

31

5 83

=0

(b) Let f, = projy £, then in a clear extension

of the process in Exercise 3(b),
Ity o]

2

=i, " > _(f gl) (fl,g2>2_<fl,g3>
2 2
T O

6 = [ sin® zxax=1

Thus, the mean square error is

f, — z

u ; .
,0<x<rm

9. Letf()—{ 0 T<x<on

2 1,7
ag _;IO f(x)dx—;.l.o dx=1
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1 27 1 o7
a _;jo f(x)coskxdx_;jo coskxdx =0

2
by =lj " £ (x)sin kxdx
790
=lj”sinkxdx
90
1 k
=—(1-(-1
k”( =D")
So the Fourier series is

I &1 ke -
—+ > —({A—=(=1)")sinkx.
> kZ:lk”( G)

True/False 6.6

(a) False; the area between the graphs is the error,
not the mean square error.

(b) True

(¢) True
27 o
(d) False; [ =1, 1)=j0 Pdx=27#1

(e) True
Chapter 6 Supplementary Exercises

1. (a) Let v=(v}, vy, v3, Vy).
Vo) =v. (V) =vy, (v.u5)=v,
<V, u4> =V,
If <V, u1>=<v, u4>=0, then vy =v, =0
and v =(0, v,, v3, 0). Since the angle 8
(u. v)
lullvll’

then v making equal angles with u, and uy

between u and v satisfies cos@ =

means that v, =v;. In order for the angle
between v and uj to be defined v+ 0.
Thus, v = (0, a, a, 0) with a # 0.

(b) As in part (a), since (x, u1> = (x, u4> =0,
x =x4 =0.
Since ||u2 || = ||u3|| =1 and we want ||x] = 1,
then the cosine of the angle between x and
u, is cos6, = <x, u2> = X, and, similarly,
cosf; = <X, u3> = X3, SO we want x, =2x3,
and x=(0, x,, 2x, 0).

168
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||X||=\/x%+4x% =\/5x§ =|x2|\/§.
If ||x||=1, then x, =iL SO

_4fo L 2 -
x i(o,ﬁ,ﬁ,oj.

3. Recall that if U =[”1 ”2} and v:{vl vz},
M3 M4 v3 V4

then <U, V> =upv; +M2V2 +M3V3 +M4V4.

(a) If Uis a diagonal matrix, then u, =u3 =0
and (U, V> = vy iy vy.
For V to be in the orthogonal complement of

the subspace of all diagonal matrices, then it
must be the case that vy =v, =0 and V

must have zeros on the main diagonal.

(b) If Uis a symmetric matrix, then u, =15
and <U, V> = ulvl + M2 (V2 + V3) + M4V4.
Since u; and u, can take on any values, for

V to be in the orthogonal complement of the
subspace of all symmetric matrices, it must
be the case that v =v, =0 and v, =—vs,

thus V must be skew-symmetric.

5. Let u=(\/q, ..., \Ja, ) and
v= [ﬁa “ees ﬁj By the Cauchy-Schwarz

Inequality, (u-v)2 = (1+---+1)2 < ||u||2 ||v||2 or
—

n terms

2 1 1
al an

7. Let X:(Xl, X2, .X3)

(x, u1>:x1+x2—x3

(x, u2>:—2x1 — Xy +2x3

(X, u3) =—x +x3

(xl, u3>=0:>—x1 +x3 =0, so x; =x3. Then
(x, u1>:x2 and (x, u2>:—x2, so x, =0 and
X=(x, 0, xy). Then

[l zwlxlz +x12 = \/2x12 =|x1|\/§.
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11.

13.

If ||x|| =1 then x; =*— and the vectors are

Sl

+[L 0 Lj
—_ \/55 s\/z .
For u=(u, uy), v=0y,vy) in R?, let

(u, V> = auv; +bu,v, be a weighted inner

product. Ifu=(1,2) and v =
orthonormal set, then

lal? = a)? +b(2)> =a+4b =1,
V% = a®? +b(-1)> =9a+b =1, and
(u, v)=a()(3)+ b(2)(—1) —3a-2b=0.

(3, -1) form an

1
This leads to the system 9 } 1.
0
1 4|1 1 0]0
Since |9 1| 1] reduces to O 1 0/,
3 =210 1

system is inconsistent and there is no such

weighted inner product.

(a) Let u;=(k,0,0,...,0),
u, =(0,%,0,..,0), .., uy =(0,0,0, ..., k)

be the edges of the ‘cube’ in R" and

u=(k, k, k, ..., k) be the diagonal.
Then ||u || = |u|| —k\/; and
(ui, u) = kz, SO

cosf = <u,-, u> = & _

ol & ()~ Vi

1 approaches 0, so &

Jn

(b) As n approaches oo,
approaches %

Recall that u can be expressed as the linear
combination u=a; v +---+a,v, where

a; :<u, Vl-> fori=1, ..., n. Thus

169

15.

17.

Section 6.6

~

2
cosZ o :{ 1L Vi>J
1
”u"”Vi "

&l

_ a}
P T
Therefore
2 at +a3 ++a

COS20{1+'”+COS O(n =

To show that (WL)l
Wc (WL)L. If wis in W, then w is orthogonal

=W, we first show that

to every vector in WL, so that w is in (WL)L.
Thus W € (WH)*.
To show that (WL)L c W, letvbein (Wi)i.

Since v is in V, we have, by the Projection
Theorem, that v =w; +w, where w; isin W

and w, isin w. By definition,
<V, w2> = (wl, w2> =0. But
<V, w2> =<w1 +w,, w2>
=(wp, wy)+(wy, wy)
=(w2, w3)
so that (wz, w2> =0. Hence w, =0 and

therefore v =wy, so that visin W. Thus

whHt cw.

1

A=2 3 AT—{I 2 4}
Y s -1 35

r o [21 25

ATA {25 35}’

The associated normal system is

21 25 [x ] [4s+3
25 35| x, Tl5s+2)

If the least squares solutionis x; =1 and x, =2,

then 21 25| 1| _[71] |4s+3
25 35]|2] |95] [5s+2]
The resulting equations have solutions s = 17

and s = 18.6, respectively, so no such value of s
exists.
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Diagonalization and Quadratic Forms

Section 7.1 A is orthogonal with inverse
1 1
__1L 0 L
Exercise Set 7.1 V2 V2
AT -| L -2 L
1. (b) Since A is orthogonal, NG Jo 6|
4 _9 12 [ B
5 25 25 \/5 \/5 \/5
Al=aT=| 0o 4 3|
5 1; 12 (e) For the given matrix A,
5 725 25 AT A
(L 1 1 171 1 1
3. (a) For the given matrix A, 2 2 2 21 2 2 2
1 5 1 1)1 _5 1
AT q=|1 0L 011 0 |12 76 6 6|2 "6 6
0 1|0 1 0 1} 1 1 1 _s5y1 1 1
2 6 6 612 6 6
A is orthogonal with inverse A7 :[(1) ﬂ j % _% % % é _%
1 000
(b) For the given matrix A, = 0100
e 0010
|10 0 0 1

1

L 1 _ L
2 2l 2

A is orthogonal

1 1

|1 o 2 2

1o 1] L3

. L. AT_ 2 6

A is orthogonal with inverse Tl 1

1L 26

T_| V2 \2 11

A=l ) >0
V22

Note that the given matrix is the standard
matrix for a rotation of 45°.

with inverse

A= | = =

A A= = N |—

o =) (5] - f

The matrix is not orthogonal.

2
© Inl- /ohh%} - o1 some o

.7 3
.. 7. (a) cos—=—, sin—=—
matrix is not orthogonal. 3 2 32
(d) For the given matrix A, [x'}_ 2 % [_2}_ —1+3/3
ATA Y1 Z8B o L6 | V343
- 2 2
L o AL L L o
V2 V2l V2 Yo 3 Thus, (', ¥) =(=1+33, 3++/3).
| L -2 _L -2 L
R R I
1 1L 1 1 1 1
L 3 V3 Bl V2 Ve B
1 0 0
=0 1 0
00 1

170

|

A= | A= |~
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(b) Since a rotation matrix is orthogonal, sin @
Equation (2) gives [ug] g =| 0 |. Thus the transition matrix
1 _AB 5_
1 3 =55 |2 \/5 cosé
y| | V3 2] (80 cosd 0 sind
2 2 2 from B’ toBis P=| 0 1 0 |
Thus, (x, y)=(§_\/§’ 2\/§+1j. —sinf 0 cosé
2 2 x x
i, |y|=P|y | Then
9. If B={uy, u,, us} is the standard basis for R3, z 7’
and B’ ={uj, u5, u}} is the rotated basis, then cosf® 0 —sind
the transition matrix from B’ to B is A=pP'=| 0 1 0
z T 1 N e sind 0 cosé
cos 3 0 sin 3 3 0 5
P= 0 1 0O |[=| 0 1 0 1
—sin% 0 COS% —% 0 % (b) With the same notation, [ui] g=|0},
0
x X 0 0
@ |y|=P 'y [uj]z =|cos@ |, and [uj]z =|—sin8 |, so
7 z sin @ cos@
1 9 - ﬁ 1 the transition matrix from B’ to B is
2 2 - r 7
=lo 1 o |2 Lo 0
P={0 cos@ -sin@ | and
ﬁ o 1 5 .
|2 2 |10 sin@ cosé |
-1-243 1 0 0]
= 2 A=|0 cosf sind|.
_%\/ng% |0 —sin@ cosd |
Thus
+b b-a
13. Let A={a } Then
o, ¥, z')=(—l—§\/§, 2,_1\/§+§J, a-b b+a
2 2 2 2 (a2 12 0
~ ATA:{ (@”+b%) 5 2:], so a and b
, 1 3 0 2(a” +b7)
X X 2 2 1 1
() |y|=P|y|=| 0O 1 0| 6 must satisfy a” +b% =—.
z 7 B 1||-3 2
L 2 0 2
1 3 NE) 17. The row vectors of an orthogonal matrix are an
2 2 orthonormal set.
= j_ » . (1Y Y,
-1y3-3 r| =a +(—J +[——] =a”+1
L 2 2 " l" \/5 \/5
Thus (x, y, z)=(1—§ﬁ, 6. —1I—3j. Thus @ =0.
2 2 2 2 s 1 2 1 2 )
oo =22 +(—j +[—j 242
11. (a) If B={uy, u,, us} is the standard basis for 6 \/g 6
R? and B’ =f{u], u), u3}, then Thus b=ii.
cos @ 0 6 ) )
[uilg=| 0 |, [wlp=|1| and Iff =24 = | + =] =242
—sin @ 0 3 3 3
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21.

Thus ¢ = iL.
3

The column vectors of an orthogonal matrix are
an orthonormal set, from which it is clear that b
and ¢ must have opposite signs. Thus the only

S 2 1
possibilities area =0, b=—, c=———= or

N

(a) Rotations about the origin, reflections about
any line through the origin, and any
combination of these are rigid operators.

(b) Rotations about the origin, dilations,

contractions, reflections about lines through

the origin, and combinations of these are
angle preserving.

All rigid operators on R? are angle
preserving. Dilations and contractions are
angle preserving operators that are not rigid.

(]

True/False 7.1

(a)
(b)

(¢)
(d)

(e)

®

(g

(h)

False; only square matrices can be orthogonal.

False; the row and column vectors are not unit
vectors.

False; only square matrices can be orthogonal.

False; the column vectors must form an
orthonormal set.

True; since ATA=T foran orthogonal matrix A,
A must be invertible.

True; a product of orthogonal matrices is
orthogonal, so AZ s orthogonal, hence
det(A%) = (det A)% = (=1)% =1.

True; since |Ax] = x|l for an orthogonal matrix.

X . .
True; for any nonzero vector X, ﬂ is a unit
X
vector, SO Aﬁ =1. It follows that
D'
1

I lAx] =1 and ||Ax|| =||X||, so A is orthogonal
X

by Theorem 7.1.3.
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Section 7.2
Exercise Set 7.2
1. (a) ‘7”_1 -2 ‘:73 5\

(b)

(c)

(a)

(e)

2 r-4

The characteristic equation is A2 —50=0

and the eigenvalues are A =0 and A = 5.
Both eigenspaces are one-dimensional.

A-1 4 2
4 r=1 2 |=A%-27A-54
22 A+2

= (L -6)(h+3)*
The characteristic equation is
A? —270—54=0 and the eigenvalues are

A =6 and A =—3. The eigenspace for A = 6
is one-dimensional; the eigenspace for
A = -3 is two-dimensional.

A-1 -1 -1
-1 A-1 —1[=A2-3>=A%(1L-3)
-1 -1 -1

The characteristic equation is A =302 =0
and the eigenvalues are A = 3 and A = 0. The
eigenspace for A = 3 is one-dimensional; the
eigenspace for A = 0 is two-dimensional.

r—4 2 2
2 A—4 2 |=A-1202+360-32
2 2 A-4

=(L-8)(L—2)*
The characteristic equation is
A* —1207 +361-32=0 and the
eigenvalues are A = 8 and A = 2. The
eigenspace for A = 8 is one-dimensional; the
eigenspace for A = 2 is two-dimensional.

A—4 -4 0 O
-4 A-4 0 0 4 o3 a3 _
0 0 A O—?x 8" =A"(A-8)
0 0 0 A

The characteristic equation is At —8ad =0
and the eigenvalues are A = 0 and A = 8. The
eigenspace for A = 0 is three-dimensional;
the eigenspace for A = 8 is one-dimensional.
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A-2 1 0 0

1 A-2 0 0

® 0 0 A-2 1
0 0 1 A-2

=0t -8\ +220% — 240 +9
=(A-D*(A -3y
The characteristic equation is

AY =803 +2202 — 241 +9 =0 and the

eigenvalues are A = 1 and A = 3. Both
eigenspaces are two-dimensional.

3. The characteristic equation of A is
A2 —130430 = (A —3)(A—10) = 0.
A =3: A basis for the eigenspace is

2 -
X| = V3. VIZL: ://—7 is an
VTR

orthonormal basis.
Ay =10: A basis for the eigenspace is

B
X=§ V=X—2=ﬁ is an
L el |2

J7

orthonormal basis. Thus P =

Sl
Sk Sl

orthogonally diagonalizes A and
1,5 M O |3 0
P AP_{O 7»2}_{0 10|
5. The characteristic equation of A is

AY +280% —11750-3750
=(A-25)(A+3)(L+50)

=0.

Ay =25: A basis for the eigenspace is
4

X

ol

XIZ .V

—_ O Wk
wlw O W

basis.
A, ==3: A basis for the eigenspace is

0

X, =| 1 |=v,, since ||x2||:1.

A3 =—50: A basis for the eigenspace is

is an orthonormal
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X3 = is an orthonormal

—_— O AW
wnlh O wnjw

basis. Thus P = orthogonally

|X3|| {
0
1
0

nlw O v~
wlh O wnlw

diagonalizes A and
M 0 0 25 0 0
PlAP=|0 %, O0|=| 0 =3 0]
0 0 A4 0 0 -50

. The characteristic equation of A is

A3 —6L% +9L =ML -3)% =0.

1
Ap =0: A basis for the eigenspace is x; =|1|.
1
L
NG
\Z] = XL —| L | is an orthonormal basis.
bl |
V3
A, =3: A basis for the eigenspace is x, =| 1/,
0
-1
X3 =| 0|. The Gram-Schmidt process gives the
1
1 _L
-5 NG
orthonormal basis v, = ﬁ , V3= —ﬁ .
2
0 Jo
1 1 _ L
NGNS
Thus, P = % % —ﬁ orthogonally
L 0o =2
V3 Vo
diagonalizes A and
M 0O 00O
PlaP={0 A, 0 |=]0 3 0]
0 0 A 0 0 3

. The characteristic equation of A is

A% —12500% +390,625 = (A +25)> (A — 25)?
=0.
A =-25: A basis for the eigenspace is



Chapter 7: Diagonalization and Quadratic Forms

process gives the orthonormal basis v =

Vo =

mlw unlk © O

Ay =25: A basis for the eigenspace is

X3:

O O = Alw

process gives the orthonormal basis v; =

V4=

nls nlw O O

P:[Vl

orthogonally diagonalizes A and

Plap=

0

7X4:

—_ R O

. Thus,

S O wvw ks

Vo V3 V4] =

A, 0 0 O
0 % 0 0
0 0 A O
0 0 0 X

O O vk u|w

wlwunlk © o

. The Gram-Schmidt

15.

. The Gram-Schmidt

S O Vw |k

17.

SSM: Elementary Linear Algebra

No, a non-symmetric matrix A can have
eigenvalues that are real numbers. For instance,

the eigenvalues of the matrix B (ﬂ are 3 and

-1.

If A is an orthogonal matrix then its eigenvalues
have absolute value 1, but may be complex.
Since the eigenvalues of a symmetric matrix
must be real numbers, the only possible
eigenvalues for an orthogonal symmetric matrix
are 1 and —1.

Yes; to diagonalize A, follow the steps on page
399. The Gram-Schmidt process will ensure that
columns of P corresponding to the same
eigenvalue are an orthonormal set. Since
eigenvectors from distinct eigenvalues are
orthogonal, this means that P will be an
orthogonal matrix. Then since A is orthogonally
diagonalizable, it must be symmetric.

True/False 7.2

(a)

O O Uk nlw

(b)

(c)

Qs vl © O

(d)

®

174

True; for any square matrix A, both AAT and

AT A are symmetric, hence orthogonally
diagonalizable.

True; since v; and v, are from distinct

eigenspaces of a symmetric matrix, they are
orthogonal, so

"Vl ‘f‘Vz"2 =<V1 +V2, Vi +V2>
=<V1, V1>+2<V1, V2>+<V2, v2>
=[[wi]* +0-+]va .

False; an orthogonal matrix is not necessarily
symmetric.

True; (P_IAP)_1 =P 'A7'P since P! and

A7 both exist and since P~'AP is diagonal, so
is (P7'aP)!.

True; since ||Ax|| = ||x|| for an orthogonal matrix.

True; if A is an n X n orthogonally
diagonalizable matrix, then A has an
orthonormal set of n eigenvectors, which form a

basis for R".
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(g) True;if A is orthogonally diagonalizable, then A
must be symmetric, so the eigenvalues of A will
all be real numbers.

Section 7.3
Exercise Set 7.3
2 2 3 0|
1. (@) 3x +7x5 =[x xz][o 7}|:x2}

(b) 4x12—9x%—6x1x2=[x1 xz][_i :3}[)61}

(o 9)612 —x% +4)c32 +6x1x) —8x7x3 + Xy X3

9 3 47,

M

=y x x5l 3 1 |y
—4%4x3

3. [x y]{_ﬁ _2}[;}:2x2+5y2—6xy

5. 0=x"Ax=[x, xz]{_z1 "ﬂ{;ﬂ

The characteristic equation of A is
A2 —dr+3=(A=3)(L=1)=0, so the
eigenvalues are A =3, 1. Orthonormal bases for

\/5'7»:1:

the eigenspaces are A = 3:

1
For P= V2 \/15
£ 2

x Ax=y" (PTAP)y =y, yz]{o ﬂ[”

, let x = Py, then

and Q=3y12+y§.

3 2 0]y
7. 0=x"Ax=[x x xll2 4 2|x
0 2 5]x

The characteristic equation of A is
AP —1207 439028 = (L —D(A—4)(A=7) =0,

so the eigenvalues are A = 1, 4, 7. Orthonormal
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-2
3
bases for the eigenspaces are A = 1: % ;
1
3
2 1
3 3
—4- 1] 3= 2
A=4: 3 A=T7 5|
2 -2
3 3
-2 2 1
3 3 3
= 2 1 2 -
For P = 5 3 5| let x = Py, then
1 2 _2
3 3 3
x! Ax = yT(PTAP)y
10 0| ang
=y y2 1|0 4 0} »

Q=) +4y3 +7y3.

(a) 2x2 +xy+x—6y+2=0 can be written as

2x% +0y? +xy+(x—6y)+2=0 or
2 % b X
[x ¥, [ }+[1 —6][ }+2=0.
0Ly y

(b) y2 +7x—-8y—5=0 can be written as

S|

0x% +y% +0xy+(7x—8y)—=5=0 or

ol S ol

2 2

(@) 2x2+5y% =20 is f—0+y7=1 which is the

equation of an ellipse.

() x*>-y>-8=0is x> —y>=8 or

2 2
% _y? =1 which is the equation of a
hyperbola.

(©) 7y*-2x=0 is x=%y2 which is the
equation of a parabola.

(d x*>+y>-25=0 is x> +y> =25 which is
the equation of a circle.
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13.

15.

17.

The equation can be written in matrix form as

2 2
-2 -1
eigenvalues of A are A; =3 and A, =-2, with

x! Ax =—8 where A= [ } The

L 2
corresponding eigenvectors vy =| 1 and

Vy = B} respectively. Thus the matrix

2 L
P= ‘/1§ \/25 orthogonally diagonalizes A.
55

Note that det(P) = 1, so P is a rotation matrix.
The equation of the conic in the rotated
x’y’-coordinate system is

’ ’ 3 O .x, _ . .
[x ¥ ][0 _2}[}],} =—8 which can be written

as 2y”? —3x’> =8, thus the conic is a hyperbola.
The angle through which the axes have been

rotated is @ = tan”! (—%J =~ —26.6°.

The equation can be written in matrix form as
11 12
12 4

eigenvalues of A are A; =20 and A, =-5, with

x! Ax =15 where A:{ } The

L 4
corresponding eigenvectors v = 3 and

Vy = [_ﬂ respectively. Thus the matrix

4 _
_|5
P_i
5

that det(P) = 1, so P is a rotation matrix. The
equation of the conic in the rotated
x'y’-coordinate system is

X ] 200 ¥ 1=15 which we can write
0 5|y

] orthogonally diagonalizes A. Note

W&

as 4x’> — y’? =3; thus the conic is a hyperbola.
The angle through which the axes have been

rotated is @ = tan”! [%) =~ 36.9°.

1 0
0 2} are A =1 and

A =2, so the matrix is positive definite.

(a) The eigenvalues of [

19.

21.

23.

25.
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(b) The eigenvalues of [_O (2)} are A =—1
and A = -2, so the matrix is negative
definite.

. -1 0

(¢) The eigenvalues of 0 2 are A =-1 and

A =2, so the matrix is indefinite.
. 1 0

(d) The eigenvalues of 0 0 are L =1 and

A =0, so the matrix is positive semidefinite.
. [0 0

(e) The eigenvalues of 0 -2 are A =0 and

A =-2, so the matrix is negative

semidefinite.

We have Q = x12 +x% >0 for (x;, x5) # (0, 0);
thus Q is positive definite.

We have Q =(x —x2)2 >0 for x; # x, and
Q=0 for x; = x,; thus Q is positive
semidefinite.

We have x12 —x% >0 for x; #0, x, =0 and
Q< O0for x; =0, x, #0; thus Q is indefinite.

(a) The eigenvalues of the matrix

A=[_§ _ﬂ are A=3and A =7; thus A is
positive definite. Since |5| =5 and
_; B 5 =21 are positive, we reach the

same conclusion using Theorem 7.3.4.

2 -1 0
(b) The eigenvaluesof A=|-1 2 0| are
0 0 5

A=1,A=3,and A = 5; thus A is positive
definite. The determinants of the principal
2

submatrices are |2| = 2, 1 _21 =3, and
2 -1 0

-1 2 0|=15; thus we reach the same
0 0 5

conclusion using Theorem 7.3.4.
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27. The quadratic form Q = 5x12 + x% + kx32 +4x1xy —2x;x3 —2x,x3 can be expressed in matrix notation as Q = x| Ax

5 2 -1
where A=| 2 1 —1|. The determinants of the principal submatrices of A are |5| =5, E f‘ =1, and
-1 -1 %
5 2 -1
2 1 -1=k-2. Thus Q is positive definite if and only if k > 2.
-1 -1 %

31. (a) Foreachi=1, ..., n we have

(x;—%)? =x’ —2x,X+X°

j=1
n 1 n 5 n
z . _2 le +22 z XXy
j=1 j=1 j=lk=j+1
Thus in the quadratic form s = —[(xl 7)2 +(xy —7)2 +-+(x, —7)2] the coefficient of xl-2 is
n—
2 1 2 2 2
s I-=+—n :l, and the coefficient of x;x; fori#is L ————t—n|=- 2 . It follows
n—=1| n p2 n n—=1 n n 52 n(n-1)
1 -1 . __1
n n(n-1) n(n-1)
1 1 vee 1
that s =x” Ax where A=| n(n-D n . n(n=1) 1.
-1 1 1
n(n-1) n(n—1) n

(b) We have 52 =ﬁ[(x1 —3)? +(x) —X) +--+(x, —%)*120, and s> =0 if and only if x =T,

Xy =X, .., X, =X, ie,if and only if x; =x, =---=x,. Thus s/% is a positive semidefinite form.

33. The eigenvalues of A must be positive and equal to each other. That is, A must have a positive eigenvalue of
multiplicity 2.

True/False 7.3
(@) True

(b) TFalse; because of the term 4x;x,x53.

(¢) True; (x4 —3x2)2 = x12 —6x1xy +9x§.
(d) True; none of the eigenvalues will be 0.
(e) False; a symmetric matrix can be positive semidefinite or negative semidefinite.

(®) True

(g) True; X-X=x2 +x2 +---+ x>
g i +x o

177
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(h)
(@
0)

(k)

()

True
False; this is only true for symmetric matrices.
True

False; there will be no cross product terms if

al:]' = —aﬁ for all l;t]

False; if ¢ <0, x! AX=c has no graph.

Section 7.4

Exercise Set 7.4

1.

The quadratic form 5x% — y2 can be written in

0 -1
The eigenvalues of A are A; =5 and A, =—1,

. . 5 0
matrix notation as x! Ax where A= { }

with corresponding eigenvectors vy = [(1)} and

Vy = [ﬂ Thus the constrained maximum is 5

occurring at (x, y) =(xl, 0), and the constrained

minimum is —1 occurring at (x, y)=(0, £ 1).
The quadratic form 3x2+7 y2 can be written in

0 7
The eigenvalues of A are A; =7 and A, =3,

. . 30
matrix notation as x! Ax where A= { }

. . o 0
with corresponding unit eigenvectors v; = [ J

1 . . .
and v, = [ 0}. Thus the constrained maximum is

7 occurring at (x, y) = (0, £1), and the
constrained minimum is 3 occurring at

(x,y)= (%1, 0).

. The quadratic form 9x% +4 y2 +32% can be

9 00
expressed as x Ax where A={0 4 0. The
0 0 3
eigenvalues of A are A; =9, A, =4, A3 =3,
1
with corresponding eigenvectors vy =| 0 |,
0

178
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0

0 |. Thus the constrained

1

maximum is 9 occurring at (x, y, z) = (£1, 0, 0),
and the constrained minimum is 3 occurring at
(x,v,2=(0,0, £1).

0
Vo) = 1 , V3=
0

2 2
Rewrite the constraint as (%J + [L) =1,

V2
thenlet x=2x and y= \/Eyl. The problem is
now to maximize z = xy = 2\/5)61 ¥ subject to

xlz + ylz =1. Write

z=x! Ax =[x yl]{\% f}{;ﬂ
2

a2 2),

the largest eigenvalue of A is V2, with

Since

corresponding positive unit eigenvector

ot sk

Thus the maximum value is

z=22 [%) [%) =+/2 occurs when

x=2x1=\/§, y=\/§y1=1 or x=—x/§,

y =—1. The smallest eigenvalue of A is _\/5,
1

2
M

NG
Thus the minimum value is z = —JE which

occurs at (x, y) = (_\/E, 1) and (\/E, _1).

with corresponding unit eigenvectors t

The first partial derivatives of f are
filx y)= 3x2 -3y and fy (x, )= —3x—3y2.

To find the critical points we set f, and fy
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15.

equal to zero. This yields the equations y = x?

and x= —y2. From this we conclude that

y= y4 and so y = 0 or y = 1. The corresponding

values of x are x = 0 and x = —1 respectively.
Thus there are two critical points: (0, 0) and

(-1, 1).
The Hessian matrix is
Fr6 ) fiy (i 3) Fx—ﬂ
H = = .
(o) LMLwL%@JJ 3 -6y

The eigenvalues of H(0, 0) = [_(3) _(3)} are

A = 13; this matrix is indefinite and so fhas a
saddle point at (0, 0). The eigenvalues of

H(-1,1)= [:g :Z} are A =—-3 and

A =—9; this matrix is negative definite and so f

has a relative maximum at (-1, 1).

The first partial derivatives of f are
fi(x, y)=2x—2xy and fy(x, y)= 4y—x2. To
find the critical points we set f, and f, equal

to zero. This yields the equations 2x(1 —y) =0
and y= ixz. From the first, we conclude that

x =0 ory= 1. Thus there are three critical
points: (0, 0), (2, 1), and (-2, 1).
The Hessian matrix is

Fo( ¥) fo(x y)
H -
(L”{mmw.mww}

12-2y -2x
| 2x 4]

The eigenvalues of the matrix H (0, 0) = B ﬂ

are A = 2 and A = 4; this matrix is positive
definite and so f'has a relative minimum at (0, 0).

4 4

A =24 24/5. One of these is positive and one is
negative; thus this matrix is indefinite and f'has a
saddle point at (2, 1). Similarly, the eigenvalues

0 4} are 7»=2in/§; thus f

The eigenvalues of H(2, 1) :[ 0 _4} are

4 4
has a saddle point at (-2, 1).

of H(=2,1) =[

17.

21.

Section 7.5

The problem is to maximize z = 4xy subject to
2 2

x> +25y% =25, or (gj +Gj =1. Let

x=5x and y =y, so that the problem is to

maximize z =20x;y; subject to ||(x1, yl)" =1.

. _.T _ 0 10 X1
Write z=x" Ax=[x yl][lo 0}{”}.

=% =100 = (L +10)(A—10).
o (A+10)(A~10)
The largest eigenvalue of A is A = 10 which has
1

‘/15 . Thus the

W2
maximum value of 20( ! j[ ! J 10
= —_— _— =
2\

which occurs when x=5x = i and

V2

which are the corner points of the

‘x -10

positive unit eigenvector

1
)’:)’1:5’

rectangle.

If x is a unit eigenvector corresponding to A,
then g(x)= x Ax =x! (Ax) = 7\.(XTX) =M1 =A.

True/False 7.4

(a)

(b)

(d)

False; if the only critical point of the quadratic
form is a saddle point, then it will have neither a
maximum nor a minimum value.

True

True

False; the Hessian form of the second derivative
test is inconclusive.

(e) True; if det(A) < 0, then A will have negative
eigenvalues.
Section 7.5
Exercise Set 7.5
-2i 4 5-i
1. A*=
L +i 3-i O }
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S.

11.

13.

2+3i 1 2
(a) A is not Hermitian since asz; # a3.
(b) A is not Hermitian since a,, is not real.

The following computations show that the row vectors of A are orthonormal:

32 42 9 16
=y +[21 =,/—+—=
25 25

6 9

- ,/—— o2
s
s)\7s5) (5 ) s

i —=i

Thus A is unitary, and A7l = Ax =[

U LW
|

Rl VYT

L

The following computations show that the column vectors of A are orthonormal:

1 2 1 2
||c1||:\/ﬁ(\/§+i) +ﬁ(l+i\/§)
4 a
“\3's
=1
2
"°2"=\/‘7( —t\/_) \/E(l_\/g)
Y
8 8

=1

¢ cy = 2\/7(\/§+1)2\/—(1+l\/_) T(IH«/_)T(—Z \J3)=0

S5 W3- S50-i3)
Thus A is unitary, and Al = A= \/— I/—
T+i3) F5(-i-VB) |
The characteristic polynomial of A is A2 -9 +18= (A—3)(A—6); thus the eigenvalues of A are A =3 and A = 6.
— — Pl _; |
The augmented matrix of the system (3/ — A)x = 0 is [ 1 ! ; I;l | g}, which reduces to Ll) 101 | 8} Thus
T - | |

is a unit eigenvector. A

V| = [—11+ l} is a basis for the eigenspace corresponding to A = 3, and p; =

+
Vg
L
N

180
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—
L

similar computation shows that p, = \/26 is a unit eigenvector corresponding to A = 6. The vectors p; and p,
J6
are orthogonal, and the unitary matrix P=[p; p,] diagonalizes the matrix A:
== 1L 4 1-i =i 1=
PrAP = ﬁ ﬁ [1+i sl} f f
NG 36

£

15. The characteristic polynomial of A is A2 =100 +16 = (A—2)(A—8); thus the eigenvalues of A are AL =2 and A = 8.

The augmented matrix of the system (2] — A)x = 0 is [—Z_j 2 _2__221 i 8}, which reduces to B 131 i 8}
. ==
Thus v, = [_12_1} is a basis for the eigenspace corresponding to A =2, and p; = \/26 is a unit eigenvector. A
Jo
14
similar computation shows that p, = \/15 is a unit eigenvector corresponding to A = 8. The vectors p; and p,
3
are orthogonal, and the unitary matrix P=[p; p,] diagonalizes the matrix A:
=i 2 542 == 14
Prap = ﬁ f[zfzi Zl} f f
NG 3

120
|0 8
17. The characteristic polynomial of A is (A — 5)(7»2 +A=2)=(A+2)(A—1)(A=5); thus the eigenvalues of A are
-7 0 0 !0
|

M =-2, A, =1, and A3 =5. The augmented matrix of the system (-2/-A)x=0is | 0 -1 1-i |0},
0 1+i -2 10

1o 0 !0 0
|
which can be reducedto |0 1 —1+i|0|. Thus v; =|1—i| is a basis for the eigenspace corresponding to
00 0 |0 1
0 0
1= =+
A =-2, and p; =| 3 | is a unit eigenvector. Similar computations show that p, =| ./ | is a unit eigenvector
L 2
NG Jo
1
corresponding to A, =1, and p3 =| 0 | is a unit eigenvector corresponding to A3 =5. The vectors {p;, p,, P3}
0

form an orthogonal set, and the unitary matrix P=[p; p, p3| diagonalizes the matrix A:

181
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19.

21.

23.

217.

29.

31.

33.

SSM: Elementary Linear Algebra

o 1 _L 0 0 1
VooBS 0 0 JEERTT R
P¥AP =\ == 2 ||0 -1 -—1+i||3 e
Yoo Vellg _1—i o0 ||l 2
0 0 B e
2 00
05
Note: The matrix P is not unique. It depends on the particular choice of the unit eigenvectors. This is just one
possibility.
0 i 2-3i
A= i 0 1
—2-3i -1 4
(a) ay| = —#i= —6_112 and dasy ES —6_113

(b) ajy #-ay, az; #—aj3, and a3 #—dy

The characteristic polynomial of A = ‘:1?_ . _1.+ l} is A2 —ih+2=(A—2i)(L+i); thus the eigenvalues of A are
i

A=2iand A =—i.

We have A*A =

1 o0 0 i e 1 14 20
V2l o ie® V2|0 im0 | 2| o2 _ 20 |

(a) If B:%(A+A*), then B*:%(A+A*)*

1
—(A*+A**
> ¢ )

_-2i6
¢ }=[1 0}; thus A* = A~}
+1 01

and A is unitary.

1
—(A*+A
2( )
=B.
Similarly, C* = C.
; 1 1 . 1 1
(b) We have B+1C=E(A+A*)+E(A—A*)=A and B—1C=E(A+A*)—E(A—A*)=A*.

(¢) AA*=(B+iC)(B-iC)
=B?—iBC+iCB+C?
and A*A = B% +iBC —iCB+C?. Thus AA* = A*A if and only if —iBC + iCB = iBC — iCB, or 2iCB = 2iBC.
Thus A is normal if and only if B and C commute i.e., CB = BC.
If A is unitary, then AV = A* and so (A"‘)_1 = (A_l)* = (A*)*; thus A* is also unitary.

A unitary matrix A has the property that [|Ax||= x|l for all x in C". Thus if A is unitary and Ax = Ax where x # 0,
we must have |A|[x]l=llAx] = x| and so |4 =1.
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35. If H=1-2uu*, then Chapter 7 Supplementary Exercises
H* = (I — 2uu*)* = [* — 2u**u*= [ — 2uu* = H,

thus H is Hermitian. 3 _% . 1 0
HH* = (I - 2uu*)(I — 2uu*) 1. (a) For A= i 3 A A:{o J, S0
= [ —2uu*—2uu * +4uu * uu * 5 5
—7_ 2 3 4
= I — 4uu*+4uul” u* Al T | 55
=1 _4 3
and so H is unitary. 55
B R 4 9 -3
37. A= \/5 V2 is both Hermitian and unitary. 95 4 1;
S (b) For A=|-% = —=%|,
NG NG 25 5 25
12 3 16
25 5 25
— *
39. If P =uu*, then . . 100
Px = (uu*)x = (uu’ )x =u(@ x) = (x-uw)u. Thus ATA=l0 1 0/, so
multiplication of x by P corresponds to ||u||2 0 01
times the orthogonal projection of x onto 4 _9 12
W = span{u}. If ||u|| =1, then multiplication of x Al AT (5) 22 23
by H = I —2uu* corresponds to reflection of x 5 51
3 12 16
about the hyperplane ut. 5 T25 25
True/False 7.5 5. The characteristic equation of A is
3 212 _ _ _
(a) False: i %7, 7L 37+ 20 = A(A—=2)(A—1), so the
eigenvalues are A = 0, 2, 1. Orthogonal bases for
; 1
) ) VS S S L
(b) False; for ry = [ N 3} and . N
0 ; ; the eigenspaces are A = 0: 0; A=2:
w41 5
v — 5
i = i i i i 1
S N
V27 Vel Vo) 3l 2
) N2 0, A=1:|1|
i i
(% J V3 j 2
11 L 1L 9
=53 Z "
| Thus P = 0 0 1] orthogonally
=— L Lo
6 NN
Thus the row vectors do not form an 00 0
orthonormal set and the matrix is not unitary. . . T
diagonalizes A, and P AP={0 2 0
- 0 01
(¢) True; if A is unitary, so A 1- A*, then
(A”‘)_1 =A=(A%)*. 7. In matrix form, the quadratic form is
1 =3
(d) False; normal matrices that are not Hermitian are x! Ax = [x x] 2 {xl } The
also unitarily diagonalizable. —% 4 |[*2
(e) False; if A is skew-Hermitian, then characteristic equation of A is A% -5\ +z =0
4

(A2)% = (A%)(A¥) = (—A)(=A) = A% % -A2,
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which has solutions A =

or

5432
2

A =4.62, 0.38. Since both eigenvalues of A are
positive, the quadratic form is positive definite.

9. (a) y —x?>=0 or y= x2 represents a parabola.

(b) 3x-1 ly2 =0or x= % y2 represents a

parabola.
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Linear Transformations

Section 8.1
Exercise Set 8.1

1. T(—u)=|-ul =]jul|=T () #-T(u), so the function is not a linear transformation.

3. T(kA) = (kA)B = k(AB) = kT(A)
T(A +Ay)=(A +A)B
=AB+AB
=T(A)+T(4y)
Thus T is a linear transformation.

5. F(kA) = (kA) = kAT = kF(A)

F(A+B)=(A+B) =AT + BT =F(A)+F(B)
Thus F is a linear transformation.

7. Let p(x)=ay+ax+ a2x2 and g(x)=by+bx +b2x2.

@) T(kp(x)) = kag +kay (x+1) +kay (x+1)°
= kT (p(x))
T(p(x)+q(x))=ay+by+(ag +b)(x+1D)+(ay +by)(x+ 1)2
= ag+a;(x+1) +ay(x+1)% + by + b (x+1) + by (x+1)°

=T(p(x)+T(q(x)
Thus T is a linear transformation.

(b) T(kp(x)) =T (kag +kayx+ kayx?)
= (kag +1) + (kay +1)x + (ka, +1)x*

# kT (p(x))
T is not a linear transformation.

9. For x=(x1, xp) =¢| V| +c3V,, we have (x1, xp) =c|(I, D+¢c,(1, 0)=(c; +¢c3, ¢]) or
ctey=x
A =X
which has the solution ¢; = x,, ¢, =x —x,.
(X, %) =x(1, D+ (3 —x)(1, 0)
=XV + (X —Xy)Vy
and
T(xy, x3) = xT(v))+(x; —x)T(v5)
=x(1, =2)+(x; —x)(—4, 1)
=(—4x +5x, X, —3x7)
T(5,-3)=(-20-15,5+9) = (-35, 14).
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11.

13.

15.

17.

19.

For x=(x, x5, X3) =¢|V{ + ¢V, +¢3V3, we
have
(X1, X0, x3) =c;(1, 1, D+c(1, 1, 0) +¢5(1, 0, 0)
=(c)+cy 3, ¢ 0y, 1)
ctey ey =x
or ¢;+c¢p = x, which has the solution
q =x3
=43, & =X~ X3,
3 =X —(Xy —X3)— X3 =X — X5.
(X1, X9, X3) = X3V + (X5 —x3)Vp + (X — X)) V3
T(x;, xp, X3)
=x3T(v)) + (xp —x3)T(v5) + (X —x)T(V3)
=x3(2, -1, H+(xy—x3)3,0, 1)
+(x —x)(=1, 51
= (—x) +4xy — x3, 5x; =5xp — X3, X; +3x3)
TR2,4,-1)=(2+16+1,10-20+1, 2-3)
=(15,-9,-1

T(2v;—3v, +4v3)
=2T(v;)=3T(v,)+4T(v3)
=(2,-2,4)-(0,9,6)+(-12, 4, 8)
=(-10, -7, 6)

(a) T(5,10)=(10-10,—-40 + 40) = (0, 0)
so (5, 10) is in ker(7).

(b) 7T(3,2)=(6-2,-24+8)=(4,-16) so
(3, 2) is not in ker (7).

© 71, H)=2-1,-8+4)=(1,-4) so
(1, 1) is not in ker(7).

(@ 7@3,-8,2,0)
=(12-8-4,6—-8+2,18-18)
=(0,0,0)
so (3, -8, 2, 0) is in ker(7).

(b) 7(0,0,0,1)
=0+0+0-3,0+0+0-4,0-0+9)
=(-3,-4,9)
so (0, 0, 0, 1) is not in ker(7).

© 7O, -41,0=(-4-2,-4+1,-9)

=(-6,-3,-9)
so (0, —4, 1, 0) is not in ker(7).

(a) Since x+x* =x(1+x), x+x° is R(T).

186

SSM: Elementary Linear Algebra

(b), (¢) Neither 1 + xnor 3— x* can be
expressed as xp(x) with p(x) in P, so
neither are in R(7).

21. (a) Since —8x + 4y =—-4(2x —y) and 2x — y can
assume any real value, R(7) is the set of all
vectors (x, —4x) or the line y = —4x. The

vector (1, —4) is a basis for this space.

(b) T can be expressed as a matrix operator

from R* to R® with the matrix
4 1 2 3
A=(2 1 1 —4|. AbasisforR(T)is a
6 0 -9 9
basis for the column space of A. A row
1 3 2
echelon formof Ais B=|g 1 4 -5]|
0 0 0 1
The columns of A corresponding to the
columns of B containing leading s are
4 1 -3
21|, | 1|, and | -4 |. Thus, (4, 2, 6),
6 0 9
(1, 1, 0), and (-3, —4, 9) form a basis for
R(T).

0 |—

(¢) R(T) is the set of all polynomials in P? with

constant term 0. Thus, {x, xz, x3} is a basis

for R(T).
1 -1 3
23. (a) A row echelon formofAis [0 1 —% ,
0 O 0
1 -1
thus columns 1 and 2 of A, |5 | and | 6
7 4

form a basis for the column space of A,
which is the range of T.

10 1
11
(b) Areducesto | | _% , S0 a general
0 0 0
solution of Ax=01is x; = —Es, Xy =Qs,
11 11

x3=s or xy =—14t, x, =191, x3 =11z, so
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25.

27.

(¢)

(d)

(a)

(b)

(¢)

(d)

(a)

(b)

(]

—-14
19 | is a basis for the null space of A,
11

which is ker(7).

R(T) is two-dimensional, so rank(7) = 2.
ker(7) is one-dimensional, so nullity (7) = 1.

The column space of A is two-dimensional,
so rank(A) = 2. The null space of A is one-
dimensional, so nullity(A) = 1.

A row echelon form of A is
b2 d h \ 1 and 2 of
01 1 _% , thus columns 1 and 2 o

1
space of A, which is the range of 7.

A, {4} and B} form a basis for the column

1 01

A reduces to , so a general
0o 11 -

R SENIFEN

solution of Ax =0is x; =—s —;r,

2
Xy =—S+7l, X3 =S5, Xy =1 or

Xy =—s—4r, xy==s+2r, x3=5,

-1 —4
-1 2 .
x4 =1r, so | and 0 form a basis
0 7

for the null space of A, which is ker(7).

Both R(T) and ker(7T) are two-dimensional,
so rank(7) = nullity(7) = 2.

Both the column space and the null space of
A are two-dimensional, so
rank(A) = nullity(A) = 2.

The kernel is the y-axis, the range is the
entire xz-plane.

The kernel is the x-axis, the range is the
entire yz-plane.

The kernel is the line through the origin
perpendicular to the plane y = x, the range is
the entire plane y = x.

29. (a) nullity(7) =5 —rank(7) =2

31.

33.

35.

37.

41.

43.

Section 8.1

(b) dim(F,) =35, so nullity(7) =5 —rank(7) = 4

(¢) Since R(T) = R3, T has rank 3.
nullity(7) = 6 —rank(7) =3

(d) nullity(7) =4 —rank(7) = 1

(a) nullity(A) = 7 —rank(A) = 3, so the solution
space of Ax = 0 has dimension 3.

(b) No, since rank(A) = 4 while R’ has
dimension 5.

R(T) must be a subspace of R3, thus the
possibilities are a line through the origin, a plane

through the origin, the origin only, or all of R>.

(b) No; F(kx, ky)
= (kx> +bk? 2, a)k?x? +byk? y?)
=k*F(x, y)
#kF(x, y)

Let w=cv| +cyv, +---+¢, v, be any vector in
V. Then
Tw)y=cT(v))+cyT(vy)+--+¢,T(v,)

=V +CpVy o+, V),

=w
Since w was an arbitrary vector in V, T must be
the identity operator.

If p’(x) =0, then p(x) is a constant, so ker(D)
consists of all constant polynomials.

(a) The fourth derivative of any polynomial of
degree 3 or less is 0, so T(f(x)) = f(4) (x)
has ker(T) = P;.

(b) By similar reasoning, T(f(x)) = """V (x)
has ker(T)=P,.

True/False 8.1

(a)

(b)

187

True; ¢; =k, ¢, =0 gives the homogeneity
property and ¢; =c, =1 gives the additivity
property.

False; every linear transformation will have
T(—=v) =-T(v).
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(¢)

(d)

(e)
(®
(®
(h)
(i)

True; only the zero transformation has this
property.

False; T(0)=vy+0=vy #0, soTisnota
linear transformation.

True

True

False; T does not necessarily have rank 4.
False; det(A + B) # det(A) + det(B) in general.

False; nullity(7) = rank(7) =2

Section 8.2

Exercise Set 8.2

1.

(a) By inspection, ker(T) = {0}, so T is one-to-
one.

(b) T(x,y)=0if 2x+3y=0or x=_%y s

ker(T) = {k (—%, lj} and T is not one-to-
one.

(¢) (x,y)isinker(7) only if x + y =0 and
x—y=0,soker(T)= {0} and T is one-to-
one.

(d) By inspection, ker(T) = {0}, so T is one-to-
one.

() (x,y)isinker(T)ifx—y=0orx=y,so
ker(T) = {k(1, 1)} and T is not one-to-one.

) (x,y,7z) isinker(7) if both x + y + z=0 and
x—y—2z=0,whichisx=0andy+z=0.
Thus, ker(T) = {k(0, 1, —1)} and T is not
one-to-one.

1 2
(a) By inspection, A reducesto |0 0], so
0 o0

nullity(A) = 1 and multiplication by A is not
one-to-one.

(b) A can be viewed as a mapping from R* to

R3, thus multiplication by A is not one-to-
one.
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10
(¢c) Areducesto |0 1
00

Ax = 0 has only the trivial solution, so
multiplication by A is one-to-one.

, so nullity(A) =0 or

(a) All points on the line y = —x are mapped to
0, so ker(7) = {k(-1, 1)}.

(b) Since ker(7) # {0}, T is not one-to-one.
(a) Since nullity(7) =0, T is one-to-one.

(b) nullity(T)=n—-(n—1) =1, so T is not one-
to-one.

(¢) Since n <m, T is not one-to-one.

(d) Since R(T)=R", rank(T) = n, so
nullity (7) = 0. Thus T is one-to-one.

If there were such a transformation 7, then it
would have nullity O (because it would be one-
to-one), and have rank no greater than the
dimension of W (because its range is a subspace
W). Then by the dimension Theorem,

dim(V) = rank(7) + nullity(7) < dim(W) which
contradicts that dim(W) < dim(V). Thus there is
no such transformation.

-
a b ¢ b
@ T||b d e =;
c e f .
Lf ]
o
b b
(b) Tl[[‘; dD: | and
d_

53

TN
1
o

QU S
[
N7
Il
QUL 0o

(¢) If p(x) is a polynomial and p(0) = 0, then
p(x) has constant term 0.
a
T(ax3 +bx? +cx)=|b
c
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13.

15.

17.

19.

(d) T(a+bsin(x)+ccos(x)) =

o S

T (k) = kf (0) + 2kf(0) + 3kf "(1) = kT (F)
Tt +g) = f(0)+g(0)+2(f'(0)+¢'(0))
+3(f' M +g' M)
=T(H)+7(g)
Thus T is a linear transformation.
Let f = f(x)=x*>(x—1)%, then
f(x)=2x(x=1D(2x~1) s0f(0)=0, f'(0)=0,
and f’(1)=0.
T®)= f(0)+2f(0)+3f'(1)=0, so
ker(T) # {0} and T is not one-to-one.

Yes; if T(a, b, c)=0,thena=b=c=0, so
ker(T) = {0}.

No; T is not one-to-one because ker(7) # {0} as
T@a)=axa=0.

Yes, since (T(u), T(V)> = (u, V>, SO
7w = (T @), Tw) = /(u, u) =|u] =1 and

T(u) is orthogonal to 7(v) if u is orthogonal to v.

True/False 8.2

(a)
(b)

(0
(d)

(e)
®

False; dim(R?) =2 while dim(P,)=3.

True; if ker(7T) = {0} is one-to-one rank(7) = 4
so T is one-to-one and onto.

False; dim(M33) =9 while dim(R)) =10.

True; for instance, if V consists of all matrices of

b 0} , then

a
the f
eorm{c 40

is an isomorphism 7:

ﬂ
N
1
a
U
oS o
(B
N
Il
QUL o

vV - R*.
False; T(I) = P — P =0 so ker(T) # 0.

False; if there were such a transformation 7', then
dim(ker(7)) = dim(R(T)), but since
dim(ker(7)) +dim(R(T)) = dim(Py) =5, there

can be no such transformation.
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Section 8.3

Exercise Set 8.3

1.

11.

@ (T T)(x, y)=T5(2x, 3y)
=2x-3y, 2x+3y)

(b) (TroT)(x, y)
=T,(x-3y,0)
=(4(x—-3y)—5(0), 3(x—3y) —6(0))
=“4x-12y,3x-9y)

(© (TroT(x, y)=T,(2x, =3y, x+y)
=2x+3y, -3y+x+y)
=2x+3y, x-2y)

d) T oT)(x, y)
=T2('x_y7 Y, -x)
=0, (x—y)+y+x)
=(0, 2x)

(@) (T1°T2)(A)=T1(AT)=tr([Z 2D:a+d

(b) (75 oT})(A) does not exist because 7;(A) is
not a 2 X 2 matrix.

15 (v) :iv, then
1 1
(Tl °T2)(V) = Tl (ZVJ = 4(2‘,] =v and
1
(T e [))(V) =T, (4v) = Z(4V) =V.

By inspection, T(x, y, z) = (x, y, 0).

Then

I(T(x, y, 2)) = T(x, y, 0) = (x, y, 0) = T(x, y, z) or
ToT=T.

(a) Since det(A) =0, T does not have an inverse.
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(b) det(A) =—8 # 0, so T has an inverse. 15. (a) Since T;(p(x)) = xp(x),
l 1 _3 1
8 8 4 7 (p(x) == p().
A= 1 1 1lig X
g8 8 4 .
305 1 Since T,(p(x)) = p(x+1),
g8 8 4 —
5 (p(x)) = p(x-1).
o | (Ty o 1) (p(e) = (7 o T3 )(p(x)
T | |x||=A|x 2°4 p 11 2 Np
X3 X3 =Ti_ (p(x_l))
1
éxl-i-éxz—%)% =;p(x—1)
= éxl +%XZ +%X3
_%xl +%x2 +%x3 17. (@) T(1 —2x)=(1-2(0),1-2(1))=(1,-1)
() Let p(x)=ay+ax, then
(¢) det(A) = —2 # O1 SO Tlhas an inverse. T(p(x) = (ag. ap +a;) so if
5 22 T(p(x)) = (0, 0), then ay =a; =0 and p is
% % % NV the zero polynomial, so ker(7) = {0}.
1 1 _1
2 2 2] (d) Since T(p(x))=(ay, ay +ay), then
- ol 7712, 3) has ay =2 and ay+a; =3 or
.X2 = A .X2 _1
X X a;=1. Thus, T (2,3)=2+x.
P P(x)
%Xl —%XZ +%X3
= —%Xl +%X2 +%X3 .
brvda-d x
(d) det(A) =10, so T has an inverse.
3 3 -1
A'=2 2 1fso
_4 _5 2 21' (a) ]i(x’ )’) = (-x’ - )’) and TZ(-x’ )’) = (_-x7 )’)
B B (T o TH)(x, y) =Tj(=x, y)=(=x, =)
71 2 | |= 41| (T o T)(x, ) =To(x, =) = (=x, = y)
x X3 i oT, =T, Ty
3 +3x - x3 (b) Consider (x, y) = (0, 1):
= jfxl ‘52x2 el (Ty o T;)(0, 1) = T, (0, 0) = (0, 0) but
TR TR AN (T; o Ty)(0, 1) =T (~sin 6, cos6)
=(-siné, 0)

13. (a) For T to have an inverse, all the

i=1,2, ..., n must be nonzero. Thus 7j o T, #T; °T;.

l’

(b) T (XI,XQ,. . }’l)

[ 1 1 1 ]
= 77X, T X5 ey T Xy
al 612 a
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(©) Ti(x, y, 2)=(kx, ky, kz) and T,(x, y, z) =(xcos@—ysin@, xsinf+ ycosb, z)
(11 o T5)(x, y, z) = (k(xcos@— ysin ), k(xsin @+ ysin ), kz)
(T, oT))(x, y, z) = (kxcos @ —kysin 8, kxsin @ + ky cos 8, kz)
LTy =T,°T
True/False 8.3
(a) True
(b) False; the linear operators in Exercise 21(b) are an example.

(¢) False; a linear transformation need not have an inverse.

(d) True; for T to have an inverse, it must be one-to-one.

(e) False; 77! does not exist.

(f) True; if 7] is not one-to-one then there is some nonzero vector vy with 7;(v;) =0, then (75 oT})(v;) =7,(0)=0
and ker(7, oT}) # {0}.

Section 8.4
Exercise Set 8.4

1. @ Tu)=T(H)=x=v,
T(uy) =T(x)=x> = v,

Tuy)=T(x*)=x>=v,

0 0O
. . ,. 11 0 0
Thus the matrix for T relative to B and B’ is 010
0 0 1
0 0O 0
10 0|l |e
(b) [T]B',B[X]B: 010 | = ¢
00 0]t2d |
0
[T(X)]p = [COx+clx2 +czx3]3f = EO
1
)
3. (@ T(H=1
Tx)=x—1=-1+x
T()62)=(x—1)2=1—2)c-i-)c2
1 -1 1
Thus the matrix for TrelativetoBis |0 1 -2].
0o 0 1
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1 -1 1][a
() [T1alxlg=|0 1 2| ¢
0 0 1]a
_ao—al+a2_
=| a—2a

L 49 ]

For x=qy +a1x+a2x2,

T(X) = ay +a;(x—1)+a, (x—1)°

=ay—a +ay +(q —2a2)x+a2x2,

(lo - (ll + 6l2
so [TX®]g =| a;—2a,

7
1 1 8
= @ rwy-1{[3])- _lizo“'?ﬁ;vz

0

_1

(Tl p=|"2
8

3

7. (@ T(H)=1
Tx)=2x+1=1+2x

T(x)? =Q2x+1)% = 1+4x+4x>
111

[T1p=|0 2 4

00 4

2
(b) The matrix for 2—3x+4x2 is | -3 |.
4
2 1 1 1] 2] [3
[T1z| -3|=|0 2 4| -3|=|10
4] o o 4] 4] |16

Thus T(2=3x+4x%)=3+10x+16x.

(©) T(2-3x+4x>)=2-32x+1)+4(2x+1)°
=2-6x-3+16x> +16x+4

=3+10x+16x>

9. (a)

(b)

(c)

(d)

11. (a)
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Since A is the matrix for 7T relative to B,
A=[[T(v))g | [T(vy)lg] Thatis,

[TVl {_ﬂ and [7(v,)]p =m

Since [T(v{)]g =[_21}
T(v)) =1v,-2v, = m —["ﬂ = [_ﬂ
Similarly,

T(vy) =3V +5v, = m ’{;(SJ = [;ﬂ

.xl _ _ 1 —1
If LJ‘QW‘*Q%‘Q[J‘*%{ 4},

X =¢C—¢C
then "1~ 1 "2 Solving fi d
en % =3¢, +4cy olving for ¢; and ¢,
ives ¢; =—x3 +—Xy, C ——Ex +lx
g 1T, @ 7S
SO

29)
= ClT(Vl) + C2T(V2)

TN HIERING
7 1 7 2 -5 7 1 7 2 29

18 1
_| 7atTR
107 24

-4 44

Since A is the matrix for T relative to B, the
columns of A are [T(v)]p, [T(v,)]p, and

[T(v3)]p, respectively. That is,

1 3
[T(vDlg=|2], [T(vylg=| 0], and
6 -2
-1
[T(v3)lg=| 5|

4
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1
(b) Since [T(v)]g =|2]|,
6

T(Vl)
= Vl +2V2 +6V3
=3x+3x% —2+6x+4x> +18+42x+12x°

=16+51x+19x%.
Similarly, T(v,) =3v; —2v3
=9x+9x% —6—14x—4x*
=—6-5x+5x2,
and T(v3)=-v; +5v, +4v;
=-3x-3x> =5+15x+10x> +12
+28x+8x°
=7 +40x+15x.

(o) If q +a1x+a2x2
=V + V) tC3V3
=cl(3x+3x2)+c2(—1+3x+2x2)
+c3(3+7x+2x2),
ag =—cp +3c3
Then a; =3c¢) +3cy +7c5 .
ay =3¢ +2cy +2¢5

Solving for ¢|, ¢,, and c3 gives
(4] :%(ao -4 +202),
1
Cy = g(—sao +3al —3(12),
1
3 :g(ao +a1 —02), SO

T(ag+a, x+ azxz)
= ClT(Vl) + C2T(V2) + C3T(V3)

=%(a0 —a; +2a,)(16+51x+19x?)
+é(—5a0 +3a; —3a,)(-6—5x+ 5x2)

+%(ao +ay —ay)(7+40x+15x%)
_ 239ay —161a; +289a;,

24
201ay —111a, + 247
" do q azx
8
6lay —31a, +107
" ag 1‘121 a 2
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(d In1+x%, ay=1, =0, ay=1.

T+ x?)
2394289 201+247  61+107 ,
= + x+ x
24 8 12
=22+56x+14x>
13. (@) (T, oT)()=T,(2)=6x
(Ty o Ty )(x) = Ty (=3x) = —9x>
0 0
6 0
Thus, [T, oTjlg 5 = .
us, [ 2 l]B,B 0 -9
0 0
T,(1)=2
T (x)=-3x
2 0
ThuS [Ti]B”,B: O _3 .
0 0
T, (1) = 3x
T2()6)=3x2
T, (x%) =3x°
000
300
Thus [TZ]B/, B = O 3 0
00 3

15.

b) [Ty p =Ll pllilp,

000 0 0
(c)3oo(2)_2_60
030/, o709
00 3 0 0

If T is a contraction or dilation of V, then T maps
any basis B={v{, v, ..., v, } of Vto

{kvy, kv,, ..., kv, } where k is a nonzero
constant. Thus the matrix for 7 relative to B is

kK 00 - 0
0 £k O 0
0 0 &k 0.
0 0O k
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17. The matrix for 7 relative to B is the matrix
whose columns are the transforms of the basis
vectors in B in terms of the standard basis. Since

B is the standard basis for R", this matrix is the
standard matrix for 7. Also, since B’ is the

standard basis for R™, the resulting

transformation will give vector components
relative to the standard basis.

19. (a) D(f))=D(1)=0
D(f,) = D(sin x) = cos x
D(f3) = D(cos x) = —sin x
The matrix for D relative to this basis is

00 O
0 0 -1}
01 0

(b) D(f;))=D1)=0
D(f,)=D(e*)=¢"
D(fy) = D(¢*¥) = 2¢**
The matrix for D relative to this basis is
0 0O

0 1 0]
00 2

(¢) D(f) = D(e**) =2¢*
D(f,)= D(xezx) = > +2xe?*
D(f5) = D(xzezx) =2xe>* +2x%e%*

The matrix for D relative to this basis is
210

0 2 2|

00 2

(d) D(4e>* +6xe** —10x%e>)
(2 1 o] 4

=lo 2 2| 6
0 0 2

-10
[ 14

=| -8
| -20

Thus, D(4e”* +6xe>* —10x%e¥)
= 14¢** —8xe>* —20x%e>*.
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21. (@) [LoTlg, p=[Llg gl

(b) [TeT,°Tlp
=[LGly, g7 1p7 pr[T1 1 B
True/False 8.4

(a) False; the conclusion would only be true if T:
V — V were a linear operator, i.e., if V=W.

(b) False; the conclusion would only be true if T:
V — V were a linear operator, i.e., if V=W.

(¢) True; since the matrix for T is invertible, ker(7)
={0}.

(d) False; the matrix of SoT relative to B is
[S1p[T]p-

(e) True
Section 8.5

Exercise Set 8.5
1 -2
1. T(uy)= {0} and T(u,) = {_J, SO

[Tlg = Ll) :ﬂ

By inspection, v; =2u; +u, and

v, =-3u; +4u,, so the transition matrix from

, . 2 3
B toBis P=
oBis [1 4

4 3

_p-l | 10T
Ppop =P = | 5|
111

} . Thus

(Tlp =PpplTlp Py_p

I

11 11

_36
11
3
11

I
1
[
=l =e
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3. Since B is the standard basis for R2,

1 1

_|cosd5° —sind5°| | o T2
[T _|:sin45° cos45°}_ B U The

V22

matrices for Pgz_,p and Py, ,p are the same as

in Exercise 1, so
(Tlp = Pg_plT)pPp_p

4 37|L L
T H] NG {2 —3}
1 2L L1 4
[TETH | NN
[ 13 25
_| vz W2
L _9
L1V2 11V2
1 0 0
T()=|0|, T(upy)=|1|and T(uz)={0
0 0 0
1 00
[T1=|0 1 0|
0 0 O

By inspection, v =u;, v, =u; +u,, and

V3 =u; +u, +uj3, so the transition matrix from

1 11
B toBis P=|0 1 1
0 01
1 -1 O
Thus Py =P '=|0 1 —-1|and
0O 0 1
(Tlg = Pp_p[T1p Py _p
1 -1 Oof1 0 Ofj1 11
=0 1 -1{{0 1 0|0 1 1
10 0 1jJ0 0 0J/0 0 1
1 0 0
=0 1 1
000

7. T(py) =6+3(x+1)=9+3x=§p1 +%p2, and

T(p;)=10+2(x+1) =12+2x=_§pl +2p,,

3
SO [T]B:{ ]

__2 +l and q, =
GW="gP T3P a2

transition matrix from B’ to B is

0= W
S ENNCT Y

1 —l so the
9P1 6P2s

195

Section 8.5

and [T1p = Pg_,p[T1p Py
3 112 2|2 1
_|4 213 9 9 9
3 1L 4 1 _1
2 2 3 3 6
|11
!
11. (a) The matrix for T relative to the standard

(b)

1
2

of [T]z are A =2 and A =3 with

basis Bis [T]g :[ _ﬂ The eigenvalues

. 1
corresponding eigenvectors | | and

)

Then for P = ! 1,we have

-1 2
1| 2 1 1 20
P —{_1 _J and P '[T]pP {0 3}

Since P represents the transition matrix from
the basis B’ to the standard basis B, then

B = {[_”, [_21}} is a basis for which

[T]p is diagonal.

The matrix for T relative to the standard
. 4 -1
b Bis [T]g = .
asis Bis [T]g [_3 J
21
The eigenvalues of [T]z are A = > +;/_
and A = _ﬁ with corresponding
3 J_ 3121
eigenvectors and 6 .
1
21 —3+J_
Then for P = , we have
3 —3+\/—
-1 NOREENTE
P = d
3 s |
21 221
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13. (a)

15.

17.

5+\/ﬁ 0

PlgpP=| 2 s a7 || Sinee P
2

represents the transition matrix from the
basis B’ to the standard basis B, then

3-21 | [ -3+/21
B = 6 , 6 is a basis for
1 1

which [T]p is diagonal.

T()=5+x>

Tx)=6—x

T(x?)=2-8x-2x"

Thus the matrix for 7T relative to the standard

5 6 2
basis Bis [T]g=|0 -1 —8|. The
1 0 =2

characteristic equation for [T]p is

A3 =202 —150+36 = A+ 4H)(A-3)* =0, s0
the eigenvalues of T are A = —4 and A = 3.

(b) A basis for the eigenspace corresponding to
-2
A=—41is % , so the polynomial
1

—2+§x+ x% is a basis in P%. A basis for

the eigenspace corresponding to A = 3 is
5
—2 |, so the polynomial so the polynomial
1

5—2x+x? is a basis in P2.

If v is an eigenvector of T corresponding to A,
then v is a nonzero vector which satisfies the
equation 7(v) = Av or (M — T)(v) = 0. Thus v is
in the kernel of Al — T.

Since C[x]g = D[x]p for all x in V, then we can
let x =v; for each of the basis vectors

vy, ..., v, of V. Since [v;]z =e; foreachi

where {e;, ..., e,} is the standard basis for R",
this yields Ce; = De; fori=1, 2, ..., n. But Ce;
and De; are the ith columns of C and D,

respectively. Since corresponding columns of C
and D are all equal, C = D.
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True/False 8.5

(a)

(b)

(c)

(d)

®
(g
(h)

False; every matrix is similar to itself since
A=17AL

True; if A=P 'BP and B=0Q7'CQ, then
A=P(Q7'CQP =(QP) C(OP).

True; invertibility is a similarity invariant.
True; if A= P_lBP, then

At =p'BPy = P7'B7P.

True

False; for example, let T be the zero operator.
True

False; if B and B’ are different, let [T] p be
given by the matrix Pp_,p’. Then

(Tlg, p=FpplTlp =P pPy_p =1,

Chapter 8 Supplementary Exercises

1.

No; T(x) +x,) = A(x; +X,5)+ B
# (AX| + B) +(Ax, + B)
=T(x))+T(x,),

and if ¢ # 1, then

T(cX) = cAX+ B # c(Ax+ B) = cT(x).
T(kv) =|kv|[kv = k|k|||v]|v = kT (v) if k= 1.

(a) The matrix for T relative to the standard

1 0 11
basisis A=2 1 3 1/|. Abasis for the
1 001
range of T is a basis for the column space of
1 00 1
A.Areducesto [0 1 0 -1|.
001 O

Since row operations don’t change the
dependency relations among columns, the
reduced form of A indicates that T'(e;) and

any two of T(e;), T(e,), T(ey) forma

basis for the range.
The reduced form of A shows that the
general solution of Ax =01is x =—s, x, =5,
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x3 =0, x4 =s so abasis for the null space
-1
of A, which is the kernel of T is

(b) Since R(T) is three-dimensional and ker(7)
is one-dimensional, rank(7) = 3 and
nullity(7) = 1.

7. (a) The matrix for T relative to B is

11.

1 1 2 =2
1 -1 -4 6
Tls=1, 5 5
3 2 3 =2
1 0 -1 2
01 3 -4 .
[T]p reduces to 00 0 0 which
00 0 O

has rank 2 and nullity 2. Thus, rank(7) =2
and nullity(7) = 2.

(b) Since rank(7T) < dim(V), T is not one-to-one.

(a) Since A= P 'BP, then
AT — (P_lBP)T — PTBT(P—I)T
— ((PT )—1)—1 BT (P—I)T
=P HH BT

Thus, AT and BT are similar.

M) A= lBp) ' =p7 '8P

Thus A~! and B~ are similar.

a b
ForX—L d}’
a+c b+d b b
o= "3 i)
_|la+b+c 2b+d
AR
T(X) = 0 gives the equations
a+b+c=0
2b+d =0
d=0.

Thus ¢ = —a and X is in ker(7) if it has the form

k 0 _ 10 S
[—k 0}, ) ker(T)—{k[_1 0}} which is

15.

17.

19.

Chapter 8 Supplementary Exercises

one-dimensional. Hence, nullity(7) = 1 and
rank(T) = dim(M 5, ) — nullity(T") = 3.

. The standard basis for M,, is u; = [(1) 0}

u—01 u—00 u—00 Since
2710 o 2L o] 4o 1)

L(uy)=uy, L(uy)=u3z, L(uz)=u,, and
L(uy) =uy, the matrix of L relative to the
1 000

standard basis is

S OO
S = O
S O =
- o O

The transition matrix from B’ to B is

111
P=[0 1 1/, thus
0 0 1
-4 0 9
[T1y =P '[T1zP=| 1 0 2|
01 1
(1) 1 -1
T(10||=|01, T{|1]|=| 1/, and
0]) [1 0
o) [ 1 1 -1 1
T\|0||=| Of, thus [T}p=|0 1 Of.
1)) [-1 1 0 -1

Note that this can also be read directly from
(T(X)]p-

(@ D(E+g)=(f(0)+g(x) = f"(x)+g"(x)
and D(kf) = (kf (x))" = kf "(x).

(b) Iffisin ker(D), then f has the form
f = f(x)=ay +ayx, so abasis for ker(D) is

fx) =1, g(x) = x.

(¢) D(f)=fif and only if f = f(x) = ae* +be*
for arbitrary constants a and b. Thus,
f(x)=e* and g(x)=¢"" form a basis for
this subspace.
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21.

23.

(¢) Note that a; B (x)+a, Py (x)+ az P;(x)
evaluated at x;, x,, and x5 gives the values
a, a,, and a3, respectively, since
F(x;)=1 and F(x;)=0 fori#j.
Thus

aq
T(aq)F(x)+ay B (x)+a3P(x))=| a, |, or
as
aq
77! ay | |=aq B (x)+a, Py (x)+az By (x).
as

(d) From the computations in part (c), the points
lie on the graph.

D=0
D(x)=1
D(x*)= 2x

D(x") = nx'!

This gives the matrix shown.
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JH=x
L -
J(x)= —X
(x) >
J(x2)= lx3
3
J(xn): 1 xn+l
n+1
This gives the (n + 2) X (n + 1) matrix
00 0 - 0]
1 00 0
1
0 2 0 0
1
R TR
o0 o0 .- L
L n+l |
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Numerical Methods
Section 9.1 (1 -1 -1 [1 -1 —1]
. -0 =2 2|->|0 1 -1
Exercise Set 9.1 0 4 1 0 4 1
1. In matrix form, the system is (1 -1 -1 (1 -1 —1]
3 —6][x] [ 3 o)1 =2][x]_[0 -0 1 -1|=/0 1 -1'=U
2 5|xn| 2 1o 1xn]| |1 0 0 55 [0 0 1]
. 1 1
which reduces to L =2l x _|N and The multipliers used were 5, 1, —5, —4, and
0 1lxnl [»
1 2 00
{ 3 0}{))1}:[0] —, whichleadsto L={ 0 -2 0/, sothe
-2 1]y | 1 5 -1 45
The second system is 3= O, which has sy stem is .
2y +y =1 2 0 Ol[1 -1 =1 x| [-4
solution y; =0, y, =1, so the first system 0 -2 0|0 1 -1|x|=|-2
becomes | | =200 or % =2x% =0 R :0 0 Hls °
0 1|xn| |1 xy=1" 2 0 0]|n| [4
which gives the solution to the original system: 0 =2 0|y |=|-2|is
=2 x=1 -1 4 5] » 6
2y =—4
3. Reduce the coefficient matrix. 2y, — —2 which has the solution

[U1 R P T

The multipliers used were %, 1, and %, which

leads to L:[_zl (ﬂ, so the system is
(2 o1 4)[x]| [-2
-1 3]|0 1f|x| [-2]

2 0| 2] 2N =72 hich
-1 3]y [-2] -n+3y,=-2

has the solution y; =-1, y, =-1.

1 4 X1 _ -1 is X1+4XZ =-1 which
0 1]|x, | 7|1 Xy =1

gives the solution to the original system: x; =3,

X =-1.

5. Reduce the coefficient matrix.
2 =2 =2 1 -1 -1
0 2 2|-| 0 -2 2
-1 5 2 -1 5 2

—y+4y,+5y3 =6
n=-2, =1, y3=0.

1 -1 -1 X1 -2 X —Xp —X3 = -2
0 1 -1 Xy | = 1] 1is Xy —X3 =1
0 0 1 )C3 0 )C3 =0

which gives the solution to the original system:
x==1 x =1 x3=0.

. Reduce the coefficient matrix.

5 510 [1 1 2
-8 -7 9|—>|-8 -7 -9
0 4 26/ [0 4 26
(11 2] [1 1 2
=01 7|=>l0 1 7
0 4 26/ |0 0 -2
(11 2
|0 1 7|=U

0 0 1

The multipliers used were %, 8, —4, and —%
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50 0
which leadsto L=|-8 1 0/, so the system
0 4 2
50 Of|1 1 24 x 0
is1-=8 1 0|0 1 7|lx|= 1 .
0 4 -2]0 0 1f|x
50 0
% 1 0
0 4 2
Syl =
=8y +y, =1 which has the solution
4y2 - 2y3 =4
» =0,y =1 y;=0.
1 1 2 X1 0 X1+X2+2)C3 =0
o1 7 Xy | = 11| is )C2+7)C3 =1
0 0 1 )C3 0 )C3 =0

which gives the solution to the original system:
x=-1 x =1, x=0.

. Reduce the coefficient matrix.

-1 0 1 0 1 0 -1 0
2 3 2 6 2 3 -2 6
0 -1 20 0 -1 20
0O O 15 0 O 15
(1 0 -1 0 1 0 -1 0

N 0 3 06 N 0O 1 0 2
0O -1 20 0O -1 2 0
0O 0 15 0O 0 15
(1 0 -1 0] [1 0 -1 O]

N 01 0 2 N 01 0 2
00 2 2 00 11
00 15/ |00 1 5]

(1 0 -1 0] [1 0 -1 O]

N 01 0 2 N 01 0 2 _U
00 11 00 1 1|
100 0 4] |0 0 0 1]

The multipliers used were —1, =2, %, 1, %, -1,

-1 0 0 O

1 . 2 300
and Z, which leads to L = 0 -1 2 ol SO

0O 0 1 4

the system is

11.
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]

-1 0 0 0|1 0 -1 O] xn
2 3 0 040 1 0 2x|_|-1
0 -1 2 0|0 0 1 Ifx3| '
L0 0 1 4]0 0 0 1f|x 7
-1 0 0 0[wn] [5
2 30 0»|_|-1 i
0 -1 2 0}|l y3 3
L0 0 1 4f[y, 7
2n+3y, =-1 , which has the
—y2+2y3 =3
y3 +4y4 =7
solution y; =5, y, =3, y3=3, y;=1.
1 0 -1 0f|x -5
0 1 0 2| x _ 3 is
00 1 1}x 3
00 0 1)|x 1
xl _.X'3 :_5
Y Fx = , which gives the solution
.X3 +.X'4:3

.X'4 = 1
to the original system: x; = -3, x, =1, x3=2,

.X4 =1.

(a) Reduce A to upper triangular form.

1 1

2 1 -1 1 3 73

-2 -1 2|=>|2 -1 2

2 1 0 2 1 0

1 1 [ 1 1

L'y =2 |17 =2

=lo 0o 1|0 0 17U

2 1 0 10 0 1

The multipliers used were — X 2,and -2,

which leads to L =

[ 2 O 0
2 where the

1’s on the diagonal reﬂect that no
multiplication was required on the 2nd and
3rd diagonal entries.

(b) To change the 2 on the diagonal of L to a 1,
the first column of L is divided by 2 and the
diagonal matrix has a 2 as the 1, 1 entry.
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13.

15.

I
L
—_
-0 o
o oN
O = O
-0 o
OO -
S o=
[N

is the LDU-decomposition of A.

(¢) Let Uy =DU, and L, =L, then
1 0 0f|2 1 -1
1

Reduce A to upper triangular form.
3 12 6 1 4 2
0 2 0|—|0 2 0
6 -28 13 6 -28 13

, —6, —, and 4,

1
2

10 o[t 2 2][x] [t
0 1 0[0 1
3 -5 1]l0 0 17]| x| [5

1o offn| [1] =x =

0 1 Ofym|=|2]is A =2

3 —5 1__y3 5 3y1—5y2+y3 :5
which has the solution y; =1, y, =2, y; =12.

17.

Section 9.1

1 2 2 X1 1 X1 +2.X'2 +2.X'3 =1
0 1 4 Xy | = 2| 1s X +4.X'3 =2
0 0 17)| x| |12 172, =12

which gives the solution of the original system:
a0

X{=—, Xp=———, X3=—.
T AT A AT

If rows 2 and 3 of A are interchanged, then the
resulting matrix has an LU-decomposition. For

1 00 3 -10
P=|0 0 1|, PA={0 2 1|
010 3 -1 1

Reduce PA to upper triangular form.
3 -10 I -1 0
0 2 1= 2 1

3 -11 3 -1 1
ol |1 -3
1[=0 1
1] Jo o

1 -
-0
0

(= S

The multipliers used were %, -3, and %, SO

300
L=|0 2 0]. Since P:P_l, we have
301
10 0][3 0 0]|! -3 O
A=PLU=|0 0 1||0 2 Ollg 1 %
10 1 0|3 0 1 0 0 1
-2
Since Pb=| 4|, the system to solve is
| 1
30 0]l -5 Of[x] [
0 2 Oflo 1 % X |=| 4
_3 0 1__0 O 1_ )C3 1
3 0 0w | [-2] 3w =2
0 2 Oflyy|=| 4]is 2y, =4
_3 0 1_ _y3 1_ 3y1 +y3 =1

which has the solution y; = —%, Y =2,

y3:3.

1
I -1 0y _%
01%Xz=2ls
0 0 1|LM 3
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1 2
X —Exz = -3
Xy +%x3 =2  which gives the solution
x3=3
to the original system: x; = —%, Xy = %,

.X'3 =3,

19. (a) If A has such an LU-decomposition, it can
be written as

a b| |1 Of|lx y|_ | x y
[c d}_[w 1}[0 z}_[wx wy+z}
which leads to the equations

xX=a

y=b

wx=c
wy+z=d

Since a # 0, the system has the unique
. c
solutionx =a,y=b, w=—, and
a

bc ad—-bc
z=d——= .
a a
Because the solution is unique, the

LU-decomposition is also unique.

(b) From part (a) the LU-decomposition is
a b 1 Ofla b
c d| |¢ 1|0 adbel
a a

True/False 9.1

(a) False; if the matrix cannot be reduced to row
echelon form without interchanging rows, then it
does not have an LU-decomposition.

(b) False; if the row equivalence of A and U requires
interchanging rows of A, then A does not have an
LU-decomposition.

(¢) True

(d) True

(e) True

Section 9.2
Exercise Set 9.2

1. (a) A3 =-38 is the dominant eigenvalue.
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(b) There is no dominant eigenvalue since

|7“1|:|7“4|:5-

. The characteristic polynomial of A is

A2 —4L—6=0, so the eigenvalues of A are

A=2%10. A=2++/10 ~5.16228 is the
dominant eigenvalue and the dominant

. 1 1 1
eigenvector 1S |:3_ \/E:| = ‘:—016228:‘

w3 L]

L =L{ 5}{ 0.98058}
"axe| V26 l-1) [-0.19612

ax <| 5 ][ 0980501 [ 5.09902
o= —1][-0.19612 | | -0.78446

o = Ax_[ 098837

> |lax,| [-0.15206

Ao =| 3 [ 0.98837] [ 5.09391
27121 -1]-0.15206| | —-0.83631
Ax, [ 0.98679}

T ax,| T L-0.16201

i <] 5 1] 0986797 _[ 5.095%
37[-1 -1][-0.16201 " | -0.82478

Ax, [ 0.98715}

7 A T L-0.15977

Ax, = 5 ~—1|| 098715| | 5.09552
47121 -11-0.15977| | -0.82738

The dominant unit eigenvector is = {—(())?22)(1)2}’

which x, approximates to three decimal place
accuracy.
AV = (ax))! x; = 5.24297

AP = (Ax,)T x, ~5.16138
A3 = (Ax3)T x5 ~5.16226
A® = (Ax,)T x4 ~5.16223

@ approximates A to four decimal place
accuracy.

. The characteristic equation of A is

A2 —6A—4= 0, so the eigenvalues of A are

A=3%413.
A =3++/13 = 6.60555 is the dominant
eigenvalue with corresponding scaled
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13| 1 M _ AXp Xy
cigenvector { : } [os5518] ORUBLE Y
1 1741
Ax, -
3 2@ %2 %2 5976
AXO = 5 Xy - Xp
AXa -
X _—_[ } A3 28X 5997
! max(Ax) 1 X3-%3
2D AxX) _ 6 (¢) The characteristic polynomial of A is
XX A2 —4h+3=(A-3)(A—-1)=0 so the
Ax, = I =3-1 _ —4 dominant eigenvalue of A is A = 3, with
73 5|1 8

dominant eigenvector { ”

. - A :{—0.5}
2 max(Ax,) 1

2@ _ AX; - X, —6.6 (d) The percentage error is w‘=0.001
X5 - X
27 or 0.1%.
ae =] 1 3][05]_[35
2713 51 6.5 9. By Formula (10),
o A% z{—0.53846} A% ~[0.99180}
max(Ax,) 1 max(Ax,) .
Ax; - .
A3 = 28X 6 60550 Thus A® =2X5°%5 _ 5 99993,
X3 X3 X5 Xs
axe | 1 3][0.53846] _[-3.53846
373 5 1 6.61538 1
AX; —0.53488 13. (a) Starting with x;, =| 0 |, it takes 8 iterations.
X, = %3
47 max(Axs) [ 1 } 0
Ax x 0.229
AW =247 660555 x, ~| 0.668 |, \) = 7.632
X4 %q 0.668
[0.507 ]
2 —1]1 2
7. (a) AX0=[_1 2}[0}[—1} x, =[0.320 |, A?) =9.968
0.800
. . —[ 1 } 03807
N “1-05 :
max(Axo) x3 =] 0.197 |, A? =10.622
el L]
- — 0.344
_ A { 1 } x4 =| 0.096 |, AV =10.827
max(Ax;) [—0.8 10.934 |
Axa < 2 ML ][ 28 [0.317 ]
2741 2][-08] |26 X5 =| 0.044 |, A® ~10.886
A, [ 0.948 |
3= max(Ax,) | —0.929 [0.302]
xg =[0.016 |, A9 =10.903
10.953 |
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[0.294
x; ~|0.002 |, A" ~10.908
10.956
[ 0.290
xg =| =0.006 |, A® =~10.909
| 0.957

(b) Starting with x =

S o o~

0.577
0 120 _6333
0.577 | '
0.577

[0.2497]
_| 0 @) _
%)= 0408 | M =8.062

0.830|

[0.193]
0.041
0376
0.905 |

[0.175]
0.073
0.305
10,933

[0.167 |
_10.091 5) _
X5 = 0266 , A7 =8.503

0.945 |

[0.162]
_10.101 ) _
Xg = 0.245 , A =8.511

0,951

[0.1597]
_10.107 N _
Xy = 0234 , A =8.513

0,953

[0.158]
_10.110 8) _
Xg = 0228 | AY =8.513

10.954 |

Xlz

AP <8382

X3=

Xy ~ AW <8476

, it takes & iterations.
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Section 9.3

Exercise Set 9.3

1
1. The row sums of A are hy =|2 |. The row sums
2

2
ofAT are ag =|0|.
3
0o 0 1][2] [3
3. Aay=|1 0 1||0|=|5
1 0 13| |5
Aa 0.39057
h; = —% ~| 0.65094
l4ao] | 65004
1.30189
ATh =] 0
1.69246
. ATh, 0.6(())971
1_—z
N
2100
T, (1 2 00
S AA=IG 01 0
0000

, SO we start with

2
2
The column sums of A are 1
0

a) =

O Wl W W

[0.70225
. AT Aa, _| 070225
1 "ATAaO” 0.11)704

[0.70656]
o AT A, [0.70656
2 |7 a)| 0.03)925
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[0.70705 | [0.04370 |
e o ATAa, 1070705 AT Am. | 0-73455
AT aay| | 001309 ay =2 = | 0.58889
oo ||A Aaz" 0.32670
[0.70710] 007075
o - AlAay 1070710 0.02273
4T 1 0.00436 T 0.73630
"A Aa3|| 0 a, _ A A8 1 so0as
- . AT Aa
0.70711 |47 4] 8'3%3?
= ATAay 1070711 s
s=T——— = - -
||ATAa4|| 0.0(())145 ggéé;g
- - ag = A A% | 'Sons6
— —_ 5 =" = .
r 070711 |4 Aa,] | 032700
g = A Aas 1070711 0.01908
6 [T Aag] | 000048 - .
: 0 0.00612
From ag, it is apparent that sites 1 and 2 are tied AT Aa 0.73693
for the IilOSt authority, while sites 3 and 4 are 6 = " T 5" =1 0.59097
, A" Aa
irrelevant. 5 833333
1 0001 From ag, it is apparent that site 2 has the most
03210 authority, followed by sites 3 and 4, while sites 1
7. ATA=l0 2 2 1 0 and 5 are irrelevant.
01 110 .
1000 2 Section 9.4
1 Exercise Set 9.4
3 3
The column sums of A are | 2 |, so we start with L. (a) For n - 1000 =10", the flops for both
1 phases is
2 3 7
2 210%)* +2(10*)* = =(10%) = 668,165,500,
1 0.22942 3 2 0
3 0.68825 which is 0.6681655 gigaflops, so it will take
. ~1 _
ag = U5 l<l045883 | 0.6681655%10" = 0.067 second.
Vi9 1 0.22942 b 10,000 = 10%:
2] 0.45883 ()’;‘ R
0.15250] 3007+ 201 == 10%)
AT A, |071166 = 666,816,655,000 flops
a :—"ATA " =|0.55916 or 666.816655 gigaflops
3o 0.30500 The time is about 66.68 seconds.
025416 |
70.08327 (¢) n=100,000=10
2 7
AT Aa, 0.72861 2105y} +§(105)2 ~Tao%
ay =~ ~| 0.58289 3 2 6
||A Aal|| 0.32267 ~ 666,682x10° flops
[ 0.13531] or 666,682 gigaflops

The time is about 66,668 seconds which is
about 18.5 hours.
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3. n=10,000=10"

(a) §n3 ~ %(1012) ~ 666.67x10°

666.67 gigaflops are required, which will

666.67

take =~ 9.52 seconds.

() n?=10% =0.1x10°
0.1 gigaflop is required, which will take
about 0.0014 second.

(c) This is the same as part (a); about
9.52 seconds.

) 2n® =2x10'? =2000x10°
2000 gigaflops are required, which will take
about 28.57 seconds.

5. (a) n=100,000=10"

23 2
Znd = Zx10P

~0.667x10"

=6.67x10° x10°
Thus, the forward phase would require

about 6.67x10° seconds.
n? =10'" =10x10°

The backward phase would require about
10 seconds.

(b) n=10,000=10"
gn3zg><1012
3 3

~0.667x10'2

~ 6.67x10 x10°
About 667 gigaflops are required, so the
computer would have to execute
2(667) = 1334 gigaflops per second.

7. Multiplying each of the n? entries of A by ¢

requires n’ flops.

. Let C=[c;]=AB. Computing c;; requires first
multiplying each of the n entries a;; by the
corresponding entry by;, which requires n flops.

Then the n terms aikbkj must be summed, which

requires n — 1 flops. Thus, each of the n? entries
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in AB requires 2n — 1 flops, for a total of
n?(2n—1)=2n>—n> flops.

Note that adding two numbers requires 1 flop,
adding three numbers requires 2 flops, and in

general, n — 1 flops are required to add
n numbers.

Section 9.5
Exercise Set 9.5

1. The characteristic polynomial of

1 1 20
ATAa=|2101 2 0]=]2 4 0lis A2(A—=5);
0 000

thus the eigenvalues of AT A are A =5 and

Ay =0, and 0 = J5 and 0, =0 are singular
values of A.

. The eigenvalues of

a2 28 2 e

and A, =5 (i.e., A =5 is an eigenvalue of
multiplicity 2); thus the singular value of A is

O-l :\/g.

. The only eigenvalue of

T, | 1 1|1 =1 |2 Of. ,
S R
(multiplicity 2), and the vectors v; = [(ﬂ and

vy = [ﬂ form an orthonormal basis for the

eigenspace (which is all of Rz). The singular
values of A are o0} = V2 and o) = 2. We have

1
ul:iAvl:L‘:I _I:H:I:lz \/E , and

a ™Rl )T L
1
1 11 -11|0 NG .
u, =O'_AV2 =E‘:1 1:H:1:|= \/1— . This
2 N

results in the following singular value
decomposition of A:

% ‘% 2 o1 o

_ T _ 2 2

A=UZV _% %{o ﬁ}[o J
2 2
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7. The eigenvalues of

r, [4 0][4 6] _[16 24 _
A A_[6 4}{0 4}[24 52} are hy =64

and A, =4, with corresponding unit

1L -2
eigenvectors vy = ‘/25 and v, = \/13
N 5

respectively. The singular values of A are o} =8

and o, =2. We have

1 2
1 14 6|5|_|5
ul——lA 1—5[0 4} £ = i , and
]l
1 114 6 Al
5 5
“Z‘G_AVZ‘_[O 4} i - £
2 BloLs

This results in the following singular value

decomposition:
L] €
5|8 0ff s
20 22
5] J5

2 2
A=usyT = J5 Jis
L L
NG NG

. The eigenvalues of

2 2
2 -1 2 9 -9
AT A= - =
[2 1 —2} 21 _21 [—9 9} are

A =18 and A, =0, with corresponding unit
L L

f and v, = f

V2 V2
respectively. The only nonzero singular value of
Ais o) = \/ﬁ = 3\/5, and we have

eigenvectors v; =

_ 1
I T e A

ul :—AVI =— -1

o1 3\/5 2 2 f

WD W= W2

We must choose the vectors u, and uj so that
{u;, u,, us} is an orthonormal basis R

L

V2
A possible choice is u, =| 0 | and

1

2

11.
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2
6
uy = —¥ . This results in the following
2
6
singular value decomposition:
A=UzvT
2+ 2
o 0 off-L L
R o T I
2 0 2 l0 0l V22
3 7 6

Note: The singular value decomposition is not
unique. It depends on the choice of the

(extended) orthonormal basis for R>. This is just
one possibility.

The eigenvalues of

r, [1 1 -1
AA{Ol 1}

10
11 =[(3) (2)} are Ay =3
-1 1

and A, =2, with corresponding unit

. 1 0
eigenvectors v; = and v, = )

respectively. The singular values of A are
o =3 and (op) =+/2. We have

1
1 1 bo 1 \/15
uy=—Av,=—| 1 1[}= —= | and
o1 \/5 -1 1 0 \F
B
. We choose

so that {u, u,, uz} isan

orthonormal basis for R>. This results in the
following singular value decomposition:

1 o0 Z

NG Je |[B o
I S S S I 10
=l B B %0 V20

1L 1L 1|0 o

N NN
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True/False 9.5 5. The reduced singular value expansion of A is
2
(a) False; if A is an m X n matrix, then AT isan i 1 1
. - . 2| H-5 E)
n X m matrix, and A” A is an n X n matrix. ; V22
(b) True 3
T ) 7. The reduced singular value decomposition of A
(c) False; A" A may have eigenvalues that are 0. 1 0
NG
(d) False; A would have to be symmetric to be . 1 1
orthogonally diagonalizable. is V3 NE) (1 0]+ V2 \/15 [0-1].
1 —_

(e) True; since ATA isa symmetric # X n matrix.

9. A rank 100 approximation of A requires storage

® False%; the eigenvalues of AT A are the squares of space for 100(200 + 500 + 1) = 70,100 numbers,
the singular values of A. while A has 200(500) = 100,000 has entries.
(g) True True/False 9.6
Section 9.6 (@) True
Exercise Set 9.6 (b) True

1. From Exercise 9 in Section 9.5, A has the

singular value decomposition (c) False; V| has size n X k so that VlT has size

2 |1 2 kX n.
e s o][-L L .
A= % 0 % 0 1o \/15 \/15 Chapter 9 Supplementary Exercises
2|l _\2 0 0]l v2 V2 1. Reduce A to upper triangular form.
Sl o 6 2] [3 1] [3 1
where the lines show the relevant blocks. Thus { 6 0} - 6 0} - [ 0 2} =U

the reduced singular value decomposition of A is

% The multipliers used were % and 2, so
a=vsv! = Lvall-F ] 2 0] 2 0l[-3 1
2 V2 = =
-2 L=l j®d4=, 1)l o 2f

3. From Exercise 11 in Section 9.5, A has the 3. Reduce A to upper triangular form.

singular value decomposition 246 123 123
1 0 2 1 4 7/—>(1 4 7|0 2 4
NG NN 13 7] [1 37 137

- L L |_L 1 0 - -

A= 5 LTkl J2 [0 J 1 2 3 12 3 1 2 3
1 1] 1|0 O =10 2 4]0 1 2|—>|0 1 2
3oz e 0 1 4] [0 1 4 00 2

where the lines indicate the relevant blocks. 1 2 3]

Thus the reduced singular value decomposition Slo 1 202w

of A is

0 0 1
L 9 L .
V3 - 1 1

A=ysyl | L L Boo1o The multipliers used were > -1, -1, > -1,

e S 40 B2 0 \/5 0o 1!l
S .
32
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] and

2 0 01 2 3
A=1 2 00 1 2|
1 1 2]0 0 1

—_ = N
—_— N O

and l so L=
2

N OO

5. (a) The characteristic equation of A is
A2 —4h+3=A-3)(A—1)=0 so the

dominant eigenvalue of A is A; =3, with

corresponding positive unit eigenvector

1 .
V2| _[0.7071
L | |0.7071]

(b) Ax, = ﬁ QM ] 2}

_Axy 1 [2_~{0.8944}

V=

—_—

M ax] T 5L L0447
o = Axi _[0.7809]
> Jax,| [0.6247
= A% _[0.7328]
7 JAx,|  [0.6805]
= Axs _[07158]
* 7 Axs] [0.6983]
o = Axq _[0.7100]
5= ~

[ax,] ~L0.7042 ]

_[0.7100 q

5 0.7042 as compared to
_[0.7071

0.7071

2
(c) AXO=|:1:|

= e L05
1= max(AxO) 0.5
X =——— =l: 1 :|
2 max(Axl) 0.8
i max(Ax3) {0 9756}
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o A% { 1 }
> max(Ax,) |0.9918

X5 = ! as compared to the exact
0.9918

eigenvector v = E}

7. The Rayleigh quotients will converge to the

dominant eigenvalue A4 =-8.1. However, since

[ra] _8

]

the rate of convergence is likely to be quite slow.

the ratio —1 0125 is very close to 1,

. The eigenvalues of AT A B ﬂ are A; =4

and A, =0 with corresponding unit
1 1

=

L and v, =

V2 V2

respectively. The only nonzero singular value A
is o1 = JZ =2, and we have

eigenvectors v; =

1
1 1= | =%
1
01 1 1|7 1
2 —_—
NG

We must choose the vectors u, and ujy so that

{u;, u,, us} is an orthonormal basis for R A
1

0 V2
possible choice is u, =| 1| and u3 = (R
0 1

2

This results in the following singular value
decomposition:

A=uszv’
"5 0 B oof-L o
2 2 -—= -
= 0 1 oo 0 \/15 \/15
__1 __L {0 Ol N
=0 -4 7z 12
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11. A hasrank 2, thus U; =[u; u,] and

T
VlT = VIT and the reduced singular value
V2
decomposition of A is
A=UZ V)
1l 1
2 2
1 _1 2 _1 2
_|2 72|24 Of|3 73 3
L _1jy 0 12]/2 2 _1
2 2 3 3 3
1l 1
2 2
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