How to do Chapter 4

Overview

A vector space is a set of vectors that satisfies a certain set of rules (4.1).
A set is a collection of vectors of a certain form, and a set of rules for
addition and subtraction of those vectors.

4.1 — Real Vector Spaces

A set of vectors is a vector space if it the below ten axioms are true for any
vectors u and v in that set of vectors.
A vector space is a nonempty set V' of objects, called vectors, on which are de-
fined two operations, called addition and multiplication by scalars (real numbers),
subject to the ten axioms (or rules) listed below.' The axioms must hold for all
vectors u, v, and w in V and for all scalars ¢ and d.
1. The sum of u and v, denoted by u + v, is in V.
u+v=v+u
(@+v)+w=u+(v+w).
There is a zero vector 0 in V such thatu + 0 = u.

ol

For each u in V. there is a vector —u in V such thatu + (—u) = 0.
The scalar multiple of u by ¢, denoted by cu, is in V.

c(u+v) =cu+cv.

(c +d)u =cu+du.

c(da) = (cd)u.

lu =u
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You can remember| CAIN for addition and DDAI for multiplication: \
e Closed Under Addition
e Commutative

Associative

Identity

Negative

Closed Under Scalar Multiplication

Distributive

Distributive

Associative

Identity
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- To show that a set is a vector space, you need to prove all ten of those
axioms. Before you begin, choose a vector u and a vector v to use for your
proofs.

- Do this with variables. Suppose this is your set:

e The set of all triples of the form (x, y, x?) with the standard operations
onR’.

e Youcanletii = (x;, ¥, x7)

o Andlet v = (x5, ¥, x3)

- The first axioms you should check are 1 and 6. Using the above example, we

can show that this set is not closed under addition or multiplication:
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- If the operations for addition and multiplication are not changed, and the set
passes axioms 1 and 6, you’re done, because the set is a subspace of R" (see
4.2).
- If the operations are changed, you will need to slog through all ten axioms
until either:
e All 10 axioms have been proven (the set is a vector space) or
e You find an axiom that fails (the set is not a vector space).
- Refer to the next page for an example of each.
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all veckots oF +Wis Kiud are tn tlee set
- The set of alllordered pairs of real numbers]with the following addition and

scalar multiplication operations on u = (i, uy) and v = (v1, v2).

u+v:(u1+\/\ )Ua*'va\)

#1) Urvs (U.+V\)U‘a+ Va) \/
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- The set of all pairs of real numbers of the form (1, x) with the operations:

4 let @=(\, %)
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4.2 — Subspaces

- To show if one set is a subspace of another vector space, you only need to
check axioms 1 and 6. If both of them hold, you have a Subspace.

- Checking if a vector is a linear combination of other vectors:

o =K0,~2, 23 VERQVEFRAY)
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- Checking if a matrix is a linear combination of other matrices:
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- You need at least n vectors to span n-space (R”).
- Checking if n vectors span R":
: S ST

’(—j:<3/"q> G-(\o)u)\)%’)

V: a1’315> (‘::: 21 “\)Q/—3>
W= 5,‘2,"\> 4% 0,8,7)
325 -\ o 28
e e a 4ol 707 v
[ X o | 2 9% .
2 3 5 \ g -3 7 TlLe olefcerm;:laui I;:-c; q:ﬂ'{‘
The determinaant i3 01350 NN So oo.b,¢,an s .
WV, and W de uert SP“W &. o L ¢ 4 .

- You need at least n + 1 polynomials to span p.

- pn is the set of all polynomials of degree n. You can treat it exactly like R™.

- p(x) = 2x3 — x% + 7 > becomes a vector in 4-space: (2,—1,0,7).

- Convert your polynomials to vectors and check if they span R™!. If they do,
the polynomials span p.

- M, is the set of all matrices of size m x n. You need at least m * n matrices
to span M.
- Checking whether m * n matrices span Mpy,

| 2 -2 ) 2 3 3 B 2 5 4
A:{o a l] 8{\ -4 31 C”KQ a 6
y -2 7 s v © al b 3 Lﬂ“‘
D:[s -q q} Esle a 3 ‘LS | 10
CORRR 3456
Qoo a3 e /
o234 7 %% _1L30
(.'2)\) (o] ( 9\ 5 L

AV 4 -
(2,3

The determinant is wot O,
‘A So matrices A-F Spen MQ,B
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4.3 — Linear Independence

- Checking if vectors are linearly independent:
ﬁ: <y, -3, a’) ’\;':(Q)-;)\o‘> o7 = {5, 13)

o -3
\D"SRP\EP
3-2 | |lepl® O H X
49 (o \3 o o ©0
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iy so tke Sttt is

did wot give tue ideatity,

\inear l7 ACP(A Lent,
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REF{\ ©
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N
o 3 idleatity — tae Set s \Mcarl7 a‘vtdl-cf?cmd‘teu L.
- Shortcuts:
e Ifyou have more vectors than components in each vector, the set is
linearly dependent.
e If any vectors are scalar multiples of each other, the set is linearly
dependent.
- The Wronskian:

/-\(6 \ ) X ) 69‘ ll‘y\earl\/ moltpe‘/m(euul: ?

) ? (\)(&“)(éx) _(\) (c‘i‘)(:l)
£ O ax «
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4.4 — Coordinates and Basis

- A basis for R" requires(exactly n vectors.\

- Stan{c?l\z}‘rdb?{s(l\so,o,o) (c)V,0,0) (O,O;l,o),(o)o) e 0%
{\’X’xwx TR %""’Xl}

haE p e Ao R

- Checkmg if 3 vectors form a ba315 for R’:

2
= TL\e vectors wmost SPQ‘,\ R".
—_ Twe vyectors most e l:‘n{a/ly Mdcpfwdemt-.

[ees 2(‘1"""\)(a'q)-l),(-\/als)& formm o bagis Ror &3?

pox -
e ROTEE-T S GNP §
i q -1 5 L—Dci'crww’v\nﬂ"’ © —» ckoes wot Span

Not o lbasis for R’s,

- Normally, vectors are written as a sum of standard basis vectors. For
example, in R™
a(1,0,0)+b(0, 1,0)+¢(0,0, 1)=(a, b, ¢).
- To find the coordinate vector of (a, b, ¢) relative to another basis {vl, Vi, V3}:

xvi +yvz +zvi3=(a, b, ¢ v \l
Find cv. 0f (3, %,la) relatve +o 2(\ 5,a) (aeto) L\,‘I u)}
&
QY43 | O O}-3
50 e e k(-s,s’)—lﬁ
L o o |\
O,lt. l_g \_1}; \_4; (3,%,12) relative to

vV V:L V; & +le new basis

- To find the vector represented by (a, b, ¢) in another basis{v;, v2, v3}:
Frnd veckor represented b\( (,-3, -2) in basis Frown above s

&(‘,5, ay+ (9(3,¢, o) + (—2)(%,‘1,\\) =\<~\a, 22, -3@)
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Fud c.v. of \‘o;‘.l relative to 2{_
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4.5 — Dimension

Coordinate vector of a matrix relative to a ba315 of other matrices:

{ ){Ol] \_o O]z
]
((l,&,?),'—lﬂ

| J

- The dimension of a system’s solution space is equal to the number of

parameters in the solution.
Example system:
X, +3x; —2x3+2x5 =0
2x1 + 6x,
5x3 + 10x, + 15x, =0
2x; + 6x5 + 8x4 + 4x5 + 18x = 0
To find basis and dimension:

-‘ 3 -2 o0 & o |°©° \
7 6 -S -2 y -3160 Rf-!: @)
O o0 5 10 01510 O
La L O % H \W\|o o)
([ variables
- 3 equations (i RREF)
3 pormmcters K DIMENSION:

F.,,A o paramg+er.*zeot solu tron

/X - (' ’xl: “3(‘“"{5"’&}[:

AL

Ny ? S Ny ~2s

Kg® t Xe= O

X, Xa %3 Xy ¥Xs X

r: ,3)\)0)0)0,0
e —’-{)O,“l,\, 0,0
t:1{(-,0,0,0, \, O

"‘5X3"2X4+4x5—3x6=0

2 0 4 20160

o \ 2 0 o0|°
o o 0 o (|0
O 00 0 0|0
3
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A r
4.6 — Change of Basis .|, |reer) 1
- To find a transition matrix P L
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- Using transition matrices to convert from one basis to another

—V\—/.= (’6)?/ —5_\) in bks"s A

- Lo lbusts B
o conver+ to basis B W reletive ’

TSR HROACED

l9.

to convert From \oo»s s B to bascs C

il ”/ VX\X [e=(8,2,9

{‘o convert+ @f‘om bas's (, to loas. A‘

&A[ﬂc-% } }XXVX =], ('5 g, -5)

-ro +/‘qn$:'+i0r\ &:fom owne basis X to encthher bees.'s \(
Mc’if'ﬁt;/ Px-w( l::y er‘ Vecbor that s i bases X .
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4.8 — Rank and Nullity

- To find nullity, set up your matrix with a column of zeroes on the right, and
find dimension. Borrowing the system and matrix frqm Page &;

13 -2 0 2 0 0 3 (0] 4 2 [0)0] .y
26—5—24—309001200_91},?;%“
00 5 10 0 15 of "JoJ0(0[0 0 (DO
2 6 0 8 4 18 ol lo/0olo/o o \of ol

— —_— &5

bass for colovn Space
b variables
3 eqeabtens  NULLITN: 3

3 \oamme\w/s

Rerometerize anel Fiel a selotion For tle
S\[Sf(m. (Sb\own on Pasc @)

- The basis for the null space:

¢(-3,1,0,0,0,07,
emt B ) (4,020,000,
(-2,0,0,0, , 0y}

- The basis for the row space is made up of rows with leading 1’s:
Lea.o(u‘nj 1's are circled rn red abeve.

The basis bor He row spaces (1, My 1Y)

- The basis for the column space is made up of the columns containing leading
I’s:

TL\(, oeses i'\of' “’(«( colowmn SP“CC . <Cr,(—3/ C‘c>

- If the number of items in the row and column spaces is the same, the rank of
the matrix is equal to the number of items.

Rew amd colomn space bott. of size 3.
RANK @ 3

- For a matrix with m columns, rank + nullity = m

3.3:-6
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4.9 — Matrix Transformations from R" to R™
A transformation matrix is applied to a vector through multiplication.

Tramshorm vecter (-3 YY) wth matrix K-—ol ;‘l '-

PRy oE

- You can apply a transformation to several vectors at one time (an “image”):

Apply Hranshrunation [“ A3 LD B(-0) L( 2,2) D(o%)
-1 a o \ O -6 %
[o 3X\"-( 6o -2 g % O -6 3y
7 r 7 \'r T 5‘ 7

A=(e,2) B=(2,0) ('<(-6-¢) D= (8,24)

A list of transformation matrices, and what they do:

=\ e Reflect alooot \Z/-wxl‘s.
O \ *w‘a(b\ﬁ\)tr Ua/i&b((.s
Stay cd posi tive  afe

(v oo \ f X-oxrs
\0 ’\_X %e? ect aboo i AL OUb -
o
i o ! l@e?led aloocot \ine \1?’)( (eFLu,{-eoL o
2 l (0]
O
l: \ © OX KQF\60+ abou‘t XY-—«P(ouA.(
J \ 0o
‘:”J o 6 -
- [ & - + 2- lam(
Ly ‘O 2 o\@eﬂtﬁ* aoout Xz-P
oL o o

| oo\@ei? leck aboot YZPlane
B
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PROJVECTIONS

—ReLoC KW\SE
RSTATIONS

(OLNTE

(,ONTRACT[OI\)/
DILATION

More transformation matrices, and what they do:

| y wichever variable
Y z\k Pro\-)cd' o~ Fo X-oaxis 7\’0&) < i S

5““}"0( 1 are tte

:)o\ oo P;o'ac\L oL to )(Y,‘Olawg ones \/OQ pwdccérd?
o o O J on fo.

o o

(o © °X P{od'ec{— o to Xz-pPlanc

o o |

(@]
o — ©
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V)
&

[\

o

—\.

Q

F

-

o
-~

N

-

&

<

~N

F{uichever Variable

' . 5+0~Y€d s
o ‘ '
[ { s Ro‘l’“\" \07 6 abeot X-oxS tle aXisS \oo
o = fotate about,
S é COS
O o) ANOTE THE SINS
r-"COS (&) (@) S \D G e o \/-AK"S
\ [ Ro{’o&e -( | {
’ *Al\ [otations afe
\‘*SM = ° cos® Com‘tcrc\oc\(w-‘sc.
locKwiSE)
-5in B O Tf-\ satate ¢ i
Ycos - V‘e Rofod’@ \9»/ O aboot Za¥sude +ue coterw (
sivt © ces o

Ow\f)tc (D.rr = @\ "

* OX
X'O ‘k Com‘\‘fac+/l>i\0\"e \O‘/ a [:"*C{‘vr OC k

(5]
"0(\):\ 0 ¥ It <\, Sovy contralt.
o © “0\ \G ‘k)l) 60\71 6[,1\0\1'5.
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- Even more transformation matrices, and what they do:

R o © _

% R 0O orl o \ o t)( uns jon (‘A /X,A«‘f‘e(,{‘o,\ by & o 'R
-~ o
b A peow oy & Facke of R
Q (\\"' lor ‘0 R © L’KPGUASIOVL ‘A Y-A'-[CC A ‘[
2 Q o o |
3y

F

>\L)< ) o | o L/)(PamSnom in 2 dicectron~ 107 e S;CV ) ’h

o R

that chhanqed to o

e
L Varialble
* [ : l'laa/\. 1 S tLe d;rctf,‘ow }/ou

Nnowmber other
CYP“”‘d' fd rAC.

v R Shear ‘0\/ c\‘(:oq,{-of 07 'k - e x-d:c.
v o |
zﬁ t A
& L\. = ol
\:}; { o Slacar b7 . ;u(,[-of o/ 'k VA e \/
LS o
L.ear ‘e T,
# Tle row correspondts b tae she
sy
Eraa o el <
Secondd vow i Y —direction
;kc{‘of‘ "1_

\(oo can wnot e,\(pandl ‘O/ V\.Cjod'«'vﬁ -
S actoall o tians ofmh“bus:
frix with o thao\.'!‘\)c v
A ~ - X1§

\ A reF\cc{-‘;On over the Y
owca( \

e \ \ \ /iot:\ cx‘oams i X-d‘rb/aﬁ—d—rv{g
O

o |\ A reflection ove tle ><y—ptau~e
\Oo = (2 O\orvl(awca(l o {M", ?
. ) e o T A expmnsion i (RO [1
o)



How to do Chapter 4 14

4.10/11 — Properties/Compositions of Transformations

- Expressing a matrix as a product of elementary matrices, and as a series of
transformations:

C)‘prSS XV \Xms o~ Produd’ of clemcn{-an/

' s o
mtrices aad desciiloc tue geometric eRFect o

senes ofF Hrans [or o oS

Retoct s _Qﬁﬂf_iis- mErix .
el‘a‘r“o S M CF\CC{"M over \71.::.5
Lo - g

RN

[ ‘ﬂ Sheer 7
o C -\/H?R £ K' 'X thx Expavd °Y 2 im Yo
2, (K - ) g0 - e AT
. {

—\/

o\ ~W :
| e\ * OfaQUC'f‘ o ‘
FX —\—L\ O‘XK(Q l\\—o \3/:&0 \ elewneatel] matiCeS-
- - o \

o)

C—;eowtC\"“" eFtect

CA Y,A ;(—

-\
”Va-\ Shear l‘°7 q

i A shear l07 -\/q % +L~& /X~0LFCCC+IOA

2. An expavsion b
3' A swﬂr l07 6 ‘i {'M 7 & ('(ClL ‘O~
Ll.A“ LXPan Sion b L{ A the X- 0@ cecticm

6. /A fCF\@f—o‘om over '("(Ae \/—a—’xl's

3/9_ m | He Y—oﬁ"fecl-fa«
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- Expressing a series of transformations as a single transformation matrix:

F\‘mp( o Stin \C %fcwxs For-malw‘va mectrix  whith

D
P{(‘ Forwa s '{'L\C Lo\\ou.)a‘v:j Sie e = O‘O(’fo»‘\""ouj Q. & N
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1. Dilate by o Fackes of QN

+W e X'Z."Plawe,,
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Aokt T X
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2.2 2
= =
- T

coon terclec (Co?sSe

e the Xj’-pl&wé
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